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1. Introduction

Intersection types were developed in the late 1970s to tyems that are untypable with simple types;
they do this by providing a kind of nitary type polymorphismhere the usage of types is listed rather
than quanti ed over. They have been useful in reasoning etth@usemantics of the-calculus, and have
been investigated for use in static program analyBpansionwas introduced at the end of the 1970s
as a crucial procedure for calculatiqincipal typingsfor -terms in type systems with intersection
types, enabling support for compositional type inferen€appo, Dezani, and Venneri [4] introduced
the operation oexpansionon typings (pairs of a type environment and a result type) for calcotati
the possible typings of a term when using intersection types a simple example, the-termM =
(x:x (y:yz)) can be assigned the typing = Wz :a) ~ (((a! b! b! ¢)! ci, which happens
to be its principal typing. The terril can also be assigned the typing = h(z : a; u a2) ~ (((ar!

b)! b)u((ax! kp)! b)! ¢)! ci, and an expansion operation can obtainfrom ;.

Because the early de nitions of expansion were complicakegariableswere introduced in order

to make the calculations easier to mechanize and reason &wexample, in System E [2], the typing

1 from above is replaced by = hz:ea) = (e((a! b! b)! c)! «ci, which differs from 1 by
the insertion of the E-variableat two places, and » can be obtained from 3 by substituting fore the
expansion ternit = (a = aj;b:= by) u (a:= az;b:= k). Carlier and Wells [3] have surveyed the
history of expansion and also E-variables.

In many kinds of semantics, the meaning of a tfpe calculated by an expressiphn] that takes two
parameters, the type and also a valuation that assigns to type variables the same kind of meanings that
are assigned to types. To extend this idea to types with ahlas, we would need to devise some space
of possible meanings for E-variables. Given that a tgdecan be turned by expansion into a new type
S1(T) u Sp(T), whereS; andS;, are arbitrary substitutions (they can be arbitrary furtbgpansions),
and that this can introduce an unbounded number of new Vasigboth E-variables and regular type
variables), the situation is complicated. Because it idaarchow to devise a space of meanings for
expansions and E-variables, we instead develop a space afimgs for types that is hierarchical in
the sense of having many degrees. We speci cally avoid grtmmgive a semantics to the operation
of expansion, and instead treat only the E-variables. Algfnothis idea is not perfect, it seems to go
quite far in giving an intuition for E-variables, namely tleach E-variable acts as a kind of capsule that
isolates parts of the-term being analyzed by the typing.

In the open problems published in the proceedings of theuredtiotes in Computer Science sym-
posium held in 1975 [7], it is suggested that an arrow typeesges functionality. Following this idea, a
type's semantics is given as a set of closetgrms with behaviour related to the speci cation given g t
type. Hence, the semantic approach we use is realisatglihyaatics. Atomic types (e.g., type variables)
are interpreted as sets ofterms that aresaturated meaning that they are closed undeexpansion
(i.e., -reduction in reverse). Arrow and intersection types aterpreted naturally by function spaces
and set intersection. Realisability allows shows@indnesin the sense that the meaning of a type
contains all closed -terms that can be assign@&das their result type. This has been shown useful for
characterising the behaviour of typeeterms [14]. One also wants to show the converse of soundness
which is calledcompleteness.e., that every closed-term in the meaning of can be assigned as its
result type.

Hindley [9, 10, 11] was the rst to study this notion of comfgaess for a simple type system and he
showed that all the types of that system have the completgmeperty. Then, he generalised his com-
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pleteness proof for an intersection type system [8]. Usisgcbmpleteness theorem for the realisability
semantics based on the sets eferms saturated by -equivalence, Hindley has shown that simple
types are uniquely realised by theterms which are typable by these types. However, Hindlessilt
does not hold for his intersection type system and the campdss theorems were established with the
sets of -terms saturated by -equivalence. In this paper, our completeness result dpenly on the
weaker requirement of-equivalence, and we have managed to make simpler prodfavba needing
-reduction, Church-Rosser (a.k.a. con uence), or stroagmalisation (SN) (although we do establish

both con uence and SN for bothand ).

Other work on realizability we have consulted includes that abib-Sami [15], Farkh and Nour [6],
and Coquand [5], although none of this work deals with irgetion types or E-variables. Related work
on realisability that deals with intersection types in@adhat by Kamareddine and Nour [12], which
gives a realisability semantics with soundness and coemdss for an intersection type system. This
system is quite different from the three hierarchical systeve present in this paper. The main difference
being the hierarchies which did not exist in [12].

Initially, we aimed to give a realisability semantics foetbystem of expansions proposed by Carlier
and Wells in [3]. In order to simplify our study, we considére system with the expansion variables
but without the expansion rewriting rules. In essence, riesint that the syntax of terms gt ::= x |
(MN) j (x:M ) wherex ranges over a countably in nite set of variab¢sthat the syntax of types
issTx=aj! jTi! Toj TiuTy j eT whereais a basic type ranging over a countably in nite
set of type variable$ andeis an expansion variable ranging over a countably in nitecfeexpansion
variablesE, and that the typing rules are:

X:hx:T) Ti var

M:h) " i !
M :h ;(X:Ty) Tai

- ab
XM :h >~ Ti! Toi ans

Mlihlel! T2i M2:h2\T1i
: ST app
M1M2.h1U 2 T2I

M :h 1‘T1i M Ihz\Tzi
M:hiu 2 TiuTsi

M:h ~ Ti o-a
M:he ° eTi PP

In order to give a realisability semantics for this systene, meeded to de ne the interpretation of

a type to be a set of terms having this type. We were obviousigefl to distinguish between the

interpretation off andeT. However, in the typing rule e-app, the teivh is unchanged and this poses

dif culties. For this reason, we modi ed slightly the abowgpe system by indexing the terms of the
-calculus giving us the syntax of terms ad: = x' j (MN) j (x':M) (wherei are natural
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numbers and whergl andN need to satisfy a certain condition bef@hd N ) is allowed as a term) and
by slightly changing our type rules and in particular thesretapp:
M :h ‘i Ui
M*:he ° i eUi

(exp)

In this rule,M * isM where all the indices are increased by 1. Obviously theseésdeeded a revision
of the -reduction and of the typing rules in order to preserve ttareble properties of the type system
and the realisability semantics. For this, we de ned thedysms and the good types and showed that
these notions go hand in hand (e.g., a good type containgyooly terms). We developed a realisability
semantics where each use of an E-variable in a type corrdsgoran index at which evaluation occurs
in the -term that is assigned the type. This is an elegant solutiah ¢aptures the intuition behind
E-variables. However, in order for this new type system tacfion well, it was necessary to consider
| -terms only (removing a subterm froM also removes important information abawt) and to drop
I completely. This led us to the introduction 6fN-calculus and our rst type systefm for which we
developed a sound realisability semantics for E-variabléswever, although the rst type systeim
is crucial to understand the intuition behind the indexing prvopose, the realisability semantics far
does not satisfy completeness (and neither subject redycti-or this reason, we modi ed our system
" 1 by considering a smaller set of types (where intersectioalsexpansions cannot occur directly to the
right of an arrow), and by adding subtyping rules. This nestsm’ » has both soundness and subject
reduction. As for completeness, we needed to limit the lisgxpansion variables to a single element
list. This problem of completeness fop comes from the fact that the indexes (the natural numbers) do
not permit us to differentiate between the tym3 ande,T for two different expansion variables
ande,. So, again, we were forced to revise our type system. Fanilgéslecided to limit our -terms by
indexing them by lists of natural numbers (where the natowahberi represents the expansion variable
& ). This way the rule exp above will allow us to distinguish theerpretations of the typesT ande T
whene 6 g . Furthermore, this way, our-terms are constructed in such a way tKatreductions do
not limit the information on the starting terms (in factreduction is not always allowed). In order to
obtain completeness with tHerule, we should also considérindexed by lists. This means that the
new calculus becomes rather heavy but this is unavoidatienéeded to obtain a complete realisability
semantics where an arbitrary (possibly in nite) number gp@nsion variables is allowed and where the
universal type is present. The use of lists complicates matters and hereeglsro be understood in
the context of the rst semantics where indices are natusahlpers rather than lists of natural numbers.
In addition to the above, we have considered three notiorsatfrations (in line with the literature)
illustrating that these notions behave well in our comptetdisability semantics.

Section 2 gives the syntax of the indexed calculi we consit#tis paper: thel N-calculus, which
is the | -calculus with each variable marked by a natural nundegree and the full -calculus “n-
calculus indexed with nite sequences of natural numbers. Show the con uence of, and weak
head reductiorh on our indexed -calculi. Section 3 introduces the syntax and terminologytypes
used in both indexed calculi. Section 4 introduces our thmesection type systems with E-variablgs
fori 2 f 1;2; 3g, where in one, the syntax of types is not restricted (andéenbject reduction fails) but
in the other two it is restricted but then extended with agpiog relation. In Section 5 we study the type
theoretical properties of our three type systems includinlgject reduction and expansion with respect
to our various reduction relations; (;h ). In Section 6, we introduce our realisability semanticd an
show its soundness for all the three type systems we con@derfor all the reduction relations). In



Kamareddine, Nour, Rahli, Wells / semantics of expansioiabies 1005

Section 7 we establish the challenges of showing complsseioe the realisability semantics of the rst
two systems. We show that completeness does not hold forgteystem and that it also does not hold
for the second system if more than one expansion variableed, but does hold for a restriction of this
system to one single E-variable. This is an important stadié semantics of intersection type systems
with expansion variables since a unigue expansion var@bide used many times and can occur nested.
In Section 8 we establish the completeness by introducing a special interpretation. We conclude in
Section 9. Due to space limitations, we omit the details efgloofs. Full proofs however can be found
in the expanded version of this article (currently at [13Digh will always be available at the authors'
web pages.

2. The syntax of the indexed -calculi

We assume that if a metavarial@anges over a s&thenv; fori  0andv® v etc. also range oves.
A binary relation is a set of pairs. Letl range over binary relations. Ldom(rel) = fx j hx;yi 2 relg
andran(rel) = fyjhx;yi 2 relg. Afunction is a binary relatiofiun such that iffhx;yi;h;zig fun
theny = z. Letfun range over functions. Let! s°= ffun j dom(fun) s~ ran(fun) s%. We
sometimes write : s instead ofx 2 s.

De nition 2.1. (Indices)
We have two kinds of indices: natural numbers for our rst setics (clause 1) and lists of natural
numbers for our second semantics (clauses 2..5). Weletrange over indices.

1. Letn; m range over the set of natural numbéts f0;1;2;::: 9.

2. LetL;K;R range ovel y the set of nite sequences of natural numbers); ; |. We denote
the empty sequence of natural numbers.

3. IfL =(nj)1 i |, we usem :: L to denote the sequen€e); i |+1 Wherer, = m and for all
i2f2;::0;1+1g,r; = n; 1. Inparticulark :: = (k).

4. IfL =(nj)1 | nandK =(m;j); i m,weuse :: K todenote the sequentg)1 | n+m Where
foralli 2 f1;:::;ng,ry = njandforalli 2fn+1;:::;n+ mg,r; = m; . In particular,
L: = “L=1L.

5. We de ne onL y a binary relation by:
L; La(orLy Lj)ifthereexistd 32 L ysuchthat, = Lq::Ls.

Lemma2.1. is an order relation oh y.

We assume that; y; z range over a countably in nite set of variablg's

We will de ne two indexed calculi: thel N-calculus (whose set of terms is calldtl; as well as
M , for notational reasons) and thé~-calculus (whose set of termshs 3). As obvious, indices il N
are simple but only allow the-part of the calculus.

We letM;N;P range ovetM 1 = M , (resp.M 3) and use= for syntactic equality. We assume
the usual de nition of subterms and the usual conventiorpmentheses and their omission (see Baren-
dregt [1] and Krivine [14]).
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The joinability M N of termsM andN ensures that in any term that contais andN, each
variable has a unique index (note that it is more accuratediude this as part of the simultaneous
inductions in De nitions 2.3 and 2.5, but for clarity, we tod apart here).

De nition 2.2. (Joinability )
Leti 2f1;2;3g.

Let M;N be terms ofl N (resp. '~) and letFV(M) and FV(N) be the corresponding free
variables. We say thayl andN are joinable and writd! N iff forall x 2 Vv, if x' 2 FV(M)
andx’ 2 FV(N) (wherel;J are indices ifN (resp.Ly)), thenl = J.

If X M jsuchthaBM;N 2X:M N, we write, X .
If X M jandM 2M jsuchthaBN 2 X:;M N, wewrite,M X .

Now we give the syntax ol N, an indexed version of thé -calculus where indices (which range
over the set of natural numbex help categorise thgood termsvhere the degree of a function is never
larger than that of its argument. This amounts to having title If -calculus at each index and creating
new | -terms through a mixing recipe.

De nition 2.3. (The set of termsM 1 (also calledM »))
The set of term# 1 = M », the set of free variableSV(M) of M 2 M , and the degree( ) of a
termM , are de ned by simultaneous induction:

If x2V,n2 N, thenx" 2M 5, FV(x") = fx"g, and dx") = n.

If M;N 2M ,suchthaM N (see De nition 2.2), theM N 2M ,, FV(MN ) =FV( M) [
FV(N)anddM N ) =min( d(M);d(N)) (wheremin is the minimum)

fM 2M,andx" 2 FV(M), thenx "M 2 M ,, FV(x ":M) = FV( M) n fx"g, and
d(( x ":My)) = d(M3).

Note that a subterm dfl 2 M 5 is also inM ».
Here is now the syntax of good terms in theN-calculus.

De nition 2.4. (The set of good termsM M )
1. The set of good terme M , is de ned by:

If x2V,n 2 N,thenx" 2 M,
If M;N 2M,M NanddM) d(N)thenMN 2 M.
If M 2 M andx" 2 FV(M), thenx ":M 2 M.

Note that a subterm dfl 2 M is also inM.

2. Foreacn 2 N, we let: M= M\M J

Lemma2.2. 1. (M isgoodan&k" 2 FV(M))iff x ":M is good.
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2. My andM, are goodM; MoanddM1) d(My))iff M1M, is good.

Now, we give the syntax of “N. Note that inM 3, an applicationM N is only allowed when
dM) d(N). This restriction was not made ih N. Furthermore, we only allow the abstraction
x L :M in 'L d(M) which is also the case i N since there, we only consider thecalculus.
The elegance of N is the ability to give the syntax of good terms, which is notiobs in v,

De nition 2.5. (The set of termsM 3)
The set of term$/ 3, the set of free variableSV(M ) of M 2 M 3 and the degree function:dv 3 !
Ly are de ned by simultaneous induction:

If x 2V andL 2 L, thenxt 2 M 3, FV(x‘) = fxtganddx‘) = L.

IfM;N 2M 3,dM) d(N)andM N (see De nition 2.2),therM N 2 M 3, FV(MN ) =
FV(M)[ FV(N)anddM N )= d(M).

fx2V,M 2MszandL d(M),thenx“:M 2 M 3, FV(x“:M)=FV(M)nfx‘gand
d(x L:M) = d(M).

Note that every subterm &l 2 M 3 is also inM 3.

As expansions change the degree of a term, indexes in a texthto@ncrease/decrease. The next
de nitions turn terms of degreer into terms of higher degrees and alsa i# 0, they can be turned into
terms of lower degrees. Note thatand are well behaved operations with respect to all that matters
(free variables, reduction, joinability, substitutionc .

De nition 2.6. 1. Foreacm 2 N, we let: M5=fM2M,jdM)= ng
M3>"=M,"t M,"=fM2M,jdM) ng

2. Wedene* :M,!'M jand :M3%°!M ;by:
(Xn)+:xn+1 (M1M2)+ MI M; (Xn:M)+= Xn+1:M+
(Xn) =xn 1 (MlMZ) M. M (XnIM) = x N 1M
1 2

3. LetX M ,.1f8M 2X,d(M) > 0, we write dX) > 0. We de ne:
XT=fM*"jM 2 Xg Ifd(X)>0,X =fM |jM 2Xg.

4. We deneM " byinductonondgM) n 0. Ifn=0thenM "= M andifn 0then
M (D =M ") .

De nition 2.7. Leti 2 NandM 2 M 3.

1. Foreach 2L y, we let: M5=fM2M3jdM)= Lg
M,"=fM 2M3jdM) Lg

2. We de neM *' by: _ - _ _ _
(XL)+|=X|::L (M1M2)+'=MIIM;| (XLZM)+'= x byt

3. IfdM)=i:L,wedeneM 'by: (xR =
(MlMZ)IlelMZI (XIZZK:M)szK:M i
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4. LetX M 3. WedeneX*'=fM*'jM 2Xg.
Note that(X \Y )*' = X*'\Yy *I

De nition 2.8. (Substitution, alpha conversion, compatihlity, reduction)
Letm 0,1 i m,M;N;betermsofl N (resp. V) andl; 2 N (resp.Ln). M[(x] :=
Ni)1 i m] (or simplyM [(xiIi = Nj)m]), the simultaneous substitution Nf for all free occur-
rences ofk!' in M only matters when:

— X whereX = fMg[f N;j1 i mg.

— 8isuchthatt i m, we haved(N;) = I;.
We restrict substitution to incorporate these conditioNgh X as abovelM [(xiIi = Nj)m]isonly
de ned when X and whend(N;) = 1; for everyi.! We may writex}* := Ng;:::;xlm == Np

instead of(x|" := Ni)m. We also writeM [(x" := Nj)1 i 1]asM [x}* := Ny].

In 1 N (resp. “N), we take terms modulo-conversiongiven by: x ':M = y '":(M[x' := y'])
where 8J;y7 62FV(M) (wherel;J 2 N (resp.Ly)). We use the Barendregt convention (BC)

where the names of bound variables differ from the free onéswhere we rewrite terms so that
not both x ' and x J co-occur when 6 J.

Leti 2f1;2;3g. ArelationR onM ; is compatibleiff for all M;N;P 2 M ;:
—IfHAM;Ni2 Randx ":M; x ":N 2M ; thenhx ':M; x ':"Ni2 R.
—IfAM;Ni2 RandMP;NP 2 M ; thenhiMP;NPi2 R.
—IfhAV;Ni2 R,andPM;PN 2 M ; thenlPM;PNi2 R.

Leti 2 f1;2;39. The reduction relation on M ; is de ned as the least compatible relation
closed under the rulg:x ':M)N ~ M[x' := NJifd(N) = I:

Leti 2 f1;2;3g. The reduction relation on M ; is de ned as the least compatible relation
closed under the rulex ':(M x') M if x' 62FV(M)

Leti 2 f 1;2;3g. The weak head reduction, onM ; is de ned by:
(x ":M)NN7:::Nyp pM[x":= NINz:::N,wheren 0

We let = [

For a reduction relation ,, we denote by , the re exive and transitive closure of,. We denote
by' | the equivalence relation induced by.

The next theorem states that reductions preserve the fresbles and the degree of a term.
Theorem 2.1. Leti 21 1;2;3g. LetM 2M jandr 2f ; ;h g.
1. IfM N, thenFV(N)=FV( M)anddM) = d(N).

"We can prove the following lemma: L&t = fMg[f Nj j1 | mg Wehave:X and81 j m,d(N;)= Ij iff
M [(xjIj = Nj)m]2 M ;i wherei 2 f 1;2; 3g.
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2. Ifi=3 andM | N,thenFV(N) FV(M)anddM)= d(N).
3. Ifi 63 andM N thenFV(M)=FV( N),d(M) = d(N) andM is good iffN is good.

Proof:

1. By induction onM N.

2. Casa = . Byinduction onM N.
Caser , by the and cases.
Caser = h, by the case.

3. By induction oM N.

Normal forms are de ned as usual.

De nition 2.9. Leti 2f 1;2; 3g.

1.M 2Mjisin -(resp. -, h-) normal form if there is ndN 2 M ; such thatv N (resp.
M N,M 1 N).

2. M 2M jis -normalising (resp. -normalising,h-normalising) if there isaM 2 M ; such that

M N (resp.M N,M pyN)andN isin -normal form (resp. -normal form,h-normal
form).
Finally, , andh reductions are con uent on the indexed lambda calculi:

Theorem 2.2. (Con uence)
Leti 2f1;2;3g. LetM;M 1;M22M jandr 2f ; ;h g.

1. IfM , MiandM | My, then there i ®such thaM; , M%andM, , MO

2. M1 ' My iff there is atermM suchthaM,; M andM, M.

Proof:
We establish the con uence using the standard parallelatealu method. Full details can be found
in [13]. wu

3. The types of the indexed calculi

We assume thad; b range over a countably in nite set of type variabl&s and thate ranges over
a countably in nite set of expansion variabl&s= f&p;€;;:::g. We denoteg, :::&, by €(1.n) Or

to be commutative (i.eU; u U, = U, u U,), associative (i.elU; u (U u Uz) = (Ug u Up) u Us)
and idempotent (i.,eU u U = U), by assuming the distributivity of expansion variablegmow (i.e.
e(U1u Uy) = eUsu gUp). We denotdJ, u Up+r U Uy byul Ui (whenn  m).
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For | N, we study two type systems (none of which has theype). In the rst, there are no
restrictions on where the arrow occurs. In the second,set#ions and expansions cannot occur directly
to the right of an arrow.

De nition 3.1. (Types, good types and degree of a type foi N)
1. The sets of type¥, U, UjaredenedbyU; := Aj U;! U;jUiuU;jEU;and
Uy = Uou Uy JEU, j T, where To = Aj Uz ! Too WeletT;U;V; W (resp.T, resp.
U; V; W) range ovetJy (resp.To, resp.U;).

2. We de ne afunctiond U1 ! N by (hence d is also de ned ddy):
da)=0 dU! T)=min( d(U);d(T))
deVU) = d(U)+1 d(U u V) =min( d(U);d(V)).

3. We de ne the good types dd; by (this also de nes good types dp):
If a2 A, thenaisgood If Uisgood ance 2 E, theneU is good
If U; T are good and@) d(T),thenU! T isgood
If U;V are good and@) = d(V), thenU u V is good

The next lemma states when arrow, intersection and expangies are good.

Lemma3.1. 1. OnU; (hence orlJ;), we have the following:

(@) U; T aregoodand@) d(T))iff U! T isgood.
(b) (U;V are good and@J) = d(V)) iff U u V is good.
(c) U is good iffeU is good.

2. OnU,, we have in addition the following:

(@ IfT 2Ty thendT)=0.

(b) Ifd(U) = nthenU = uf; €1:n)V wherek  1and9iV; 2 T».

(c) If Uisgoodand @J) = n, thenU = U!‘zlﬁ(l;n)Ti wherek land81 i Kk, T;2T»,.
(d) U andT aregood iffU ! T is good.

For L~ we study a type system (with the universal type In this type system, in order to get
subject reduction and hence completeness, intersectiothsex@pansions cannot occur directly to the
right of an arrow (se&J; below). Note that our setds and T3 are far more restricted here than for the
| N_calculus and that we do not have the luxury of giving a syritaxa so-called good types. Note
also that the de nitions of degrees and types are simultasdonlike forU, andT, where types were
de ned without any reference to degrees).

De nition 3.2. (Types and degrees for “N)

1. We de ne sets of type§3 Uz, and a function d U3z ! L y by simultaneous induction as
follows:

Ifa2A,thena2 Tz and da) =
If U2 UzandT 2 Tz, thenU! T2 TzanddU! T)=
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IfL2Ly,then!t 2 Ugandd! )= L.
If U1; Uy 2 Uz and C(Ul) = d(Uz), thenU; u U, 2 Uz and C(Ul u U2) = d(Ul) = d(Uz).
U 2 Uz andg 2 E, thengU 2 Uz and dgU) = i :: d(U).

Note that d remembers the number of the expansion vari@pblesorder to keep a trace of them.

2. We letT range oveiT 3, andU; V; W range oveltJs;. We quotient types further by havind- asa
neutral (i.e.!  u U = U). We also assume that for all 0OandK 2 Ly, g! K = 11K,

All our type systems use the following de nition (of coursétin the corresponding calculus, with
the corresponding indices and types):

De nition 3.3. (Environments)

i;] n;U; 2 Ug;and ifxiIi = xj'j thenU; = Ujg. We denote such environment (call ij by

x'll Uq; iy xn o Uy or simply by(xiIi : Uj)n and de nedom() = fxiIi j1 i ng Welet

Envy, be the set of type environments fdg. If dom( 1)\ dom( ») = ;, we write 1; > for
1[ 2. Let ; range over environments and [gthbe the empty environment.

2. 1f =¢( xiIi : U))n andx? 62dom() , then we write ;x’ : U for the type environmenx'll :
Ug;:iopxhn s U xd 1 UL

3. We say that 1 is joinable with , and write 1 iff
forallx 2V, if x' 2 dom( 1) andx’ 2 dom( »), thenl = J.

4. We say that a type environments OK (and writeOK() )iffforall x' :U 2 ,d(U)= 1.

5. Let 1=(xI":U)n; 9 2=(xI":U9,; Iwheredom( )\ dom( 9)=; and81 i n,
d(U;) = d(U9. We denote ; u ; the type environment
(xI':UuU9,; 9 9. Note thadom( ju ) =dom( 1)[ dom( »)and that, on environments,
u is commutative, associative and idempotent.

6. In 1 N (i.e., onEnvy, andEnvy,), we de ne for =( x" : Uj)n:
is good iff , foreveryl i n,U; is good.
d() > Oiffforeveryl i n,d(U;) > 0andn; > 0.
e=(x"":eU), Soe( 1u 2)=eue 2

7. In b~ (i.e., onEnvy,), we de ne:

Let =( xi' :U;), andg 2 E.
— We denoteg = ( x{”Li ;g Ui)n. Notethate( 1u 2)=e jue 5.
—d() L ifandonlyifforalli 2f1;:::;ng, d(U;) L.

As we did for terms, we decrease the indexes of types andoemagnts.
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De nition 3.4. (Degree decreasing inl N)
1. Ifd(U) > O, we inductively de ne the typ&) by:
(UiuUp) =U; ul, (el)
Ifd(U) n 0, weinductively de ne the typ&) " by:
ifn=0thenU "= Uandifn Othenu ™D =(uy ") .

U

2.0f =( xM:U)candd) > O, thenwelet =(x" 1:U ).
Ifd() n 0, then,
fn=0then "= andifn Othen 1 =( n) |

De nition 3.5. (Degree decreasing in -n)

1. Ifd(U) L,thenifL = thenU ' = UelseL = i :: K and we inductively de ne the type
U tasfollows: _ |
(U]_u U2) itK — Ul iK u U2 K (EiU) itK — U K

We writeU ' instead oy (),
2. 1f =( Xt Uik and d) L,thenforalli 2 f1;:::;kg, Li = L = L%and * denote

(x U ).
We write  'instead of (.

4. Thetype systems;and ,for | Nand™ zfor v

In this section we introduce our three type systemiori 2 f 1; 2; 3g, our intersection type systems with
expansion variables. The systemsg(which uses types it;) and” » (which uses types it,) are for
I N, 3 (which uses types itU3) is for L. In" 1, types are not restricted and Subject Reduction (SR)
fails. In" 5, the syntax of types is restricted (s6g), and in order to guarantee SR for this type system
(and hence completeness later on), we introduce a subtygiation which will allow intersection type
elimination (something not available in the rst type sysde In " 3, the syntax of types is restricted
further (sedJs) so that completeness will hold with an arbitrary numbengiansion variables.

We follow [3] and write type judgements & :h ~ Ui instead of = M : U.

De nition 4.1. (The type systems)
Leti 2 f1;2;3g. The type system; uses the sdt); of de nitions 3.1 and 3.2. The typing rules of;
and’ , are given on the left of Figure 1 (recall that when used forU andT range over all ofJ;, and
when used for 5, U ranges oveld, andT ranges only ovel »). The typing rules of 3 are given on the
left of Figure 2. In the last clause, the binary relations de ned onU, andU3 by the rules on the right
hand side of Figures 1 and 2 respectively. F@&f 2;3g, we let denote types itJ;, or environments
orj-typingsh "j Ui. When v Othen and °belong to the same sd{/Envy, /j -typings).
We say that is " j-legal iff there areM; U such thaM :h ~; Ui.
Letk 2 f 1;2g. We say that
h "¢ Uiisgood iff andU are good.
dh "¢ Ui) > 0iffd() > Oand qU) > 0.
We say that¢th "3 Ui) Lifandonlyifd() LandqU) L.

To illustrate how our indexed type system works, we give aamgxe:
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Leti 2f1;2g v is de ned on:

In" 1, U andT range over all ofJ;. Uz, Envy, and2-typings.

In" ,, U ranges ovelb), andT ranges only over ,

v (ref)

Tgood dT)=n

X" hx":T) 1 Ti (@) 1V 2 2V 3

(tr)
1V
T good
— (ax) _
X0 hx%:T) 5 Ti U, good  dU,) = d(Uy) (Ug)
UiuUzv U 8

M :h;(x":U) " Ti
x"™M:h ;U! Ti ¢ UvVi Uv B
UuUv Viu 'V,

Mlihl‘iU! Ti Mz:hz‘iUi 1 2

— (" e) UpvU TivT
MiMs:h 1u i Ti 1 1 2
e s 2 U0 vl T, )
M:hqi Ui M:hjy Ui
MR U uzuli = (W) v e
. 1 2 iV 2 eUlveLJz exp
TR ULy Uz VIOZOMO (v
e YUV (iU C
. N . ~ . O\
M :h 2 Ui h 0‘2UIVh 2Uq (V) Ui v Uy oV g (V )
M :h© ;U hi 2Uiivh o oUp & "
Figure 1. Typing rules / Subtyping rules fog and”
Example 4.1. LetL; =3 :: L,=3:2: L3=3:2:1:: Ly,=3:2:1:0:

and leta; b:c;d2 A . ConsideM:; M ¢ U as follows:

M = xbtziybaybe(xtz ubs:vbauts (vbevha)) 2 M .

MO= x 2:y Ly (x2 u3: v %(ud(v*vh)) 2 M ».

U= es(e(e((eb! ! (e(au(al b)! )t d! ((ed! ayub! a).

We invite the reader to check tht : i) ~ 3 Ui andM?: i) * > Ui. We simply give some steps
in the derivation oM : K) ~ 3 Ui (note that the derivation d1°: () * » Ui only differs from the
derivation ofM : h() ~ 3 Ui by replacing everywherez by ", and any lisn; ::no, i ng::  byk
foranyk 0):

Vvv <v rau(a! b 3b>

VO v0E <y 0 igg(au (a! b)) Taggh>

uUu <u :gb! c 3gb! c>

u (V% v% Y:i<u :gb! c;W :g(au(a! b)) zc>

v Oy (vO VO )i<u gb! cisze(au(al! b)! c>
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U ranges ovelJ; andT ranges only ovel 3

v is de ned on:
Uz, Envy, and3-typing.

()
X .f'(X .T) 3 Ti (ref)
v
")
M:I’EHV,!\A‘s!d(M)i 1V 2 2V 3
(tr)
1V
M :h;(x":U) 3Ti |
O s LCAR: (T
Uiu U v Up E
M :h “3Ti x" 62dom() 09 Uiv Vi Usv Vo d(Un)= d(Up)
- : VvV Vi 2V V2 1) = 2
LM ch gttt T ' -
X s : UiuUzv Viu Vs (U)
Mi:hi1 3U! Ti Mz:h, 3 Ui
1 1 3M SLL 2 \2 -T- 1 2(! 0) Uv U Tiv T2 )
Mz -hau 2 s 1l Ui! Tiv Uyl T
M :h ‘3U1i M:h.\3U2i (U|) U]_V U2 (V)
M :h "3Uiu Ui ebiv el ' °
M:h T3 Ui © Ui v Uyt 62dom() Vo)
M*l:hy " 3gUi YUV oyt Us c
M :h “3Ui h “3Uivh 0\3Uoi ) Ui v Uy 2V 1 Vi)
M :h° 5 U% hi sUivh 5 3Usi * "

Figure 2. Typing rules / Subtyping rules fog

u v % o (VO VO )< () 3 (Bob! o ! (ep(au(al! b)! o>
u 1: :Vl::O:: :ul:: (Vl::O:: Vl::O:: ):

< (0 s&a((eb! ! (e(au(al b)! c)>
X <x :g((emb! 0! (s(au(al! b)! ¢! d

“3e((eb! ! (e(au(al b)! ¢)! d>
X (U 1: :Vl::O:: :ul:: (Vl::O:: Vl::O:: ))

<x :e((gb! ¢! (e(au(a! b)! c)! d zd>
X2:: (u2::l:: :V2::1::O:: :u2::1:: (V2::l::0:: V2::1::0:: ))

<x% :g(ei((Bb! ¢! ((au(al! b)! c)! d) zed>
y (X2:: (u2::l:: :V2::1::O:: :u2::l:: (V2::l::0:: V2::1::0:: )))

<x? :e(e((egb! ¢! (eg(au(a! b)! o) ! d);

y :(ed! a)ubiza>

y
c! (e(au(a!

<x % ey(e((egb!

:(y (XZ:: (u2::1:: :VZ::l::O:: :u2::1:: (VZ::l::O:: V2::1::0:: ))))

b)) !

Q) ! d)
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‘3((®d! @ub! a>

X 2: Ly :(y (XZ:: (U 2:1: :VZ::l::O:: :UZ::lz: (VZ::l::O:: V2::1::O:: ))))
< (0 s&@E(®b! ! (e(au(a! b)! c)! d);
I ((&ed! @ ub! a>

x b2y biytr(xbz(u b3 v bauta(vhavte))))
< (0 s&(e(e((eb! ! (e(au(a! b)! ¢)! d);
I ((&d! ayub! a))>

De nition 4.2. 1. In1 NJifU2 Uyand 2 Envy, suchthat@) > 0anddU) > 0, then we let
(h "2Ui) =(h “2U i).

2.In v if U 2 Ugand 2 Envy, such that ¢) K and dU) K, then we denote
(h “3Ui) K=h K zuU Kij,

Next we show how ordering propagates to environments aateetegrees:
Lemma4.l. 1.1f v %Uv U%ndx' 6dom() then ;(x' :U)v C%(x':U9.
2. v Off =( x":U)n, °=(x:UY,andforalli 2f1;:::;ng, Ui v UL

3. Letj 2f23g.h “jUivh °; ubiff %% anduv U°
4. v is well de ned onUj, Envy, and onj -typings, forj 2 f 2;3;g.
5. If Uy v Up thend(U;) = d(U,) andU; is good iff U, is good.
6. If 1v ,thend( 1) Liffd( 2) L.

Proof:

1. and 2. By induction on the derivationv
3. By induction on the derivatioh *j Uivh °°; US.

4. By induction on the derivation; v »

5. By induction on the derivatiol; v Us,.

6. By induction on the derivation; v . w

0

The next theorem states that typings are well de ned, th#ttiwia typing, degrees are well behaved
and that we do not allow weakening.

Theorem 4.1. Letj 2 f 1;2;3g. We have:
1. "jiswelldenedonMj Envy Uj.
2. Let =( x{' :Uj)pandM :h *; Ui. Then:

(@ d(M)= d(U)and81 i n,d(Uj)= I;.
() Ifj =3 thend)  d(U).
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(c) Ifj 63 thenU andM aregoodan®1 i n,d(U;) d(M)andU;is good.
3. LetM :h " Ui. Then:

(@) dom() =FV( M).
(b) Ifj 63 andqU) kthenM X:h **, U Ki.
() Ifj =3 anddqU) K thenM X :h K 3;U Kj.

Proof:
We prove 1 and 2 simultaneously by induction on the derivalib : h " ; Ui using Lemma 4.1. We
prove 3 by induction on the derivatid : h " Ui. u

Here are some derivable typing rules.
Remark 4.1. Letj 2 f 2; 3g.
Mihl‘juli MZhZ‘jUZi
M :h 171U 2\j U1UU2i
Uisgood qU)=n

1. The rule u? is derivable.

2. The rule X U) 5 Ul ax®is derivable.

3. Therule ax%is derivable.
xdL) : yxdW) ;) " 5 Ui

4. The rule————— ! is derivable.
Uv ! du

Lemma4.2. Leti 2f 1;2; 3g.
1. IfM :h “3Uithen v eny,
2. Ifdom()=FV( M),and8x- :U 2 ,d(U)= L thenM :h 3! dM)j,
3.1fMi:h {1 jUiandM,:h 5 Uithen 1 »iff M7 Mo,

Proof:

mark 4.1.4 resp. Theorem4.1&, i n,U; v ! 9Y) resp.d(U;) = L;, then by Lemma 4.1.2,
v envy, .
2. Let = ( x' : Uy whereFV(M) = fxti:x52;:::xkngand81 i n, d(U) = L.

By Remark 4.1.4\U; v !'Yi. By Lemma 4.1.1, v enyy, = (xt : L), Since by!,
M :renvy, 3! 9M)j we have by andv i, M :h 3! dM)j,

3. If) Letx' 2 dom( 1) andx’? 2 dom( ;) then by Theorem 4.1.3x' 2 FV(Mj) andx’ 2
FV(M2)so 1 5. Onlyif) Letx' 2 FV(M;) andx’ 2 FV(M,) then by Theorem 4.1.3a,

x! 2 dom( 1) andx’ 2 dom( ) soM; Mo.
u
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5. Subject reduction and expansion properties

Now we list the generation lemmas for the three type systéonpfoofs see [13]).

Lemma 5.1. (Generation for™ 1)
1. Ifx":h "1 Ti,then =( x":T).

2.fx™M :h "1 Ty! Toi,thenM :h ;x":T; 1 Tai.

3. IfMN :h "y Tithen = 1u 2 T =ul€wm)Ti, N 1; m; OM :hq 1
uinzl'Q(llmi)(TiO! T|)| andN :h : 1 uinzlﬂ(llmi)Tiq-

Lemma 5.2. (Generation for™ ,)
1. Ifx":h ", Ui,then =( x":V)whereV v U.

2. If x™M :h ", Uiand dU) = m, thenU = u}‘:le(l:m)(\/i I' T;) wherek 1and
8L i KkM:h;x":gumVi 2€amTii.

Lemma 5.3. (Generation for™ 3)
1. Ifx- :h “3Ui,then =( x-:V)andV v U.

2. 1f x“:M :h “3Ui,x* 2 FV(M)anddU) = K,thenU = ' K orU = ul & (V! T)
wherep landforalli 2f1;:::;pg,M :h ;x" &V 3 Tii.

3.0f x5:M :h "3 Ui, xt 62FV(M) and qU) = K, thenU = I K orU = uP & (Vi ! T))
wherep landforalli 2f1;:::;pg,M :h ~3&Ti.

4. IfM xt :h ;(xt :U) "3 Tiandxt 62FV(M),thenM :h “zU! Ti.

Proof:
1. By induction on the derivatior" : h " 3 Ui. 2. By induction on the derivatiox “:M :h "3 Ui.
3. Same proof as that of 2. 4. By induction on the derivatbr - : h ;x- : U * 3 Ti. u

We also show that no-redexes are blocked in a typable term.

Lemma 5.4. (No -redexes are blocked in typable terms)
Leti 2 f1;,2gandM : h " Ui. If (x ":M;)M> is a subterm oM, then dM,) = n and hence

(x "M M, M [x" = M3].

Lemma 5.5. (Substitution for™ , and  3)

Leti 2f2;3g. IfM :h ;x' :U i Vi,N:h “jUiandM N thenM[x' := NJ:h u ;Vi.
Proof:

By induction on the derivatioM : h ;x' : U *; Vi. u

Lemma 5.6. (Substitution and Subject -reduction fails for ™ ;)
Let a; b; cbe different elements &&. We have:

L (x %x%O)(y2%  (y°2°)(y°2°)
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2. (x %x%9%(y°z% : y%:b! ((a! cua)z’:b id.
3.x%%:m%:(a! Quaid.
4. Itis not possible that

(y°z%)(y°2% : hy%:b! ((a! cua)z’:b id.
Hence, the substitution and subjecteduction lemmas fail for ;.

Proof:
1..3 are easy. For 4, assurfy®¥z%)(y°z% : y® : b! ((a! cjua);z°:b" 4 ci. Bylemma5.1.3 twice
using lemmas 4.1 and 5.1.1:

yoz0: O :b! ((a! cqua);z®:b i ul,(Ti! o).
yO:hy%:b! ((a! cua) 1b! (a! cQuai.
2%:m:b 1 hi.
ull,(Ti! o=(a! Qua
Hencea= T; ! cfor someT;. Absurd. u

Nevertheless, we show that SR and subject expansion @sing” » holds. This will be used in the
proof of completeness (more speci cally in lemma 7.2 whislbasic for the completeness theorem 7.1).

Lemma 5.7. (Subject reduction and expansion for and " ;)
1. fM :h "5 Ui andM N, thenN :h ~ 5, Ui.

2. IfN :h ", Ui andM N thenM :h ", Ui.

Since’ 3 does not allow weakening, we need the next de nition sincenv term is reduced, it may
lose some of its free variables and hence will need to be tirpadmaller environment.

De nition 5.1. If isatype environmentand dom() ,then we write  for the restriction of
on the variables of. If U = FV( M) for atermM , we write instead of gy(m)-

Now we are ready to prove the main result of this section:

Theorem 5.1. (Subject reduction for™ 3)
IfM :h "3 UiandM N, thenN :h § 3Ui.

Proof:
By induction on the derivatioM :h "3 Ui. wu

Corollary 5.1. 1. fM :h "3 Ui andM N,thenN :h n 3Ui.
2.1fM :h "zUiandM | N,thenN :h y 3Ui.

The next lemma is needed for expansion.
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Lemma5.8.1f M[x" := N]:h “3Ui,d(N) = L andx- 2 FV(M) then there exist a typ& and
two type environments; » suchthat@v) = L and:

M :h ;xt:V 3 Ui N:h, 3Vi = qU >
Proof:
By induction on the derivatioM [x- := N]:h " 3 Ui. wu

Since more free variables might appear in thexpansion of a term, the next de nition gives a
possible enlargement of an environment.

De nition 5.2. Letm n, =( xiLi : U)p andU = fx'il;'::;xh{“g. We write "V for x'il
Ugpiixhn o Upsxbnst cibnasixbm o b gf dom() FV(M), we write "M instead of
wFV(M)

We are now ready to establish that subject expansion hotds foext theorem) and that it fails for
(Lemma5.9).

Theorem 5.2. (Subject expansion for )
IfN:h " 3UiandM N, thenM :h "M > 5 Ui.

Proof:
By induction on the length of the derivatidv N using the fact that iFV(P) FV(Q), then
( "PyQ= »Q u

Corollary 5.2. If N :h "z UiandM | N,thenM :h "M~ Ui,

Lemma 5.9. (Subject expansion fails for )
Leta be an element of. We have:

1.y x 1y X y
2.y iy :h) za! ai.

3. Itisnot possible thaty :x iy x :h) "za! ai.
Hence, the subject-expansion lemmas fail fors.

Proof:

1.and 2. are easy. For3.,assupe:x :y x :h) gzal! ai.

By Lemma5.3.2x iy x :hy:a) 3! ai.Again,byLemma5.3.22=" orthereexisth 1
such that = ul, (Ui ! T;), absurd. u

6. Realisability

Crucial to a realisability semantics is the notion of a saitenl set:

De nition 6.1. (Saturated sets)
Leti 2f1;2;3gandX;Y M ;.
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. We useP (X) to denote the powerset of, i.e.fY j Y Xg
. WedeneX; Y=fM2M;j8N2X:M N) MN 2Yg.
. We say thaK o Yiffforall M 2 X ; Y, thereexisN 2 X suchthaM N.

Forr 2f ; ;h g, wesay thaK isr-saturated if whenevé™ . N andN 2 X, thenM 2 X..

Saturation is closed under intersection, lifting and asow

Lemma6.1. 1. If X;Y arer-saturated sets, theq\Y isr-saturated.

2

© ©® N o a0 &> W

If X M 3isr-saturated, the) *' is r-saturated.

If X M sisr-saturated, theX* isr-saturated.

LetX;Y M , (resp.M 3). If Y isr-saturated, then, for every s§t X ; Y isr-saturated.
fX;Y M ,then(X ; Y)* X *; Y*.

IfX:Y M sthen(X ; Y)*' X *i; y*i

LetX;Y M L. If X*T oY ,thenX*; Y (X; Y)".

LetX;Y M 3 IfX*TioY' thenX*'; Y* (X ; Y).

For everyn 2 N, the setM" is saturated.

The interpretations and meanings of types are crucial talgsebility semantics:

De nition 6.2. (Interpretations and meaning of types)
LetV = V1 [V 2 whereV1\V > = ; andVy; V, are both countably in nite. Let 2 f 1; 2; 3g.

1.
2.

Letx 2 V; andl anindex. We de neN, = fx' N;::Ng2M jjk  Og.
In1 N letr = andlg=0.In bt~ letr 2f ; ;h gandlg=

(&) Anrj-interpretationl : A!P (M i'°) is a function such that for all 2 A :
| (a) isr-saturated In1 N i@ MO 8x2Vy; Njo | (a).

(b) Let anrj-interpretationl : AP (M i'°). We extend (to Uy in case ofl N and toUs in
case of -n) as follows:

I (Upu Uz) = 1 (U \T (Ug) LUt T)=1); 1(T)
In 1 N: | (eU) = 1(U)*
In Ln: I ('Y= M5 | (®U)=1(U)*

Becausé is commutative, associative, idempote®,\Y )* = X*\Y * and(X\Y yHi =
X*\Y *1 | is well de ned.
Letrij-int=fl jI isanrj-interpretatiom.
(c) LetU 2 U;. Letr 2f ; ;h g. Dene [U]‘r' ther;-interpretation olU by:
[Ul;; =fM 2M jjM isclosedandM 2 |, ri-int | (U)g
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It is easy to show that il N, if x" Ni::N 2 N then81 ik, d(N;) n. Hence,inl N,
we haveN,' = fx" N1:iNg 2 M jk  Og.
Type interpretations are saturated and interpretatiommofl types contain only good terms.

Lemma6.2. Letr 2f ; ;h g. Leti 2f2;3g.

1. (a) ForanyJ 2 U; andl 2 rj-int, we havel (U) isr-saturated.
(b) Ifd(U) = L andl 2 rs-int, thenforallx 2Vy;NL | (U) M §.
(c) If U is a good type such tha{ld) = n andl is anrg-interpretation, the®x 2 Vi, x" 2
Ng | (U) MM
2. Letr 2f ; ;h g If 12 ri-intandU v V,thenl (U) | (V).

Proof:

la . By induction orU using lemma 6.1.

1b. We proveBx 2 V;: N+t | (U) M § by induction onU.

1c. Obviouslyx" 2 N 2. We proveNy' | (U) M" by induction onJ good.

2. By induction of the derivatiod v V. u

Corollary 6.1. (Meanings of good types consist of good terms
OnU; (hence also olJy) we have: IfU is a good type such tha{d) = n then[U] , M".

Proof:
Simply note that by lemma 6.2, for any interpretation (U) M". u

Lemma 6.3. (Soundness of1/" »/" 3)
Leti 2f1;2;3g,r 2f ; ;h g,12 rj-int. LetM :r‘(xjIj “Uj)n i Uiand81 j n,Nj 21 (Y).

Proof:
By induction on the derivatioM : r(xj'j “Ujn i Ui u

Corollary 6.2. Letr 2f ; ;h gandi 211;2;3g. If M : K() "; Ui, thenM 2 [U],,.

Proof:
By Lemma 6.3M 2 | (U) for anyr;-interpretationl . By Lemma 4.2FV(M) = dom(()) = ; and
henceM is closed. ThereforeM 2 [U];,. u

Lemma 6.4. (The meaning of types is closed under type operatis)
Letr 2f ; ;h gandj 2f 1;2;3g. The following hold:

1. [§U]r, = [U]}.) and ifk 2 f 1;2g then[eU];, = [U];,
2. [U u V]I’j = [U]I'j \ [V]rj
3. IfU! T 2 Ujzthen for any interpretatioh, | (U) o I(T).
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4. 1fU! T is good then for any interpretatidn | (U) o I(T).

5. OnU; only (sinceeU ! eT 62U,), we have:
IfU! Tisgood,therje(U! T)],=[eU! eT],.

Proof:
1. and 2. are easy.

3. LetdU)=L,M 21 (U); I(T)andx 2 VysuchthatforalK,hxX 62FV(M), henceM x-
and by lemma 6.%" 21 (U).

4. LetdU) = nandM 21 (U); | (T). Takex 2 V1 such thalB8p 2 N, xP 62FV (M ). Hence,
M x". Bylemma 3.1U is good and by lemma 6.2 2 | (U).

5. SinceU ! T isgood, then, by lemma 3.U; T are good and@) d(T). Again by lemma 3.1,
eV, eT are good, (eU) d(eT) andeU ! eT is good. Hence by 3. above(U)* o I(T)*.
Thus, by lemma 6.1.5, for any interpretatibrwe havel (e(U! T))= 1 (eU! eT).

u

The next de nition and lemma put the realisability semasiit use.

De nition 6.3. (Examples)
Leta;b2 A wherea 6 b. We de ne:

ldo=a! a,ld;=e(a! a)andld)=ea! ea
D=(au(a! b)! b

Natp=(a! a)! (a! a),Nat;=e((a! a! (a! a)),
andNaty = (ea! a)! (eja! a).

Moreover, ifM;N are terms anesh 2 N, we de ne(M)" N by induction onn: (M)° N = N and
(M)™LEN =M (M)™N).

Lemma6.5. 1. [(aub! a],=fM 2M°jM y 0:y0g.
2. Itis not possible thay %y°: ) “ ;1 (aub) ! ai.
3. y%y%:n) s (aub)! ai.
4.Qldo] ,=fM2M 4 M y y g

5 [Id] ,=[1d9] =ftM 2M P jM  y D:yDg (Note thatid9 62Us.)
6.[D] ,=fM2M ;M Yy YV O
7. [Natg] ,=fM 2M ;5 |M f df orM f :y (f )"y wheren I1g.

8. [Naty] ,=fM2M M f D:f@Worm  f O:x D:(f D)y@ wheren  1g,

©

.[Natd] ,=fM2M ;5 jM f o orM f oy@:if yMg
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7. The challenges of completeness ih N

In this paper we are concerned with two realisability sencandf E-variables. These semantics are
based on a hierarchy of types and terms. Considering hownsiqgeas can introduce new substitutions,
new expansions and an unbounded number of new variables Eevariables), it became clear that to
give meanings to expansions, we needed to use a hierarctypes &and terms. At rst, one thinks of
labeling types and terms with a natural number and this iigv@rchy we used in N. When assigning
meanings to types, we ensured that each use of E-varialohgdysthanges the labels and that each E-
variable acted as a kind of capsule that isolates parts of #teem being analyzed by the typing. This
captured accurately the intuition behind E-variables. Ewsv, this indexing poses two problems: it
imposes that the type should have all possible indexes (which is impossible amtdeve eliminated

I' from the type systems fdvl ) and it implies that the realisability semantics can onlycbenplete
when a unique E-variable is used (as we will see in this sectilm order to understand the challenges
of the semantics of E-variables withand to understand the idea behind the hierarchy, we rstistud
the | -calculus typed with two representative intersection tgpstems. The restriction tb (where in
every( x:M ) the variablex must appear free iM ) was motivated by not knowing how to support the
I' type while preserving the intuitive levels made of singléunal numbers. For 1, the rst of these
type systems (the most natural), we showed that subjecttieduand hence completeness do not hold.

Remark 7.1. (Failure of completeness for ;)

Items 1, 2 and 3 of Lemma 6.5 show that we can not have a compkdt@esult (a converse of lemma 6.3
for closed terms) for ;. To type the termy ©:y° by the type(au b) ! a, we need an elimination rule
for u which we do not have in .

Note that failure of completeness fox is related to the failure of its subject reduction. So, onghni
think that sinceé », the second type system forN, has subject reduction, its semantics is complete. This
is not the case.

Remark 7.2. (Failure of completeness of , if more than one E-variable is used)
Leta2 A,e;;& 2E,e; 6 ep andNatd’=(e;a! a)! (e;a! a). Then:
1) f %92 [Natdfand 2) Itis not possible that %:f % : ) *, Nat?.
Hencef %:f°%2 [Natdfbut f °:f ©is not typable byN at3%and we do not have completeness in the
presence of more than one expansion variable.

However, we will see that we have completeness oif only one expansion variable is used.

7.1. Completeness of , with one expansion variable

The problem shown in remark 7.2 comes from the fact that feréalisability semantics that we consid-
ered for® », we identify all expansion variables. In order to give a ctetgness theorem for,, we will
in what follows restrict our system to only one expansiorialae. In the rest of this section, we assume
that the seE contains only one expansion varial@ge

The need of one single expansion variable is clear in part Bnoma 7.1 which would falil if we use
more than one expansion variable. For example; & e, then(e;a) = a=(ea) butejaé ea.
This lemma is crucial for the rest of this section and henengle expansion variable is also crucial.
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Lemma7.1. LetU;V 2 UpanddU) = d(V) > 0.1)5sU =Uand2)IfU =V ,thenU = V.

Despite the difference of the number of expansion variabked in this completeness proof and
that of the next section, there are a number of similaritiebaih proofs. We still write these two
proofs independently to illustrate the method and espgdaice the proof for this section is far simpler.
Furthermore, we only show the semantics in this section faeduction (although the semantics works
for all our notions of reductions as we show in the next segtio

The rst step of the proof is to dividéy" j y 2 Vg disjointly amongst types of order.

De nition 7.1. LetU 2 U,. We de ne the set of variable¥y by induction on gU). If d(U) = 0,
then: Vy is an in nite set of variables of degre@ if y° 2 Vy, theny 2 V,; and ifU 6 V and
d(U) = d(V)=0,thenVy\ Vy = ;. 1fd(U) = n+1,thenwe puVy = fy"1 jy" 2 vV, g

Our partition ofV5 allows useful in nite sets which contain type environmettitat will play a crucial
role in one particular type interpretation. These sets awvit@nments are given in the next de nition.

De nition 7.2 1. Letn 2 N. We letG" = f(y" : U) j U 2 Uy, d(U) = n andy" 2 Vyg and

H" = ,G™. Note thatG" andH" are not type environments because they are in nite sets.

2. Letn 2 N,M 2 M , andU 2 U,, we writeM : FH" ", Ui iff there is a type environment
H™ whereM :h "5 Ui

Now, for everyn, we de ne the set of the good terms of ordewhich contain some free variabie
wherex 2 Vi andi n.

De nition 7.3. Letn 2 NandO" = fM 2 M" j x' 2 FV(M) wherex 2 Vi andi  ng. Obviously,
if n 2 Nandx 2V;,thenNg? O .

Here is the crucial »-interpretationl for the proof of completeness:

De nition 7.4. Letl be the »-interpretation de ned by:
for all type variables, 1(a) = O°[f M 2M 9jM :HO ", aig.

| is indeed a »-interpretation and the interpretation of a type of ordezontains the good terms of
ordern which are typable in the special environments which aresperthe in nite sets of de nition 7.2:

Lemma7.2. 1. lisa -interpretation. .e8a2A,l(a)is -saturated an@x 2V, N? ()
MO,

2. IfU 2 Uyisgood and U) = n, thenl(U)= O"[f M 2 M" M : HH" ", Uig.
| is used to prove completeness (the proof is on the authorgpagss).

Theorem 7.1. (Completeness)
LetU 2 U, be good such that(@) = n. The following hold:

1.[Ul,=fM2M"jM :K) ", Uig.
2. [U] , is stable by reduction: i.e., M 2 [U] , andM N, thenN 2 [U] ,.
3. [U] , is stable by expansion: i.e.,,N 2 [U] , andM N, thenM 2 [U] ,.
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8. Completeness in v

Having understood the challenges of E-variables and theuttiy of representing the typeé using
natural numbers as indices for the hierarchy, we moved tgthsentation of indices as sequences of
natural numbers and we provided our third type systemWe developed a realizability semantics where
we allow the full -calculus, an arbitrary (possibly in nite) number of exjggon variables and whette
is present, and we showed its soundness. Now, we show itsletaness.

We need the following partition of the set of variabfgg j y 2 V.g.

De nition 8.1. 1. LetL 2L y. WedeneU} = fU 2 Uz jd(U) = LgandVt = fx" jx 2 Vyg.
2. LetU 2 Usz. We inductively de ne a set of variablégy as follows:

Ifd(U) = then:
— Vy is anin nite set of variables of degree.
- gU 6 VanddU)= d(V)= ,thenVy\ Vy = ;.
u2u, Vy=V.

Ifd(U) = L,thenwe puVy = fytjy 2V, g
Lemma8.1. 1. Ifd(U);d(V) LandU "=V b thenU= V.
2. Ifd(U) = L, thenVy is an in nite subset oi/".
3. 1fU6 VandqU) = d(V)= L,thenVy\ Vy = ;.
2.° =Vt
5. Ify- 2 Vy, theny'"t 2 Vg .
6. Ify'"L 2 Vy, thenyt 2 V, .

Proof:

1.1fL =(nj)m,we havel = &y, :::&,,U%ndV = &, :::8,, V2 Thenu - = U%V ' = vOand
U°= VO ThusU = V.

2., 3. and 4. By induction oh and using 1.

5. Becaus¢gU) ' = U.

6. By de nition. wu

Our partition of the seV, as above will enable us to give in the next de nition usefuhite sets
which will contain type environments that will play a crulciale in one particular type interpretation.

Deniion8.2z 1. LetL 2 Ln. We denoteGt = f(y* : U) j U 2 U} andyt 2 Vygand
Ht =~ | GX. Note thatG- andH" are not type environments because they are in nite sets.

2. LetL2L N, M 2M 3 andU 2 Uz, we write:

M : FHY 3 Ui ifthere is a type environment  H“ whereM : h 3 Ui
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M :hHY TS Ui if M N andN : hH- 3 Ui

Lemma8.2. 1. If H thenOK() .
2. If HL theng HiL,
3. If H“t then ' HL.
4. 1f ¢ H-, , HXandL Kthen ju , H-.

Proof:

1. LetxX :U 2 thenU 2 UK andso @U) = K. 2. and 3. are by lemma 8.1. 4. First note that by 1.,
1u siswelldened. HK  HY. Let(xR:UyuUy) 2 1u >where(xR:U;)2 ; H-and

(xR:Uy) 2 , HX HLY then dU;) = d(Uy) = RandxR 2 vy, \ Vy,. Hence, by lemma 8.1,

U=Uxand 1u 2= 1] > HL. u

For everyL 2 L y, we de ne the set of terms of degréewhich contain some free variabk& where
x2ViandK L.

De nition 8.3. ForeveryL 2 L, letO = fM 2M 5§ jxX 2 FY(M),x 2 VyandK  Lg. Itis
easy to see that, for evely2 L y andx 2V, NS O L.

Lemma8.3. 1. (0Y)*I= Ok,
2. Ify2Vyand(MyX) 20!, thenM 20"
3.1fM 20L,M NandL K = d(N),thenMN 2 OL.

4. 1fdM)=L,L K,M N andN 20X, thenMN 20"\,

The crucial interpretatioh for the proof of completeness is given as follows:

De nition 8.4. 1. Letl be the -interpretation de ned by: for all type variabless | (a) =
O [fM2M 4 jM:MH " jaig.

2. Letl bethe -interpretation de ned by: for all type variables! (a)= O [f M 2M 5 |M :
H 3 aig.

3. Letlen be theh-interpretation de ned by: for all type variables In(a) = O [f M 2 M 5 j
M :MHH °3aig.

The next crucial lemma shows thais an interpretation and that the interpretation of a typerder
L contains terms of ordér which are typable in these special environments which atts péathe in nite
sets of De nition 8.2.

Lemma8.4. Letr 2f ; ;h gandr°2f ;hg

1. If I, 2 r-intanda 2 A thenl,(a) isr-saturated and for ak 2 V1; N, Ir(a).
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2. fU2UzandqU)= L,thenl (U)=O-[f M 2M 5jM :mH" " 5 Uig.
3. IfU2 UzanddqU) = L, thenl,o(U)= O-[f M 2M § jM : H! 3 Uig.
Now, we use this crucidl to establish completeness of our semantics.

Theorem 8.1. (Completeness 0f3)
LetU 2 Uz suchthatu) = L.

1. V] ,=fM 2M % jM closedM N andN : h) " 3 Uig.
2.[U],=[Uh,=fM 2M 5jM :N) " 3 Uig.
3. [U] . is stable by reduction. l.e., M 2 [U] , andM N thenN 2 [U] ..

Proof:
Letr 2f ;h; .

1. LetM 2 [U] ,. ThenM is a closed term an¥ 2 | (U). Hence, by Lemma 8.4/1 2
O-[f M 2M5jM :mH" "5 Uig. SinceM is closedM 62 &. HenceM 2fM 2 M} j
M : MY 5 Ui and soM N andN : h "3 Ui where HL. By Theorem 2.1N is
closed and, by Lemma 4.1.34,: h() "~ 3 Ui.

Conversely, tak&/ closed such thawl N andN : h) "3 Ui. Letl 2 -int. By Lemma 6.3,
N 21 (U). ByLemma®6.2.1] (U)is -saturated. Hencé&/ 21 (U). ThusM 2 [U]

3"

2. LetM 2 [U] ,. ThenM is a closed term ant! 2 | (U). Hence, by Lemma 8.4/ 2
OL[f M 2M5jM :mH: "3 Uig. SinceM is closedM 62 &. HenceM 2fM 2M § j
M :HH- "3 Uig andsoM :h "3 Ui where  H-. BylLemma4.1.3a\ : h) "3 Ui.

Conversely, také/ such thaM : h) "3 Ui. By Lemma 4.1.3aM is closed. Let 2  -int. By
Lemma6.3M 21 (U). ThusM 2 [U] ,.

Itis easy to see thqg] , = [U]p,.

3. LetM 2 [U] , such thatM N. By 1,M is closed,M P andP : h) "3 Ui. By
con uence Theorem 2.2, there @ such thatP Q andN Q. By subject reduction
Theorem 5.1Q : h() ~ 3 Ui. By Theorem 2.1N is closed and, by N 2 [U] ..

u

9. Conclusion

Expansion may be viewed to work like a multi-layered simu#taus substitution. Moreover, expansion
is a crucial part of a procedure for calculating principglitygs and helps support compositional type in-
ference. Because the early de nitions of expansion werepimated, expansion variables (E-variables)
were introduced to simplify and mechanize expansion. The @fi this paper is to give a complete
semantics for intersection type systems with expansioiavkes.

We studied rst thel N-calculus, an indexed version of tHe-calculus. This indexed version was
typed using rst a basic intersection type system with exgiam variables but without an intersection



1028 Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

elimination rule, and then using an intersection type systgth expansion variables and an elimination
rule.

We gave a realisability semantics for both type systems sigpthat the rst type system is not
complete in the sense that there are types whose semantiingés not the set ofi N-terms having
this type. In particular, we showed that °:y° is in the semantic meaning ¢a u b) ! a but it is
not possible to givey %:y° the type(au b) ! a. The main reason for the failure of completeness
in the rst system is associated with the failure of the sebjeeduction property for this rst system.
Hence, we moved to the second system which we showed to hawdesirable properties of subject
reduction and expansion and strong normalisation. Howéwethis second system, we showed again
that completeness fails if we use more than one expansidgablaibut that completeness succeeds if we
restrict the system to one single expansion variable.

In order to overcome the problems of completeness, we cldaagerealisability semantics from
one which uses indices as natural number to one that usesditves as lists of natural numbers. The
new semantics is more complex and we lose the elegance ofshéespecially in being able to de ne
the so-called good terms and good types). However, we shatthis second semantics has all the
desirable properties of a type systems and it handles alheflambda calculus (not simply the -
calculus). We also show that this second semantics is coenpleen any number (including in nite)
of expansion variables is used. As far as we know, our worlsiiinrtes the rst study of a denotational
semantics of intersection type systems with E-variablss@urealizability or any other approach) and
of the dif culties involved.

In this article we are not interested in a denotational seitsuor at least we are not interested in
an extensional lambda model interpreting the terms of thgpand lambda-calculus. Instead, we are
interested in building a realisability semantics by de gigets of realisers (functions/programs satisfy-
ing the requirements of some speci cation) of types. Suchoalehwould help to highlight the relation
between typable terms of the untyped lambda-calculus grektw.r.t. a type system. Moreover, inter-
preting types in a model helps to understand the meaning yjfea (w.r.t. the model) which is de ned
as a purely syntactic form and is clearly used as a meanimgfulession (as the integer type, whatever
its notation is, which is always used as the type of each amjed\n arrow type expresses functionality.
In that way, models based on lambda-models have been huilitérsection type systems [8]. In these
works, intersection types (introduced to be able to typeanierms than in the Simply Typed Lambda
Calculus) are interpreted by set-theoretical interseacibmeanings. Even if expansion variables have
been introduced to give a simple formalisation of the exjmmechanism, i.e. as a syntactic object,
we are interested in the meaning of such a syntactic objeetal/particularly interested in answering a
number of questions which include:

1. What does an expansion variable applied to a type stafd for
2. What are the realisers of such a type?
3. How can the relation between terms and types be describbgdantype system?

4. How can we extend models such as the one given in [12] toeagygtem with expansion?
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A. Proofs

A.1. Syntax of the calculi

Proof:

[of Lemma 2.2] The only if direction is by de nition. The if dection, for each of 1. and 2. is by cases
on the derivationx ":M is good respectivelivl 1M, is good. u

LemmaA.l. Leti 2 1;2;3g.
1. OnM i, isre exive and symmetric but not transitive.

2. LetM;N;M %N©%2 M ; such thatM Cis a subterm oM andN°Cis a subterm oN. If M N,
thenM© NO
3. (a) LetM; (N1N2) 2M ;. We haveM f N1;Nogiff M (N1N>2).
(b) LetM; x ":N 2M ;. WehaveM N iff M (x ":N).
(c) LetM;N [(xiIi = Nip)pl2M jandX = fNg[f N;j1 i pg M ;. IfM X, then
M N[ = Ni)pl
4. LetM[(x]" == Ni)p;M2[(x]" := Ni)p] 2 M j andX = fMq;Mog[f Nij1 i pg If X
thenM 1[(x!" := Ni)p] Ma[(x]" := Ni)pl.

5. Leti 2f1;2gandM 2 M ;. We have: M) =min( | j x' occurs inM).

6. LetX = fMg[f N;jj1 i pg M ;. Wehave:
(@ X and81 i p,d(N;)= I;iff M[(x]' :== Ni)p] 2 M ;.
(b) If X and81 i p,d(N;)= I;,thendM [(x]' := N;)p]) = d(M).
7. LetM;N;P 2 M. If fM;N;Pg,d(N)=1,dP) = J andx' 62FV(P) [f y’g, then

M = NIy’ = P1= M[y’ = PIix' = Ny’ = P]]
8. LetM;N;P 2M ;. If M P andFV(M)=FV( N)thenN P.

9. Leti 2f 1;2gandM;N 2 M ; where {N) = n andx' 2 FV(M). We have:
M [x" := N]is good iff M andN are good and/ N.

Proof:

1. For re exivity, we show by induction oM 2 M ; thatifx' ;x? 2 FV(M), thenl = J. Symme-
try is by de nition of . For failure of transitivity takez, y? andz? for the casé 2 f 1;2g and
z ,yW andz® for the case = 3.

2. Letx' 2 FV(M 9 andx’ 2 FV(N9. If x' 2 FV(M) andx’ 2 FV(N) useM N. The cases
a)x' 2 FV(M) and x ¥ occurs inN and b) x ' occurs inM andx’ 2 FV(N) are not possible
by BC. Finally, if x ' occurs inM and x * occurs inN, then by BC) = J.
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3. Simple check of the condition using 2.

»

By 3c,M1 Mj[(x!' := Ni)plandN; My[(x/ := Nj),]81 | p,and, by 3c again and by
LM(" = Nidpl  M2[(x" := Ni)pl.

By induction orM .
6a is by de nition of substitution. 6b is by induction & .
By induction onM using 3c and 6a.

Ifx' 2 FV(N)=FV( M) andx’ 2 FV(P) then sinceM P,| = J.

© © N o o0

By induction onM .

— By de nition of substitution x"[x" := N]is good iffx" andN are good ana" N.

— (y ™MOY[x" := N]isgood, y™MIx" := N]is good and/™ 2 FV(M9Y nFV(N)
(sincey ™:M 92 M ; using BC), 'emma 22\ qxn := N]is good,y™ 2 FV(MIx" :=
N]) andy™ 2 FV(MYnFV(N), "™ MP%ndN are goodM® N,y™ 2 FV(MYx" :=
N]) andy™ 2 FV(M9YnFV (N), Sb&lemma 22y m-\OgndN are good andy ™:M° N.

— (M{M)[x" := N]is good, Mi[x" := N]My[x" := N]is good andf M1;M>;Ng
(since(MiMo)[x" := N] 2 M ;) , Bb&lemma 22\ [xn .= N]andM,[x" := N] are
good,M1[x" := N] My[x" := N], f M1;M2;Ngand dM1) = d(M4[x" := NJ)
d(M2[x" := N]) = dM3), "™ My, M, andN are good,f M1;M2;Ngand M)
d(M,) , Sa&lemma 22 \1, ‘M, andN are good angM M) N.

LemmaA.2. Leti 2f1;2,39, 2f ; g,r2f; ;h gp OandM;N;P;N;:::;Np2M .
1.IfM N,P ,QandM P,thenN Q.

2.fM N,M PanddP)=1,thenM[x' := P] ,N[x' := P].

3.IfN P,M NanddN)=1,thenM[x' := N] M[x' = P].
4. 1fM ,N,P ,P°M PanddP)=I,thenM[x' := P] ,N[x':=Pq.

Proof:

1. Note that, by lemma2.EV(N) FV(M)andFV(Q) FV(P).

2. Note that, by lemma I P. Case . is by induction onM using lemmas A.1.6b and A.1.7.
Case , is by induction on the length & ;| N using the result for case,.

3. Note that, by lemma MM P and by lemma 2.1,(@®) = d(N) = |. Case . is by induction on
M. Case , is by induction on the length @1 |, N using the result for case,.

4. Use 2 and 3.
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wu

The next lemma shows that the lifting of a term to higher ordodegrees, is a well behaved operation
with respect to all that matters (free variables, redugctjoimability, substitution, etc.).

1. @ dM*)=dM)+1,(M*) =M andx" 2 FV(M*)iff X" 12 FV(M).

(b) Ifd(M) > 0,thenM 2M ;,dM )=dM) 1, (M )* =M andx" 2 FV(M ) iff
x"1 2 FV(M).

(c) LetX M . Then,

i X iff Xt

ii. Ifd(X)> 0then X iff X

ii. M2X*iff(M 2X anddM) > 0).
(d) M is good iffM * is good.
(e) Ifd(M) > OthenM is good iffM is good.

2. LetX = fMg[f N;jj1 i pg M ;.
If X, then(M [(x[ := Ni)p])* = M*[(x* -

N;")pl-

3. Ifd(M):d(N) > 0,andM N, then(M[x"*! := N]) =M [x":= N ].

Proof:

1. la and 1b are by induction & . For 1(c)i use 1a. For 1(c)ii use 1b. As to 1(c)iii,Nf 2 X *,
thenM = P* whereP 2 X andbyla, M )= d(P)+1 > 0andM =(P*) = P. Hence,
M 2X anddM) > 0. Ontheotherhand, ¥ 2 X anddM) > Othenby 1bM = P* and
(M )" =M 2X*. Moreover, 1d is by induction okl using 1a, 1(c)i and lemma 2.2. Finally,
forle,bylband 1dyy =(M )*2M, M 2 M.

2. By induction oM (by 1(c)i and lemma A.1.6, we have
M(x" := Ni)p] 2M jandM * [(x"*! := N )1 2 M ).

3. By induction oM (by 1(c)ii and lemma A.1.6, we have
M[x"*1 := N]2M ;andM [x":=N ]2M ).

LemmaAd4. Letr 2f ; g, 2f ; g,p 0,i2fl;2gandM;N 2M ;.
1. fM N,thenM* | NT.
2. 1fd(M) > 0andM | N, thenM r N

3. IfM [ N*, thenM r N.
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4. IfM* [ N,thenM | N

Proof:

1. Thecase 2f gand = isbyinductionorM | N usinglemma A.5, for case use the
results for  (lemma A.5) and , case , is by induction on the length d¥i |, N using the
result for case ;.

2. Similarto 1.

3. Bylemma 2.1.2, lemma A.5 and 2 aboi, N.

4. Similar to 3.
u
LemmaAS5. Let %2fF = . g 2f ; ; N R A 0 and
M;N;N 1;:::;Np 2 M 3. We have:
1. M*"2M zanddM *) = i ::d(M) andx¥ occursinM *Tiff K = i :: L andx" occurs inM .

2.M Niff M*¥1 N*

3. LetX M sthenX iff X *I
4. (M*Y 1= M.
5

(M [(Xij = Nj)p])+i — M+i[(X}Z:Lj = Nj+i)p]'

o

IfM N,thenM* N*I
7. 1fd(M) =i :L,then:

(@ M = P* forsomeP 2M 3,dM )= Land(M ")*'= M.
(b) 1f 81 _jK p;d(Nj) = i = K; andKf Mgl[f Njjj2f1:::;pggthen
K . , _ ,
(M [(Xj b= Nj)pl) =M I[(ij = Nj I)p]-
() fM N thenM ' N .
8. IfM N*! thentherei® 2M zsuchthaM = P*"andP N.

9. IfM*" N, thentherei® 2M 3zsuchthaN = P*' andM P.

Proof:

1 We only prove the lemma by induction &h:

If M = xt thenM*' = x'*L 2M zand dx'*t) =i L = i:d(xb).
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IfM = xt:MithenM;2M 3, L d(M;) andM *' = x' LM By IH, M7 2M 3

and M ;') = i :: d(M1) andxX occurs inM " iff K = KoandyK occurs inMy.
Soi mL i udMg) = dM;"). Hence,x Hlm 2 M 3. Moreover, M *') =
dM; Yy =i :dMyg) =i d(M) If y¥ occurs inM *! then eithery® = x‘“L, so it is
done becausm'— occurs inM . OryK occurs li' ByIH,K =i KoandyK occurs in

M1. SoyK” occurs inM . If y€ occurs inM then eithery® = xb and theny'“K occurs in
M*1. OryX occursinM 1. Then by IH,y'*¥ occurs inM; ', So,y'"K occurs inM *'.

If M = MiM, thenM1; M2 2 M 3,d(M1)  d(M2), M4 MzandM"' = M*‘M;' By

IH, MM 2 M 5, dMyHY =i d(Ml) d(M"')— i d(My), yK occurslnM1 iff
K =i :: K%ndyX’occurs inM1, andyK occurs inM ;' iff K = i :: K °andy® ° occurs in
M,. Letx" 2 FV(M"') andx® 2 FV(MJ') then, usmg IHL =i 2 LO9K =i KOxL’

occurs inM 1 andxK “occurs inM . UsingM; M2, we obtainL 0= Ko soL = K. Hence,
M1 M} Because(Mj) d(My), thendM;')=i:dMy) i:dMp)= dM;).
So,M*' 2 M 3. Moreover, qM *1) = d(M; ") =i = d(M) =i d(M). If x* occurs in
M *1 then eithex" occurs inM; ' and using IHL = i :: L%andx"-° occurs inM 1, sox-’
occurs inM . Orx" occurs inM ;" and using IHL = i :: L%andx“° occurs inM », sox'—_O

occurs inM . If x- occurs inM then eitheix" occurs inM1 so by IHx'“L occurs inM ;
hencex'“t occurs inM *'. Orx" occurs inM, so by IHx'“" occurs inM ', hencex'*t
occurs inM *'.

2 AssumeM N. Letxt 2 FV(M*") andxX 2 FV(N*') then by lemma A5.1, = i :: LC

K=i:KOxL"2 FV(M) andxX”2 FV(N). UsingM N we obtaink %= L%and soK = L.

AssumeM "' N*'. Letx" 2 FV(M) andxX 2 FV(N), then by lemma A.5.1x"*t 2
FV(M*") andx'"% 2 FV(N*"). UsingM*' N*' we obtaini :: K =i : L andsoK = L.

3 LetX M 3.

AssumeX . LetM;N 2 X *I. Then by de nition,M = P*" andN = Q*' suchthaP;Q 2 X .
Because by hypothesis Q then by lemma A.5.241 N.

AssumeX *i. LetM;N 2 X thenM*:N*" 2 X *. Because by hypothesid *' N *' then
by lemma A.5.2M N.

4 BylemmaA5.1M* I 2M ganddM *1) = i :: d(M). We prove the lemma by induction .

LetM = x- thenM *! = x™t and(M *1) T = xt,

LetM = x “:MisuchthaM; 2M gandL  d(My). Then(M*T) T=(x L:mfhy 1=
x b (M) T=H x LMy,

LetM = MMz suchthaM ;M2 2 M 3, M1 Mz and dM) d(M»). Then(M *1) | =
(M{'MZ) F= (M) (Mg = MM,

5By3, fM*ig[f N+' jj 2f1:::;pgg By 1. and IemmaAl6aVI[(x := Nj)p] and

M *T(x;

by o Nj+')p] 2 M 3. By induction onM :
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LetM = yX . 1f81 j p;_yK 6 ijj thenyX [(ijj = Nj)p] = yK. Hence(yX [(ijj =
N ™! = YK = YOG = Nl P91 iy = X thenyK [(x! =
Nj)pl = Nj. Hence(y" [(XjLj = Nj)pD)*' = Nj+i = yi::K[(X;::Lj = Nj+i)P]-

LetM = y*:My. ThenM[(x;" := Nj)pl = y ":My[(x;" = Nj)p] where8l ]

(Mal(x7 = N = METIG™ = N )l
Hence,(M .[(ij_J" = Nj)p]).+i = y oK :(Ml[(le-]-.:': Nj)p])+.i =
y iK :MII[(X}”LJ = j+|)p] - ( y K :M1)+i[(XJ!"Lj = Nj+|)p]'

LetM = MiMoo M[(x = Njpl = Mal(x" := Nj)pIMal(x;” = Nj)ol. By

By IH, (Mal(g” = Nj)pD™ = MG = N Dol and (Ma[(xj? = Nj)p)*! =
M;I[(X}..Lj = Nj+|)p]-
Hence(M [(xj" := Nj)p)*' = (Mal(xj” = Nj)oD) " (Mal(” = Nj)o])* ! =
M3 IOG™ = NFDIMETTOE™ = NSl = MG = N
6 BylemmaA.5.1,itM;:N 2M sthenM*';N*1 2 M 3.

Let be . Byinduction onM N.

— LetM =( x “:M1)M2  My[x" := My] = N where dMy) = L, then bylemmaA.5.1,
dMy)=izLandM* =(x “E:MIOMy MR = M= (Mg[xE =
M2])*".

LetM = x “:M;  x “:Ny= NsuchthaM;  Ni.ByIH,M;" Ni' hence
M+ = X'::LZMI' X|::LNII=N+|_ . .

LetM = MiM,  NjM, = N suchthatM;  Nj. By IH, M N;"', hence
M+i:MIiM;i NIiM;i:N+i_

LetM = M;M,  M;N, = N suchthaM, N, By IH,MJ'  NJ', hence
M+i:MIiM£‘i NIiM£i=N+i-

Let be . Byinductionon using

Let be . We only do the base case. The inductive cases are as forLet M
x L:Nxt N wherext 62FV(N). By lemma A.5.1x'"t 62FV(N*!) ThenM *!
Xi::L:N+iXi::L N+i.

Let be . Byinductionon using

Let be , , hor ,.Bythe previous items.
7 (a) By induction orM :
LetM = yi::L thenyL 2M 3 and C((yi::L) i) — d(yL) =L and((y‘“L) i)+i — yi::L.
LetM = y X:M;suchthaM; 2 M zandK  d(M;). Because (M) = d(M) =

i = L,byIH, My = P* forsomeP 2 M 3, dM;') = L and(M; ")*" = M.
BecauseK i : L thenK =i :L i KOforsomeK© LetQ = y L*K%P. Because
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P =AS4 (p*l) i = M, ', thendP) = L. Because&. L :: K% thenQ 2M 3and
Q*' = M. Moreover, qM ") =A54d(Q)= d(P)= L andM H)*i=P*i =M.
LetM = M1M5 such thatM;M, 2 M 3, M1 M, and M) d(M5). Then
dM) = dM1) d(My), sodMy) = i = L :: LOfor someL® By IHM; = P!
for someP; 2 M 3, dM, ") = L and(M,')*" = M;. Again by IH,M, = P,
for someP, 2 M 3, dM,') = L :: L%and(M, )" = M,. If yK1 2 FV(Py)
andyz 2 FV(Py), then by |emmaA51Kf =i K, KI= i Ky xKT 2
FV(M1) andxX? 2 FV(My). Thusk? = K9, soK; = K, andP; P,. Because
dPy) = dM; Y=L L =L%= d(M,') = d(P,) thenQ = P;P, 2 M 3 and

Q*l —(P1P2)+' = Pf'P*' = M. Moreover, M ') =A54¢(Q) = d(P;) = L and
(IVI = Q=

K N,-)p];M i[(ijJ' = NJ- i)p] 2 M 3and

LetM = yi*L 1f81 j pyit 6 xJ' K theny' L[(xI K= Nyl =y

Hence(yi.-L[(Xi::Ki = Nj)p]) = yL =y [(X] = Nj I)p]- Ifo1 j p;yi::IT -

x; "1 theny'" L[(x' 9= Np)pl = NjL Hence(y L[4 = Np)pl) T = =
Ki ._ i
y xS = N )l
LetM = y K:My such thatM; 2 M 3 andK  d(My). Then,M[(x;j™ :=
iK;j iKj

Nj)pl = y K:M [(x = Nj)p] where81 | p; yK 62FV(N;j) [ f X;"o.
BermmaAlZf Mlg[f N;j jj 2f1;:::;pgg By de nition d(M ) = d(Ml) By

IH, (Ml[(x = Nj)p)) ' = '[(x = =N, ol Because gM1) = i =L K,

K=i:L: KoforsomeK

Hence (M [0 := Nj)ol) "=y HK MG ™) = Nj)p))

UL T = N 0= (y <My T = N )

LetM = MiM> such thatM;M, 2 M 3, M1 My and dMl) d(Mz). Then,

MG = Nppl = Mal(x™ 1= NjpIM[( ™ = Nj)pl. By lemma A.L.2,

f Mlg[f Nj jj 2f1;:::;pggandf Mzg[f Nj jj 2f1;:::;pgg By de nition

dM)= d(M1) d(M;). SodMp) =i L : : L%or somel.® ByIH (Ml[(xI iz

NpDpD * = M = Ny Dpl and (Ml = Np)pl) T = M, (=
|)p] Hence

(o [0 = N T = (Mal(x™ = N (M2l 1= Nj)p))
= M '[(x,-KJ = Ny DpIM T = Ny Dl = M '[(x,K' = N,- Dol

(c) Using lemma A.5.4, lemma 2.1 and the rstitem, we provatt ":N 2 M j.

Let be . Byinduction onM N.
—LetM = (xK:M)M2  M4[xK := M5] = N where {M,) = K. Because



Kamareddine, Nour, Rahli, Wells / semantics of expansioiabies

M 2M 3thenM1 2 M 3. Because :: L = d(M) = d(M1)
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K thenK =i ::

|_ KO BylemmaA5.7,@M,")= L :K%SoM ' =(xLK%M,; M,

My D= M, = (MK = M)
— LetM = XK.M]_ XK.N]_ = N such thatM Nj.

BecauseéM 2 M 3,

M1 2M 3 andK d(M1). By de nition d(M) = d(M 1). Because :: L =

dM;) K,K =i:L :K%orsomeK® ByIH,M,'
XL::KOMll XL KON =N I

N, ', henceM ' =

— LetM = M1M» N1M2 = N such thatVi; Ni. BecauseM 2 M 3 then

M1 2 M 5. By de nition d(M) = d(My) = i :: L. By IH, M,

M i=M;'M," N;'M,'=N "

N, ', hence

— LetM = M1M» M1N2 = N such thatV, N,. BecauseM 2 M 3 then
M2 2 M 3. Bydenitiond(Mz) d(Mg)=dM)=i:L.SodMp)=1i:L

LOforsomeL® ByIH,M,"' N, ', henceM "= M, 'M,"
Let be .Byinductionon . using

N,'M,'=N

Let be . We only do the base case. The inductive cases are as foLetM =

x K:NxX N wherexX 62FV(N). Becausé :: L = d(M) = d(N)

K, then

K =i L : K%or some_KO. By lemma A5.7N = N&i for_someNOZ M 3.
By |emmaA57N0: N . By lemma A5.1x-"K° 62FV(N ). ThenM | =

x LuKON iygLuK? N |
Let be . Byinductionon using
Let be , , hor ,.Bythe previous items.

8 BylemmaA5.1,N*') = i:d(N). Bylemma2.1, (M) = d(N*') By lemma A5.7M =

M % suchthaM °2 M 3. By lemma A.5.7M0=A54 (M Oy i = '

(N+|) i _A54N

9 BylemmaA5.1,M*")=i:dM). By lemma 2.1, d\/l*')— d(N). By lemma A.5.7N =
N suchthaN®2 M 3. By lemmaA.5.7M =AS4 (M*) I N T =(N&i) I =A54NO

A.2. Con uence of and

In this section we establish the con uence of and using the standard parallel reduction method.

w

De nition A.1. Letr 2f ; g. We de ne the binary relatioh” onM i, wherei 2 f 1; 2; 3g, by:

MI"M
fM!" M%ndx 'M; x ":"M%2M ;,thenx'":M ! x':MO

fM!"MON'! NPandMN;M N°2 M ; thenMN " MN?©

fM!"MON " NPand(x ":M)N;M9x' := N9 2M ;,then(x ":"M)N !I" M9x' := Nq

fM! MOx'62FV(M)andx ":Mx'2M j,thenx ":Mx' I MO
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We denote the transitive closure bf by'! " . WhenM !" N (resp.M!!" N), we can also write
N "M (resp.N " M). If R;RO2f1"t1"; ":g" | we writeM1RM>RM 3 instead ofVI;RM »
andM zRq\Ag.

LemmaA.6. Letr 2 ; g,i 2f1;,2;3gandM 2 M ;.
1. fM ,MO%thenM I" MC

2. 1EM 1" MO thenM®2M ;M [ MOFV(MY FV(M),dM)= d(M9 and ifi 2 f 1;2g,
FV(M9 =FV(M).

3.1M!I" MON 1" N%ndM N, thenM® N©

Proof:

1. By induction on the derivation &l M ©

2. By induction on the derivation dfl !" M °using lemmas 2.1 and A.2.4.

3.M9% NOsinceby2FV(M9 FV(M)andFV(N9 FV(N9andM N. u

LemmaA.7. Letr 2 ; 9,i2f1;,23gM;N 2M {,N !" No,d(N)= | andM N. We have:
1. M[x" == NJ!" M[x' := NQ.
2. fM 1" MO%henM[x' := N]J!" M9x' := NT.

Proof:

By lemmaA.6.2, N9 = d(N)= I.BylemmaA.6.3M N°

1. By induction onM using lemmas A.1.2, A.1.4 and A.1.6a.

2. By lemma A.6.3M° NO By induction onM !" MOusing 1, lemmas A.1.2, A.1.4, A.1.6a and
A.6.3. We only do one interesting case whése? :M )M, ! MIy? == M, Mt MM, MJ,
(y 2:M)MaMIy? := MJ. By de nition, M1;M, 2 M ;. By lemma A.6.2M%M22 M ;. By
lemma A.1.6aM? M2and dM9) = J. By lemma A.1.2M; N andM, N. Bylemma A.6.3,
MO N andM? N. Then:

a. Mq[x' == N]J! MIx':

N9, by IH and lemma A.1.2.

b. Mp[x' := N]J! MIx' := N9, by IH and lemma A.1.2.
c. My[x' := N] My[x' := N], by lemmas A.1.2 and A.1.4.
d. MIx' :== N9 MIx' :== N9, bya, b, c., and lemma A.6.3.
e.y) 6FV (N9 [f x'g, by BC and by lemma A.1.7,
MIx" := N9y’ := MIx' == N9 = My’ = MJ[x' = NT.
Hence(y V:M[x' .= N)My[x' := N]J! MIx' := N9y’ := MIx' := N

and so((y V:M)Mp)[x' := NJ! MOy := MJ[x' := NQ. u
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LemmaA.8. Letr 2 ; g,i 2f1;2;3gandM 2 M ;.

1. IfM = x' 1" N, thenN = x'.

2. 1fM = x":P! N,thenN = x '":P%whereP ! PO
3. IfM = x":P I N then one of the following holds:
N = x ':P°whereP ! P°

P = P%' wherex' 62FV(PY [ FV(N),d(P% nandP®! N.
4. 1fM = PQ!" N, then one of the following holds:

N=PQROP!"PCQ!" Q%P Q,andP® Q°

P=x"PoSN=P% = Q% dQ) = dQ9=1,Po1" PPQ 1" Q°P° Qand
POO QO.

Proof:
1. By induction on the derivation of !" N.

2. By induction on the derivation ok ':P ! N using lemma A.6.2.
3. By induction on the derivation ok ':P ! N using lemma A.6.2.
4. By induction on the derivation &*Q ! * N using lemma A.6.2 and A.6.3. u

LemmaA.9. Letr 2 ; 0,i 2f1;,2;3gandM; M 1;M» 2 M ;.
1. IfM, "M 1" My, thenthereiM 2 M ; suchthaM,!" M2 " M.

2. IfMy, " MIT" My, thenthereidM %2 M ; suchthaM4!"™ M°% " M.

Proof:
1. Both cases by induction dvi . We only do the case making discriminate use of lemma A.8.

If M = x', bylemmaA.8M= M5 = x'. TakeM %= x'.

If NoPs NP !  N;P; whereN, N ' Nj;andPy P ! Pj;. Then, by IH,
ONCP22 M ; suchthatN, ! N® NjpandP, ! P®  P;. Bydenition, N7y P;. By
lemma A.6.2, N;) = d(N9 and dP;) = d(P9. By lemma A.6.3N° PO Ifi 2 f1;2g
thenNPO2 M ;. If i =3 thendN1) d(P1),sodN9 d(PY andNP°2 M ;. Hence,
NoP, I NPO N3Py

If Px!' == Q1] (x'":P)Q! Pyx' = Q]JwhereP;, P! P,andQ; Q! Q.
Then, by IH9P% Q%2 M ; whereP; ! P° P,andQ; ! QY Q. BylemmaA.l.6a,
d(Q1) = d(Q2)=1,P1 QrandP2 Q.

Hence, by lemma A.7.B4[x' := Q1]! PYx' := Q9 Py[x' := Q,].
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f(x"P)Q1  (x':P)Q! Pyx' := Qs;]whereP | P;,P ! Py, Qi Q! Qo
By IH,9P% Q%2 M ; suchthatt; ! P° PrandQ;! Q° Q.. BylemmaA.1.1and
lemma A.1.2,P Q. By lemma A.6.3P% Q% Bylemma A.1.6a, (Q>) = | andP> Q.
By lemma A.6.2, Q% = |. By lemma A.1.6aPYx' := Q9 2 M ;. Hence,(x ":P1)Q1 !
PIx" := Q9 and by lemma A.7.22,[x" := Qo] ! PIx" := QY.

If P1Q:  (x'":Px")Q! Pyx' := Q]whereP ! P;,Px' ! P,,Q; Q! Q,and
x! 62FV(P). By lemma A.1.6a, (Q2) = |. By lemma A.6.2, Q) = |. By lemma A.1.1
and lemma A.1.2f P;x';Qg. By lemma A.6.3,f P1;x';Q10. By lemma A.6.2, P) = d(P1)
andx' 62FV(Py). Ifi 2 f1;2gthenPix! 2M ;. Ifi =3 thendP) |,sodP;) | and
Px' 2M ;. HencePx' Q and by lemma A.1.6&:Q1 = (P1x')[x' := Q1] 2 M ;. Moreover,
Px' I P;x' and we conclude as in the third item.

If x':N, x":N 1 x'":N;whereN, N ! Nj. BylIH, there isN°2 M ; such that
N> ! NO Ny Ifi 2f1;2gthenx' 2 FV(N3), so by lemma A.6.2x' 2 FV(N), hence
x":"N®2 M ;. Ifi =3 thenbylemmaA.6.2, d(Ni)= d(N9, sox':N°2 M ;. Hence,
XNy x mNO  x M:Nj.

If M, x":Px' 1 M, whereMy P ! M, BylH, there isM?®2 M ; such that
My! MO M.

If M1 x'Px' I x":P% whereP | My, Px' I P%andx' 62FV(P). By the
property, for allJ, x? 62FV(P). By lemma A.8:

— EitherP%= P%!' andP ! P9 By IH, there isM %2 M ; such thatP®! M? M.
By lemmaA.6.2x' 62FV (P% and dP% n.HenceM,= x'":P%' 1 M? M.
—OrP = y":PPndP%= POR®! := x'] such thatP® ! PO |f i 2 f1;2g then

y' 2 FV(P%, so by lemma A.6.2y! 2 FV(P*Pandy':M%0% M ;. If i = 3 then
by lemma A.6.2 and BC,(®°%= d(P° | andforalld, x’ 62FV(P%. Soy ':M %%
M. HenceP = y ':P%1 y!:p%Moreover,x ':PO= x ":POR! := x!]= y!:p000

We conclude using as in the sixth item.

2. First show by induction oM !!" Mj (and using 1) that iM, " M!!" My, then there is
MC®2M ; suchthaM4!" M% " My. Then use this to show 2 by induction bHi ! " M. u

Proof:
[of Theorem 2.2]

1. BylemmaA.9.2! " is conuent. By lemmaA.6.1and A6.2!!'" N iff M , N.Then ,is

con uent.

2. If) is by de nition of ' . Only if) is by induction oM 1 ' M3 using 1.
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A.3. Types

Proof:
[of Lemma 3.1]

1. The if direction is by de nition. We only do the if directio
la. By induction on the derivation &f ! T good. 1b. By induction on the derivation bfu V

good. 1c. By induction on the derivation et good.

2. 2a. By induction ofT . 2b. By induction orlJ. 2c. By induction orlJ. 2d. If) By 1. Only if) By 2,
dlU) 0=4d(T). Hence,by 1J ! T is good.

u
A.4. Type systems
Lemma A.10. In the relevant contexty, T2, Envy, or 2-typings), we have:
1. fUV V ua, thenU = U%u a.
2. LetUy v U,.
(a) IfUzisgood and @Uz) = N, thenUs = Uk €wnyTi, Uz = Uy & (1:)TO wherep k- 1,
8l i kT 2T28 j pTP2Tyand81 | p,91 i ksuch that

€wn) = &@n andTi v TO

(b) LetUs = Ui gwn)(Vi ! Ti) andUz = ul & wm) (V! T9. If Upis good and
d(Ui) = nthen8i;j,ni=mj=nand8l | p,91 i ksuchthagq.n) = &@qn),
Vjov V; andT; v TJ-O.

3. IfeUv V thenV = eUPwhereU v U°

4. 1fU! Tv VandU! Tisgood, thew = ul_ (Ui ! T)wherep land81 i p,
Uv UandT v T;.

5. If uik:le(lzni)(\/i ' Ti) v V whereV is good, ¢V) = n andk 1then8i;n; = n and
V=ul, 810V TOwherep 1and81 i p,91 |  ksuchthatg:ny = & :n),
VOv V, andT; v T2

6. Let 1v .

d( 1) > 0iffd( 2)>0
1 is good iff »is good.

7. 1fU v UPu UfthenU = U; u U, whereU; v UPandU, v UJ.

8.1f v Yu 9then = ju ,where ;v fand ,v 9.

Proof:
[of Lemma A.10]
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By inductiononU v V u a.

By induction on the derivation @f; v U, using lemmas 3.1. We do case tr of 2b.
ur:l‘e(lini)(\/i ' Ti)vVv Vvu jp:]_é(} (1:m; )(Vjo! Tj%

If W ey (L T v leé‘}(l;mj)(\/jo! Tj(b , then, by 2a8i;nj = nandV =
ul, 6.mTPwhereq 1and81 | 91 i Kk, such that®y.,) = €.y and
Vil Tiv TP 1f T= a, then, by 1,V ! T; = VOu a. Absurd. HenceBl | g,
TO= W, | TO%ndV = u%, .,(W, | T% ByIH,81 | @91 i ksuch
that€(:ny = €Peny, Wi vV and Ty v T0% Also, by IH,8;mj = mand8l | p,
91 | 0 &Fwny = Sany, V'V W andTY TO Hence81 j p,91 ik, such

thaté(} @:n) = 8@n)> V.ov Vi andT; v TJO

. By inductionoreUv V.

.By2aV = ul,; T°wherep 1and81 i pU! Tv T2 If T?= a, then, by 1,
U! T = U% a Absurd. HenceT?= U; ! T;. Hence, by2b81 i p,U v U and
Tv Ti.

. By2a,8i;nj = nandV = ul_,; & ., T®herep 1and81 i p,91 j; ksuchthat
€ @n = Sanandyi, I T, v TOLetl i p. IfT%% a then,bylV;, ! T, = Ulua

Absurd. HenceT %= V%! T0 By 4,Vv Vj, andTj, v T We are done.

. Using previous items.

. By induction orU v UPu UJ.

— Let

.Byref ,U%v U%andUSv UJ.
U0u Udv Ufy Uy Y e Y Rrande vt

Let Y U:JOV U%oj"ugf UUZ By 1H, U%= U Usuch thaty® U9 andUSv U
Again by IH,U = U; u U such thatU; v U%PandU, v US? So bytr, U; v U? and
U v Ug.

U good & d(Ufu U9 = d(U)
(VPuuduuv UluU?

If d(U) = d(UQu US) = d(UY) then byug, UPu U v UL We are done.

If d(U) = d(UQu US) = d(UY) then byug, UJu U v UJ. We are done.

Uv U & Uyv U
Upu U v Udu U
Uv Ufuu?

~ " eUv elfueld
eU = eU; u el and byv eyp, €Uy v e andel, v el

— Let

. Byref ,U%v UPandUfv UJ. Moreover:

0
—If 2 there is nothing to prove.

then by IHU = U; u U, such thatU; v U andU, v US. So,

0

— Let
0, 0 0
iU v ou ;5
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00 00, 0, O
— Let VR 2. ByIH, %= % suchthat v 9and Pv 3.
iu 3
AgainbyIH, = ju ssuchthat ;v $%and v PSobytr, ;v %and ,v 9.
Upv U
— Let ! 2 where ;(y":Uy) = 2u 9.

Syt iU v Syt U2)
If 9= Py":uUdand 9= 99y" : UY such thatU, = UJu U then by 7,
U = UPu UP%uch thatu? v U andUP U Hence = u PPand ;(y" :
U)= 1u pwhere 1= y":UY)and = Py": U suchthat ;v 9
and v Sbyve.
If y" 62dom( 9)then = Qu 9Y%where 9(y" : Up) = 9. Hence, ;(y" : Up) =
Qu where ;= P(y":U;).Byref andv,, v fand ,v 9.

If y" 62dom( 9) then similar to the above case.

Lemma A.11. In the relevant contexids, T3, Envy, or 3-typings), we have:
1. IfT 2 T3, thendT) =
2. LetU 2 Us. Ifd(U) = L =(nj)m,thenU = 1L orU = g u{’zl T; wherep 1 and for all

3. LetUq;Us 2 Uz andUy v Us.

(@ IfUy = I K thenU, = I K,
(b) 1f Uy = & U thenU, = & U%ndU v U°
(c) If Up = & U thenU; = & UandU v U°

(d) U= ul; & (Ui ! Ti)wherep 1thenUz=1!" orU;= ul, & (U’! T where
g landforallj 2f1;:::;qg, there exists 2 f 1;:::; pgsuch thalujov Ui andT; v Tjo.

4. 1fU 2 UgandU v UQu UfthenU = U; u U, whereU; v UPandU, v US.

5. 1f 2Envy,and v Qu 9then = ju ,where ;v and ,v 9.

Proof:
[Of lemma A.11]

1. By de nition.
2. By induction onJ.
If U= a(d(U)= ), nothing to prove.
fU=V! T(dU)= ), nothing to prove.
If U =1L, nothing to prove.
If U= UpuU,(d(U)= d(Up) = d(Up) = L), by IH we have four cases:
—IfU;=Uy="!ltthenu=1"L,
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—1fU;="!"andU, = g uk, Tywherek land8l i Kk, T;2 TthenU= U,
(since! b is a neutral).

—IfU,=1tandU; = g u!‘zl Ti wherek 1and81 i Kk, T; 2 TthenU = U;
(since! - isaneutral)

—-1fUu =« u -, liandUp = g uI p+1 Ti wherep;g 1,81 i p+qTi2T
thenU = ¢ u’”qTI

IfU=1#®,V (L =dU)=ng:dV)= ng:K),bylHwe have two cases:
—1fVv=1K, U g, K =1L,
—IfV = & u ; Tiwherep 1and81 i p, T2 TthenU = q uip:l Ti where

p land81 i p, T 2 T.

3. (a) By induction orJ; v Us.
(b) By induction orK . We do the induction step. L&ty = g§U. By induction orng U v U, we
obtainU, = gU%andU v U°
(c) same proof as in the previous item.
(d) By induction onUy v Uy,:
By ref ,U; = Us.
ub, & (Ui! T)v U Uv U
If =1 : : . IfU = 1K thenby (b),U; = 1 K. IfU =
ul e (Uil TV U, e
ul, & (U2l T)whereq land81 j 91 i psuchthaty’v U
andTI Vv Tothen by IHU, = ' K orU; = uf_, & (UX! T2 wherer 1and
81 k r,91 j qgsuchthaty® U°andT®v T Hence, bytr,81 k r,

91 i psuchthaU® Uy andTI v Tob

Byug, U, = 'K orU, = u lﬁ<(U°l T) wherel g pand8l j g,
91 i psuchthal; = U andT. =

Caseu is by IH.

Casel s trivial.

r Uip:lQ(Ui ' T v Uy
Up;[ﬁ((ul : TI)V gU;
1K oru; = ulya (V! T)soaU, = ul e (UP! T9) whereq 1and
81 | q 91 i psuch thaUOV Ui andTI v TO

whereK = i :: L then by IH,U, = 'L and sog U, =

4. By induction onJ v UQu US.

Let By ref ,Uv UPandUfv UJ.

Ufu Ufv Ulu UY

Uv U® y% uduug
Let 2. By IH, U%= U Uf%uch thatu?% UPandu UJ.
Uv U%u Y y I

Again by IH,U = U; u Uy such thaty; v UQandU, v U® So bytr, U; v U and
U2 \% U2

By ref , UO UO dUO UO.
SLUsuUYu U uog oy oY ety Uiy Uranduzv
Moreover qU) = d(U°u ug) = d(U?) then byug, UPu U v UL,
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Uv U Upv U
Uiu Uy v UPu U

Vov Vg Tiv T
thenU?= U9= \, ! T,andU = U; u U, such thatU; = U, =
Vil Tiv Vol T, 17 P2 = V202 1e =2 1o

V. ! T; and we are done.

Uv UPuUs by IHU = Uy u Uy such thatUy v U9 andU, v US. So
eUv ellu el Y Cor ' ! ’ T

eU= eU uel,and by, el v eUlandel, v eld.

If there is nothing to prove.

5. Byinductionon v %u 9.
Let .Byref, v %and Jv 9.
fu 3v fu 3
v % % %u 9 00 00, 00 00 0 00 0
Let v ou 9 . ByIH, "= 3" 3°suchthat °v 7and 3°v 3.
AgainbyIH, = ju ssuchthat ;v $%nd v PSobytr, ;v %and ,v 9.
Urv U
Let ER where ;(yt :Uz)= 9u 9.

(Yt rU) v Syt )

—1f 9= Pt :ud)and 9= 99y : U such thatd, = UQu UL then by 4,
Uy = UPu UP%uch thatu? v U9 andUPv U Hence = u 9and ;(y- :
U)= 1u where 1= 9w :Udand o= Py :Usuchthat ;v 9
and ;v Jbyve.

— If yt 62dom( 9) then =  Qu 9Y%where 99(y- :Uy) = 9. Hence, ;(y- :Up) =
Qu ,where ;= (yt :U;). Byref andve, ?v fand v 9.

— If y- 62dom( 9) then similar to the above case.

Proof:
[of Remark 4.1]

1. LetM : h 1 " Ui andM : h, " Usi. Bylemma 4.1.3adom( 1) = dom( »). Let
1=(x" i Vi)pand o= (x':V9,. Bylemma4.1.281 i n,ifj =2,V andV, are
good and @V;) = d(V,9 = 1;. Byug, Vi u V°v V; andV; u V\°v V% Hence, by lemma 4.1.2,
1u 2v iand ju v andbyv andvy,M :hiu " UjiandM :h ju > Uai.
Finally, byu;,M :h qu 2 j Upu Uai.

2. By lemma 3.1.2U = urzle(l:n)Ti wherek 1, and81 i k, T, 2 T, andT,; is good.
Let1 i k. Bylemma3.1.2, (;) = 0 and byax, x° : h(x° : T;) ~, Tii. Hence,
X" hX" @y Ti) "2 8@n)Til by n applications ofexp. Now, byk 1 applications ofu 0
X" h(x" 1 U) T, Ui

3. By lemma A.11, eithet) = I'“ so by!, xt : h(x- :1L) "5 1tio OrU = uf., & T where
p land8l i p,Ti2 T3 Letl i p Byax,x :hx :T)  3Tii, hence by,
xtoh(xt e Ti) T s3a Tii. Now, byu® xbt : h(xt 1 U) * 3 Ui.

4. Byug and since 4V is a neutral.
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LemmaA.12. 1. OK(envy).

N

. If dom() =FV( M)andOK() then v eny,

3. If and d) ;d() K,then K K.

4. fUv U%andqU) K thenU K v U?K,

5 1f v %andd) Kthen Xv 0K,

6. If OK( 1), OK( 2)thenOK( ju »).

7. If OK() thenOK(e) .

8. If 1v othen(d 1) Liffd( ») L)and OK( 1)iff OK( 2)).

Proof:

!
env,, .

3. Letx'* 2 dom( K)andx'2 2 dom( k), thenxK*t+ 2 dom() andxK*t2 2 dom() ,
henceK ::L;= K ::LoandsoL; = L».

4. LetdqU) = L = K :: K2 Bylemma A.11:

If U= 1L then by lemmaA.11.33)%= I " and byref ,U K = 1 K%y 1 K"= yo K
IfU=+q ul_, Tiwherep land81 i p,T;2 TthenbylemmaA.11.34)°= gV
anduf_; Ti v V. Hence, by ¢, U K = &oul, Tiv &V = U° K,

5. Let = ( x{' : U)n, so by lemma 4.1.2,%= (xi' : U9, and81 i n,U; v US Because
d() K, then by de nition 81 i n, d(U;) K. By lemma 4.1.48i 2 f1;:::;ng,
U K v ul® andbylemmas4.1.2, Kv 0K,

6. Let 1= (x :U)n; $and o = (xi' : UYn; 9 such thadom( 9)\ dom( 9). Then, by
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By lemma 4.1.5, for ali 2 f1;:::;ng, d(U;) = d(UY. Assume § ;) K then for alli 2
f1,:::;ng, dlU;) = d(Uﬂ KandL; K,sod 2) K. Assumed ) K then for all
i2f1:::;ng,dU) = dUY) K andL; K,sod ;) K. AssumeOK( ;) then for all

Li = d(U) = d(U;), soOK( 1).
u

A.5. Subject reduction and subject expansion properties

Proof:
[of Lemma 5.1]

1. By induction on the derivation of” : h "1 Ti.

2. First, we prove by induction on the derivation Bf":M :h "~ 1 T; ! Toi that9k 1, 1, 2,
i, k,suchthat= 1u 2 u gand81 i k,M :hi;x":T; 1 Toi. We have two
cases:

— Casel j:takek =1.
XM :h “1Ty! Toi x™M:h 91 Ty! Toi
XNM:h u 9 1Ty! Tai '
u g and81 i ki, M :hx": Ty Teiand %= fu  u 7} and
81 j koM :h jo;x”:Tl‘szi and we are done.

BylH, = .u

— Caseu;j: Let

Now we prove 2. Since= 1u 2 U gwhere81 i k,M :hj;x":T;" Tsi, by
k 1applications olu; we getM : h ;x" : Ty "1 Tai.

3. By induction on the derivation &N :h "1 Ti.

Proof:
[of Lemma 5.2] 1. By induction on the derivationxf : h ~ 5 Ui.
2. By induction on the derivation ok ":M : h ", Ui. We have four cases:

M:ihix?:U 2 TI nothing to prove

XM :h LUl Ti’ g to prove.
"M :h ", Uii "M :h ", Ui _

Lot = X n:M2 : ﬁl ); Up u Usi -2 By lemma 4.1,U1 u Uy is good and (Us) =

d(Uz) = m. By IH we have:Uy = Uy §am) (Vi ! Ti), Uz = Ui §am(Vi ! Ti) (hence

If

UtuUp = uilem (Vi ! Ti)) wherek;l  1and8l i k+I,M :h;x":€umVi 2
€:m) Til. We are done.

Xx ™M :h "5 Ui .
Let VEEEVES ey By IH, U = u,;8um 3(Vi ! Ti) (since qU) = m 1)
wherek l1and81 i kM :h;x":€qym yVi 2 €8wm yTii- Bye,81 i Kk,

M* h x"+1:egem nVi 2€8am yTil.
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Xx"™M :h Ui h “2Uivh 9 ,U§
XM :h 05, UG
Theorem 4.1U;U%are good and @) = d(U9 = m. By IH, U = ul,eqm(Vi ! T),

Let . Bylemma 4.1.3, °v andU v U° By

wherek  1andM :h ;X" i €umVi 2 €@emTii8 1 i k. BylemmaA.10U°=
ul & am (%! T9, wherep 1, and81 i p, 91 ji ksuchthatg, 1:m) = &1:m).
VOv V,, andTj, v T% Letl i p. Sinceh ;x" q amVii 2 8,@mTiivh %x":

é0|(1:m)vio‘ 2 éo|(1:m)Tiq, by lemma A.10, theM : h Oxn: éo|(1:m)V| 2 é0|(1:m)T|q'
u

Lemma A.13. (Extra Generation for ™ )
1. IfMx" :h;x" U 5 Vi, d(V) =0 andx" 62FV (M), thenV = uk, T; wherek 1 and

2.

81 i k,M:h Ul Ti.

If x":Mx":h ", Uiandx" 62FV(M),thenM :h ~, Ui.

Proof:

1. By induction on the derivation dfix" : h ;x" : U ~ , Vi. We have three cases:

IfM:h‘ZU! Ti x":hx":V ", Ui x":V) Vv U
MxP:h ;x":V 5 Ti
lemma A.14),thensincd! Tv V! T,wehaveM :h ",V ! Ti.
Ifo":h;x”:U‘ZUli Mx™:h ;x":U " 5 Ui
Mx™:h ;x":U 5 Upu Ui
by lemma3.1.1b,1) = d(U;) =0. By IH,U; = uI 1 Ti, Uz = uI k+1T.,wherekI 1
and81 i k+I,M:h "L,U! Tii.
i Mx":h:x":U >Vi h:;x":U 52Vivh %x":uU% ,V§
MxN:h Oxn:U0 , V(g '
by lemma 4.1, °v ,U%v U andV v V% Bylemma A.10, V) = d(V9) = 0. By

(using lemma 5.2.1 and

, by lemma 4.1U; u U, is good and,

IH,V = u}‘:lTi wherek l1and81 i k,M :h > U! Ti. BylemmaA.10.2
(sinceV is good by lemma 4.1\ %= uf_, T®wherel p kand81 i p,Tiv TC
Since for anyl i ph "2U! Tivh 9, uU% T8, then81 i P,

M :h % U0 T9.

2. Bylemma4.1lm = d(U) = d(x ":Mx") = d(Mx") n.Hencen m Oand qMx") =

dM) = m. By lemma 522U = uf;gum (Vi ! T)) wherek land81 i Kk,
Mx" :h ;x" C8wm)Vi ‘ 2&(1;m)Tii.

fm=0,then81 i k,Mx":h;x":Vi ,TiiandM :h ",V ! T;i by1. Hence,
byk 1applicationsuj,M :h ", Ui.
If m > 0, then, by lemma 4.1 anai-applications of lemma 4.1.831 i k,M Mx" M:
h M:x" MV ", TiandM ™:h ™ 5,V ! Ti byl Now, bym-applications of
exp,M :h "2 €wm(Vi ! Ti)i. Finally, byk-applications olij, M :h ", Ui.

u
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Proof:
[Of lemma 5.3]

1. By induction on the derivatior" : h " 3 Ui. We have ve cases:

If X THx T) 5T then it is done using (ref).

f XL RE 10 51 L then it is done using (ref).

Ifo:h‘g,Uli xt i h "3 Usi
xt :h "3 Uzu Ui
ruleu,V v U u U,.
i xt:h "3 Ui
xiiL : hg; ‘3é|Ui
byV61éiVV éiUl
i xt:h®3U% h 3U%vh "3U

xL:h "3 Ui
IH, %= (x":Vv9andvOv UC Then, by lemma4.1.2=( x- :V),V v V%and, by rule
tr,Vv U.

.BylIH, =( x-:V),Vv UpandV v Uy, then by

. ThenbyIH, =( x- :V)andV v U, sog =( x'*\ :gV) and

L By lemma 4.1.3, v %andU®v U and, by

2. By induction on the derivatiox :M :h 3 Ui. We have ve cases:

If ' NS - then it is done.

x LM chenv, g GOXEM);
M:h;;xt:U 3Ti .

: _(d(U! T)= )thenitis done.
xLM:h “3U! TI(( ) )
Ifo:M:h‘3U1i XM :h "3 Ui

XxL:M :h “3Ugu Ui
IH, we have four cases:

—fU;=Uy=1K thenUpu U, = | K,

If

then dU;y u Up) = d(Up) = d(Uy) = K. By

—1fU =15 Uy=ul & (V! Ti)wherep land8l i p,
M :h;xt &V 3&Ti, thenUyu Uy, = Uy (! X is a neutral element).
—fUp=1X U =ul & (V! T)wherep land8l i p,

M :h:xt eV 3 Tii, thenUyu U, = Uq (! X is a neutral element).
fU = ulac (V! T) U= ulZ L ac (Vi Ti) (henceUiuUp = ufZ Yec (Vi !

Ti)) wherep;q 1,81 i p+qgM :h;:x":&V  3eTii,wearedone.
x“M :h “3Ui 0
If XTELM T 18 58Ul dgU) =i :dlU)=1i: K= K. By IH, we have two
cases:

—fU=1Kthengu = I K.

—1fU=ul &o(V! T;),wherep landforalll j pM :h ;_xL oV 3
&oTji. SogU = uP & (V! Tj)andbye foralll j pM* :hg ;x't:
ﬁ(\/l \3ﬁ<Tji.
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Let xE:M :h “3Ui h “3Uivh 2 3U9
xL:M :h 0 ;Uqg
by lemma 4.1.5 (U) = d(U% = K. By IH, we have two cases:
— If U=1K then, by lemmaA.11.34)%= 1 K.

.Bylemma4.1.3, % andU v U%and

—1fU=u, & (V! T), wherep landforalll i pM:h;x": &V 3
& Tii. By lemma A.11.3d:
EitherU®= 1 K
oru%= ul, & (V%' T9,whereq 1and8l i 91 j; psuch that
VOv Vj, andT;, v T® Letl i q. Since, by lemma4.1.3) ;x" : &V, "3

& T ivh Oxt eV 3 e T3, thenM :h Oxt e VO 3 & TS,
3. Similar as the proof of 2.

4. By induction on the derivatioM x- : h ;x- : U * 3 Ti. We have two cases:

LetM:h 3V Tioxbinxt i U) T3 Vi (xt V)
MxL:h;(xt:U) 3Ti
SinceV! Tv U! T,wehaveM :h "zU! Ti.
I_eth'-:hO,(x'-:U(b‘g,voi h 8(xt:U9 3vivh ;(x-:U) 3Vi
M xL:h;(xt:U) 3Vi
Bylemma4.l, v . %Uv U%ndV®v V. ByIH,M :h % 3U% VY and byv,
M:h “3U! Vi.

(where, by 1. U v V).

(by lemma 4.1).

u

LemmaA.14. Leti 2f 1;2gandM :h " Ui. We have:
1. IfM :h 7 Vi, thendom() = dom() .
2. 1fx":Up2 andy™:U,2 ,then:

(@) Ifx":U; 6 y": Uy, thenx" 6 y™.
(b) If x = y,thenn = m andU; = U,.

3. 1fx":U;p2 andy™:U,2 andx":U; 6 y™: U, then
X 6 yandx" 6 y™.

4. AssumeN :h " Vi. We have iff M N.
5. If N is a subterm oM , then there are ;V suchthaN :h ~; Vi.
6. If = u ou 3,then 1 2.

Proof:

1. Corollary of theorem 4.1.3a.

2. 2a. and 2a. are by induction on the derivatiotvbf. h ~; Ui using 1. in thau; case.
3. Corollary of 2.

4. Use theorem 4.1.3a.
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5. By induction on the derivation &l : h " ; Ui.
6.Let =( x" :Uj)pandx 2 V. If xP 2 dom( 1) dom() andx92 dom( ) dom() ,then by
2, p=q. u

Proof:
[of Lemma 5.4]

Case ;. By induction on the derivation dl : h 3 Ui. The only interesting case is g where
M =( x ":M1)M; is the subterm in question.
XnZMlihl‘lTl! T2i Mzihszli 1 2

(x”:Ml)Mzzhlu 2‘1T2i '
By Lemma 5.1.2M; : h 1;x" : T; ~ 1 Tyi. Bylemma 4.1n = d(T1) and dM;) = d(Ty).
Hencen = d(My) and(x ":M1)M2  M[x" := M3].

Here,

Case ,. Bylemma A.14( x ":M1)M5 is typable. By induction on the typing ¢fx ":M1)M».

XnZM1:h1‘2V! Ti M21h2‘2Vi 1 2
(XnZMl)M2:h1U 2‘2Ti .

By lemma3.1.2, (W ! T)=0.BylLemma522V ! T =uk,(Vi! T)wherek 1

and81 i k,Mi:h ;x":V, oTii.Hencek =1,V, =V, Ti = TandM7 : h ¢;x":

V "5 Ti. By lemma 4.1,V is good, M7) = d(V) and dV) = n. So, dM2) = n and

(x""M)M,  M[x" = My].

We consider only the rule g:

u
Proof:
[of Lemma 5.5] By lemma 4.2.3,
1. Caséa = 2. By induction on the derivation dfl : h ;x" : U ", Vi.
If K “Iog?rc;d\ T andN :h ", Ti,thenN = x°[x°:= N]:h ", Ti.
Lot M h XUy iU T o gm0 andym 62

ym™M :h;x":U LU0 Ti’

dom() . ByIH,M[x":= N]:h u ;y™:U% ,Ti.By! ;,(y™M)[x":= N]=
y™M[x":=N]:h u “,U° Ti.
Mi:h ;x":U; 2V Ti Mo:hox":U Vi 1 o N
Let MM, h 10 2x" Uiu U, o Ti wherex" 2 FV (M )\
FV(M2),N :h "o UiuUand( u ») . Byug andv,N : h ", Ui and
N :h "5 U.NowuselHand E.
The cases" 2 FV (M) nFV(M>) orx" 2 FV(M32) nFV (M1) are easy.
M:h;;x":U >2Uii M :h;x":U" 5 Ui

M :h; ;x":U" 2Uiu Ui

. . n . N H
Let M+N:| Heh;;:;ﬂ' :UeUZ‘\QeVi whereN : h ", eUi ande . By lemma 4.1,
d(N) = d(eU) = d(U)+1 > 0. Hence, by lemmas A.3.1 and 4.118, = P+ and
P:h “,Ui.Ase , then .ByIH/M[x":=P]:h u "2 Vi.Byeand
lemmaA.3.2M*[x"*1 := N]:he u " ,eVi.

If

use IH andu;.
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tM hex":U%,VvY h %x": U2 ,Vavh ;x":U L Vi

M :h;;x":U , Vi
(note the use of lemma 4.1). By lemma 4dbm() = dom( 9, v % U v U%and
VOv V. Hence © N :h ", U%and by IHLM[x" := N]: h % ~, V4.
Itiseasy toshowthatu v %u . Henceh®u “>Vivh u 5, Viand
M[x":=NJ]:h u ",Vi.

Le

2. Casé = 3. Bylemma4.1M;N 2 M 3,d(N) = d(U) = L,OK() andOK( ;x‘ :U). By
lemma4.1.60K( u) .BylemmaA.1.6M[x- := N]2 M 3. Bylemma4.2.3a" 2 FV(M).

We prove the lemma by induction on the derivatddn: h ;x- : U ~ 3 Vi.

IfX Hx T) 5 Ti andN :h "3 Ti,thenx [x = N]=N:h "3Ti.

If — | DT don andN : h 3 !Lithen by!, M[xt :=
M .renv-FV(M)anLg,(x RS i
N]: heny,, x=ng 3! dMx":=NDj By lemma A.1.6 @M [x" := N]) = d(M). Since
xt 2 FV(M) (and soFV(M [xt := N]) = (FV( M) nfxtg) [ FV(N)), byv, M[x" =
N]:renv,!:V(M)nfogu g dm;
M :h;xb U yK U 3 Ti
’ ’ -~ whereyK 62FV(N) [f xtg.
yK:M :h;xt:U 3U% Ti wherey™ 62FV(N) [T x"g
So(y K:M)[xt := N]J= yK:M[x! := N]. Bylemma A.1.2M N. By IH,
M[x" :=N]:h u ;y* :U®3Ti.By! |,(yK:M)[x-:=N]:h u “3U° Ti.
M :h:xt:U 3Ti yX 6dom( ;xt :U) K .
VKM h xt U 51K1 Ti wherey® 6ZFV(N)[f x-g.
So(y X:M)[xt := N]= yX:M[x"- := N]. Bylemma A.1.2M N. Bylemma 4.2.3a,
FV(N) = dom() , soyX 62dom() . By IH,M[x- := N]:h u 3 Ti. By! 9,
(yKM)xt:=N]:hu “3!%1 Ti
Mi:h;xt:Up 3V Ti Ma:haxt:U, 3Vi 10 5
. by | 4.2.3
MiM>:h 1u o:xt:Uju Uy 3Ti (by lemma 3)
wherex- 2 FV(M1)\ FV(M2),N : h "3 U;u Us. BylemmaA.1.2M; N and
Mo N.Byug andv,N :h "z UjiandN :h "3 Usi. Nowuse IHand g (using the
factthat j u 2U ,bylemma4.2.3a and lemma A.1.4).

The cases' 2 FV(M1) nFV(M5) orxt 2 FV(M») nFV(M) are similar.
M:h:xt:U 3Uii M :h:xt:U" 3 Usi
M :h ;xt:U 3Ugu Usi

M :h:xt:U 3Vi

Let

Let

Let

If

use IH andu; .

Let o e XL 8U 38V anQN ; h 3 §Ui. By lemma 4.1.2, (M) =
digU) = i:d(U). Bylemma4.1.3N ':h ' 3Ui. BylemmaA.5.7andlemmaA.5.2,
(N D*' = NandM N . ByIH, M[x* = N ]7:h u ' 3 Vi. Byeand

lemma A5.5M *I[x'"t := N]:hg u " 3gVi.

M:hC%xt:U%3VvE h 8xt:uU%53Vv3vh ;xt:U 3Vi
Let X U7 s x U 3 vh ix2:U aVi (lemma 4.1).
M :h;;xt:U" 3Vi

By lemma 4.1dom() =dom( 9, v %Uv U%andVv®v V. HenceN : h "3 U4
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and, by IHM[x := N]:h % " 3VY.Itiseasytoshowthatu v Cu . Hence,
h% “3Vdvh u ‘“3ViandM[x":= N]:h u "3Vi.

u
LemmaA.15. If M : h ", Ui andM N, thenN :h ~, Ui.
Proof:
By induction on the derivation d¥1 : h ~, Ui. ! j, uj andv are by IH. We give the remaining two
cases.
Mi:hi1 2U! Ti Ma:h, Ui
Let —* 1 2 ! 2 2 201 1 2 For the casedl = M 1N> whereM

M]_Mgih 1U 2‘2Ti
NoorN = N;M,whereM;  NjpuselH. Assuméi = x ":P andMM, = ( x ":P)M,
P[x" := M,] = N where §qM3) = n. Sincex ":P :h ; ", U! Ti and, by lemma 3.1.2.2a
dUu! T)=0,then, bylemma52® :h 1;x" : U "5 Ti. Bylemma5.5P[x" := M;]:
h 1U 2\2Ti.

M :h ° 2 Ui
Let M* te " ,eUl If M~ N, then by lemma 2.1.2,(M *) = d(N). By lemmas A.3.1a

and A5.7,dN) > O,N = P* andM P.ByIH,P :h ", Uiand, byexp,N :he ", eUi.

u
The next lemma will be used in the proof of subject expansion f
LemmaA.16. Let(x ":M{)M,:h ", Uithen = u ,and9V 2 UsuchthatMi :h 1;(x":
V)‘2UiandM2:h2‘2Vi.
Proof:
By induction on the derivation dfx ":M )M, : h ", Ui.
Letxn:Ml:hl‘ZV! Ti M21h2‘2Vi 1 2
(Xn:Ml)Mz:h 1 U 2‘2Ti .
SincedV ! T)=0,bylemma5.2.M;:h ;(x":V) ,Ti.
T"M{)Ms2:h "5 Ui ""M{)M2:h ", Ui
Let(x )M 2Uil (X M2 2 Ual By H, = 1u »= %u &

(X" M)M>3:h "~ Upu Ui
9V;V92 U, suchthaMy : h 1;(x" : V) "2 Uii,Ma:h 2 2 Vi,M1:h $;(x": V9 ", Ui
andM; :h 97, V4. Bylemma4.1.2, 1; 5 2, 9,V andVCare all good. By lemma 4.1.3a,
dom( 1;(x" :V))=FV( M1) = dom( ¢;(x":V9) sodom( 1) = dom( 9) anddom( ») =
FV(My) = dom( 9). Hence,byug, and lemma4.1,;u $;(x" :VuVv9v 4;(x":V),

u L(x":vuvyyv 4 (x":v9, u Jv cand pu 9v 9. Bylemma4.1.3and,
Mi:hau $(x":VuVvY) o Uii,Mi:hqu 5 (x":VuVvY Ui, Ma:hou 97, Vi
andMz : hou 972 V3. Sobyu;, Mg : hqu $(x" : VuVv9y ", Upu U and
MQZh 2 u 8‘2VUVQ.
(Xn:Ml)Mz:h ‘2Ui

(x™L:MIMJ the T, eUi
Mi:h 1;(x":V) 2 UiandM; : h 2‘2Vi.Sobyexp,Mf ‘he 1;(x"*1 :eV) ", eUi and
M; the zxzeVi.

.ByIH, = j1u 2and9V 2 U, such that
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(Xn:Ml)Mz:ho‘zuq h 0‘2Uth T o Ui o .
Let (X M{)M5:h ", Ui . Bylemma4.1.3, v “andU®v U.
By H, °= 9u %and9V 2 U,suchthaMy:h $;(x":V) U4 andM,:h §°, Vi. By
lemma A.10.8,= ju psuchthat ;v and v 9. Sobyv,Mi:h 1;(x":V) , Ui
andMz :h 2", Vi,

u
Now, we give the basic block in the proof of subject expans$awn .
LemmaA.17. If N :h ", Ui andM N thenM :h ", Ui
Proof:

By induction on the derivation dfl : h ", Ui.

T good
XO:h(x0:T) 5, Ti
SinceT is good, byax, y° : h(y® : T) *» Ti, thenby! i, y%y%:n) *> T ! Ti, and so by
e, (y %yOx0:hx%:T) 5 Ti.

N:h;(x":U) 2Ti
XN :h "2U! Ti

Let whereM  x°. By cases oM, we can show thatl = (y %:y9)x°.

Let whereM x ":N. By cases oM .

— If M is a variable this is not possible.

—1fM = x ":MO%uchthaM® N andx" 2 FV(M9\ FV(N) then by IH,
M:h;(x":U) >2Tiandby! {yM :h “,U! Ti.
— If M is an application term then the reduction must be at the root.
HenceM =(y ™:M1)My  Mj[y™ := M2] = x ":N wherey™ 2 FV (M3). There are
two casesNl1 cannot be an application term):
If M; = y™ thenM, = x™:N and dN) = m. By lemma 4.1.2m = d(N) =
d(T)=0.SoM =(y%y9(x ":N). Since by lemma 4.1.2) ! T is good , byax,
yOrny?:U! T) L,U! Ti,thenby! ;, yoy%:h) 2 (U! T)! (U! T)i,
andsoby g,(y%y9)(x™N):h “>U! Ti.
IfM1= x ":M2thenM1[y™ := My]= x ":MJIy™ := My]= x ":N and dM>) =
m. Since(y mMIM,  MIy™ := Myl = N, by IH, (y ™MHIM; : h ;(x" :
U) "2 Ti. Bylemma A.16, ;(x" : U) = ;u »and9V 2 U such thatM?{ :
h 1;(y™:V) 2 TiandM; :h ;5 Vi. SinceM 2 M ,,y™ 2 FV(MJ) and so
(sincex" 62FV (My)), by lemma A.14 = 9u ,and ;= $;(x" : U). Hence
by! i, x"M2:h$(y™: V) 2U! Ti,againby! ;, y™x"MP:h?",
V! U! Ti,andsince bylemmaA.14.69 5, by! g,M =(y™:x "M9M,:
h ",U! Ti.

tNl:hl\ZU! Ti N23h2\2Ui 1
N1N2:h1u 2\2Ti

—|fM=M1N2 N1N2Whel’6|\/|1 N2, N, Nzal’ldMl NlthenbyIH,
Mq:h 1\2U! Ti,andby! e.,M :hu 2\2Ti.

Le

ZandM  NjN».
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—IfM = N1M» N1N2WheI’EN1 Mo, N1 Nzansz Nzthel’l by|H,M2 :h 2‘2 Ui,
andby! g,M :h qu , ,Ti.

—IfM =(x"M1)M,  Mq[x" ;= My] = N1N, where M) = n andx" 2 FV(My).
By cases oM 1 (M1 cannot be an abstraction):

If Mq= x" thean = N1N2,d(N1N2) = nand
M =( x 2x9(N{Ny). By lemma4.1n = 0 andT is good. Byax, x° : (x®: T) *»
Ti,henceby i, x %x%:h) "> T! Ti,andbyl g,(x %x%)(NiN2):h1u 2 >
Ti.
If M1 = MM ®thenMy[x" := Mo] = MIx" := MoJM X" := M,] = N1N,. So,
MIx" := My] = Ny andM 2" := M,] = No.
Ifx" 2 FV(M 9 andx" 2 FV (MY then(x MM, Njpand(x ":M 8™,
No. By IH, (x "M9M, :h 1 U ! Tiand(x MM, :h, , Ui. By
lemma A.16 twice, 1 = u 99 .= Ju Pand9v;Vv°2 U such that
MO h®(x":V) Ul Ti,Mz2:h %, Vi,M®P hJx":VY ", Ui
andM, : h 99, V4. Bylemma4.1.2, %; 9; 99 99V andVvCare all good. By
lemma A.14.1dom( 9§ = FV (M) = dom( J§. Hence, byug, lemma 4.1y
andui, M : h 9% 9%, v u VY. Since by lemma A.14.6,2 9, by! E,
MM hQu 2(x":VuVvYy ,Ti.Soby! j, x"MMPP h%u 9,
(VuVv9 ! Ti.Finally, by! g andsince by lemmaA.14.69u 9 U 9%nd
1uU 2= (J?U 8U (fou 89(XnZM](_)M](_)9M21h 1u o o Ti.
If x" 2 FV(MY) andx" 62FV (M 9§ thenM Ix" := M5] = N; andM %= Nj.
We have(x MM, Nz, soby IH,(x "M9OM, : h 1 ", U ! Ti. By
lemmaA.16, 1= 9u %and9Vv 2 UsuchthaM{:h §;(x":V) U ! Ti
andM; : h 99, Vi. Since by lemma A.14.6,9 5, by! g, MM: h Qu
(X" V) o Ti,and by! {, x MM hQu , >,V ! Ti. Finally, by
I £ and since by lemma A.14.69u , X(x"MMOM,:h u 2 L Ti.
If x" 62FV (M D) andx" 2 FV (M 9§ then the proof is similar to the previous case.
Let N 'hN ;th1‘|2LTlQhu2i2UZI andM  N.ByIH,M :h ", UjiandM :h ", Ui,
hence byuj,M :h "~ 5 Uy u Usi.
Let—N N 2Vl M N*.BylemmaA5.8M  N,andbyHM :h ", Ui
N* :fe " eUi ! A '
By lemma A.3.1b(M )* = M and byexp,M :he ", eUi.
LetN:h "o Ui h “2Uivh 0, Ud
N:h?O 2Uq
M :h 0* 2 Uq.

and M N. ByIH,M : h ", Ui and byv

wu

Proof:
[of lemma 5.7]

1. By induction on the length of the derivation idf N using lemma A.15.
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2. By induction on the length of the derivationlf N using lemma A.17.

The next lemma is needed in the proofs.

LemmaA.18. 1. IfFFV(N) FV(M), thenenvM = env].

2. 1f OK( 1), OK( 2), EV(M)  dom( 1) andFV(N)  dom( 2), then( 1u 2) wnV
(1 m)u( 2 n)

3.&( wm)=(&) wm+i

Proof:

1. Easy.

2. First, note thaOK( ju ) bylemma4.1.60K( 1 m),OK( 2 n)anddom(( 1uU 2) mn
)=FV(MN)=FV(M)[ FV(N)=dom( 1 wm)[ dom( 2 n)=dom(( 1 m)u( 2 n))-
Now, we show by cases that(&- : U1) 2 ( 1u 2) mn and(xt :U2)2 (1 m)u( 2 n)
thenU; v Us:

If x- 2 FV(M)\ FV(N) then(x" :U% 2 4, (x-:U§2 ,andu; = Udu U= U,.
If x* 2 FV(M) nFV(N) then

— If xt 2 dom( ) then(x" :Up) 2 4, (x" :UD) 2 andU; = UQu Uy v Uy

— If x- 62dom( ») then(x" : Uy) 2 1 andU; = U,.
If x* 2 FV(N) nFV(M) then

— If x- 2 dom( 1) then(x- : U9 2 4, (x" :Uz) 2 randU; = UQu Uy v Us.

— If xt 62dom( 1) thenxt : U, 2 5 andU; = Us.

3. Let = ( x}‘j . Uj)n and letFV(M) = flel;:::; Km g wherem nand81L k m
91 j nsuchthayy* = x'. S0 w=(y " : Udmanda( w) = (v " :@aUdm.
Sinceg = ( x}::"" cgU)n, FV(M*T) = fyliKe o yiiKngand8l  k m91 | n
such tha, ™« = x;* then(e)  y+i= (Y™ : Um.

u

The next two theorems are needed in the proof of subject tiehuc

Theorem A.1. If M : h "~ 3 Ui andM N,thenN :h n 3 Ui.

Proof:
By induction on the derivatioM :h "3 Ui.

Rule! follows by theorem 2.1.2 and lemma A.18.1.
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M:h;(xt:U) 3Ti — yL.\O 0 0. -(yl - .
Ifx'—:M:h‘3U! TithenN-x :N*andM N® ByIH,N”:h ;(x":U)) no 3
Ti. If x 2 FV(N9 thenN®: h oy gi(xt 1 U) "3 Ti and by! |, x “:NO:
h XL:NO‘3U! Ti.ElseN?: h FV(No)anLg‘gTisoby! ?,XLINOZh XL:NO\3!L!

Ti and since by lemma 4.1.2 and lemma 4.U4; ' -, byv, x “:N%:h [ \o3U! Ti.

M:h “3Ti x-62dom()

- ywLNO 0 gj L :
If XTM h “S1L1 Ti thenN = x “N"andM N Sincex- 62FV(M), by theo
rem 2.1.2x" 62FV(NY. By IH,N®:h  y nopnryig 3 Tisoby! P, x N h ) iyo's
b T,
Mi:h 1 3U! Ti Ma:hy 3Ui .
If —* t 3 ! 2 2 3Y1 1 2. Using lemma A.18.2, cadd ; N, and

Mlelh 171U 2\3Ti
N = N;MyandcasM, NzandN = MjNj,areeasy. LeM; = x “:MPandN = Mxt =
My]. By lemma 4.2.3 and lemma A.1.8)2 M,. If xt 2 FV(MY then by lemma 5.2.2,
MP:h g;xt 1 U 3 Ti. Bylemma5.5MIxt == Ma]:h qu 5 3 Ti. If xt 62FV (M) then
by lemma5.3.3MJx" := Mp]=M2:h ;" 3Tiandbyv,N :h( ;u ) N 3Ti.

Caseu, is by IH.
M :h ‘3Ui

If .
M* g " agUi
andM P.ByIH,P :h p 3UiandbyeandlemmaA.18.3N :hg) N 3&Ui.

andM*' N, thenbylemmaA.5.9, there® 2 M ssuchthaP*' = N

M:h ~3Ui h “sUivh 9 3U%

. 0 N
M h 0 5 Ud then by IH, lemma4.1.3and,N :h © " 3 US.

wu

If

Theorem A.2. If M : h "~ 3 Ui andM N, thenN :h "3 Ui.

Proof:
By induction on the derivatioM : h "3 Ui.

If then by lemma 2.1.1,(1) = d(N) andFV(M) = FV( N) and by! ,

M :henvi, * 31 dv)j
N :henv), ~ 5! dM)j,
M :h:(x":U) 3Ti

i
\ - then we have two cases:
XxL:M :h “sU! Ti

If

— M = Nx" and sobylemma5.3.4 :h “sU! Ti.
—N= xtN%ndM NOByIH,N% h;(x-:U) sTiandbyl |,N:h “3U! Ti.

.M :h “3Ti x- 6xdom() Lo o o
T T h ity 1 enN = x =NTandM - N ByIH, NT:h 5 Ti and by
L ONh “gthr T
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M12h1‘3U! Ti M23h2\3Ui 1
M]_Mgihlu 2‘3Ti

If 2, then we have two cases:

- M1 NlandN Nle.By|HN1:h 1‘3U! Tiandby! E,NZh 1U 2‘3Ti.
- M, NzandN=M1N2.8y|HN21h 2‘3Uiandby! E,NZh 1U 2‘3Ti.

Caseu, is by IH andu, .

M :h ‘3Ui

+i -
If M fe 35Ul then by lemma A.5.9, there B 2 M 3 such thalP N andM P.

ByIH,P :h “3Uiandbye N :tg "~ 3gUi.

M :h ‘3Ui h ‘3Uth 0\3Uq

I MZhO‘3Uq

then by IH, lemma 4.1.3 and, N : h °° 3 U9.
u

The next auxiliary lemma is needed in proofs.

Lemma A.19. Leti 2f1;2gandM :h 3 Ui. We have:
1. 1f(xt :Up) 2 and(yK :Up) 2 ,then:

(@) If (x" : Uyp) 6 (YK : Uy), thenx" 6 yK.
(b) If x =y, thenL = K andU; = U,.

2. If(x- :U) 2 and(yk :Uy) 2 and(xt :Uy) 6 (yX :Uy), thenx 6 y andx- 6 yX.

Proof:
1. I1f x- = YK then by de nitionU; = Uy, so(x- : Uy) = (yX : U,). By lemma 4.2.3ax";yK 2
FV(M). Bylemma A.1.1M M. So, ifx = ythenL = K and by de nitionU; = Us,.

2. Corollary of 1. 2 w
Proof:
[Of theorem 5.1] Proofs are by induction on derivations ggimeorem A.1 and theorem A.2. u
Proof:

[Of lemma 5.8] By lemma 4.1.2/1 [x" := N] 2 M 3, so by de nition,M;N 2 M zandM N and
d(N) = L. By induction on the derivatioM [x- := N]:h 3 Ui.

If - - thenM = x andN = .Byax,x :hx :T) 3Ti.
y Ty T) aTi i RO

then by lemma A.1.6b,(@1) = d(M [x- :=

f
M[xt := NJ]:fhenv, xi=n] 3! d(M [xt = NDj

N]). By!, M : renv’FV(M)nfog;(x'- 1Ly 25 1 dM)j gndN henvy "3 !ti and because

FV(M[xt := N))=(FV( M) nfxtg)[ FV(N), env,

U~ ey
Fv(M)nfxt g U €MVN = €NV,

M[xL:=NT"
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M[xt = N]:h;(yK : W) 3Ti
yK:M[xt :==N]:h "gW! Ti
type environments such thit : h ;x- :V "3 Ti,N:h > 3Viand ;yK :W = 1u ».
By lemma 4.2.3aFV(N) = dom( ) andFV(M) = dom( 1) [f y¥g. SinceyX 2 FV(M)
andyX 62FV(N), 1= 1;¥% : W. HenceM : h 1;y€ :W;x- :V "3 Ti. Byrule! |,
yK:M:h ;xt:V 3W! Ti.Finally = u ».

If whereyX 62FV(N) [f x-g. By IH,9V and9 i; »

M[xt:=NJ]:h “3Ti y* 62dom()

yK:M[xt := N]:h “3! K1 Tij
9 1; »type environments suchthit :h ;x" :V "3 Ti,N:h, 3Viand = u ».
Sinceyk 6 x5, yK:M :h ;;xt:v 31K Ti,

If

whereyX 62FV(N) [f x-g. By IH, 9 V type and

If|\/|1[xL::N]:h1‘3W! Ti Maxt:=N]:ho 3Wi 1
Mq[xt := N]Mo[xt == N]:h u 5 3Ti
then we have three cases:

2 whereM = MM,

—If xt 2 FV(M1)\ FV(My) then by IH,9 Vi;V, types andd 1, 2, $, 9type en-
vironments such tha¥ly : h 1;(x" @ Vi) "3 W I Ti, Mz :h 2(xt @ Vo) "3 Wi,
N:h o 3Vii,N:h 9 3Wi, 1= 1u sand = %u 9 Because; o,
then 1  $and , 9 andbecause 1;(xt : Vi) and 2;(xt : V) are type envi-
ronments, by lemma A.19, 1;(x" : V1)) ( % (xt : VL)). Then, by ruless; and! g,
MiMz:h ju %(xt:Viu V) g Tiandbyu?, N :h u 37 3Viu Vei. Finally,

1u 2=( 1u Ju( Ju 9.

— 1f xt 2 FV(M1) nFV(M>) then by IH,9 V types and® 1, 1 type environments such

thatM1 :h ;(x* :V) sW ! Ti,N:h > 3Viand 1= ju 5. Since ;1 o,
1 sandsince 1 u »is atype environment, by lemma A.10, 1; (x" : V)) .. By
' E,MiMo:h qu 2(x-:V) 3Tiand u 2=( 1uU LU o

— 1f xt 2 FV(M3) nFV(M1) then by IH,9 V types and® 1, » type environments such
thatM» : h 1;(XLZV)‘3Wi,NZh 2 3Viand = q1u 2.Since 1 2, 1 1
and since 1 U » is a type environment, by lemma A.10, 1;(x" : V)) 1. By! g,
MiMo:hu 1;(xt:V) 3Tiand 1u 2= qu( 1u »).

tM[XL = NJ]:h “3Uzi M[x-:=NJ]:h “3Uji
M[xt = N]:h “3Upu Ui

9, 9 type environments such théd : h ;x5 vy "3 Ui, M = h §ixb 1 v, "3 Uai,

N : h 2 ‘3 Vli,N - h 8 ‘3 V2i, = 1 U zand = gu 8 Then, byruleu?,

M:hiu $x":ViuVy, "3 UpuUgiandN :h ou 973 Viu Vei. Finally, =

(1u 2u( Ju 9.

M[xt = N]:h "3 Ui
M*i[xist = N*iI]:hg “3gUi
thatM : h 1;_x'-:V‘3_Ui,N:h > aViand = qu .

Sobye, M* ity ;xIt gV T3 Ui, N g o, sgViandg = § 1ug ».

Le . By IH, 9 Vi;V, types and® 1, o,

If then by IH,9V type and® 1; > type environments such

M[x":=N]:h®3U% h ©3U%vh "3U

i 0 0
MXL = N]:h "3 Ui then by lemma 4.1.2, v “andU®v U.

If
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ByIH,9V typean® 1; type environments suchthist :h ¢;x-:V "3 U%,N :h 9 3Vi
and °= %u 9 ThenbylemmaA.115= j1u zand ;v %and v 9 Sobyv,
M :h ;x":V 3UiandN :h , 3 Vi.

u

The next lemma is basic for the proof of subject expansion for

LemmaA.20. If M[x- := N]:h “3Ui,dU)= K andL d(M), U = FV(( x “:M)N), then
(x “:M)N :h "YU 3 Ui.

Proof:
By lemma 4.1.2M[x- := N]2 M 3, soM;N 2 M 3andM N and dN) = L. By de nition

(x“:M)N 2 M 3. By lemma A.1.6b and theorem 4.1.2,)d d(U) = K = dM[x" := N]) =
dM) = d((x “:M)N). SoL K and there exist& °such thal. = K :: K% We have two cases:

If x- 2 FV(M), then, by lemma 5.8 V type and9 ; » type environments such thid :
hyx":V 3Ui,N:hs 3Viand = 1u ,. Bylemma4.1.20K( 1) andOK( »).
By lemma 4.1.60K( 1u 3). So, it is easy to prove, using lemma 4.1.1, t@a¢( "Y). By
lemma4.2.3, ;x* :V 5,80 1 . Bylemma4.1.2,¢:) dM)= dU)= K and
L=d(N)=d(V) d( 2).BylemmaA.11, we have two cases :

— IfU = 1K thenbylemma4.2.Z,x “:M)N :h "Y 3 Ui.

—-IfU = & uI -1 Ti wherep 1and8 1 i p, Ti 2 T, then by theorem 4.1.3,
M K h KxK% v K gyl Ti. Byv,81 i p M K :h Kxk":

K ‘3T,| sobyI - x K%M K :th 3V K 1 Ti. Again by theorem 4.1.3,

K :h,® 3V Kiandsince ; , bylemma4.1.3, , X soby! g,
i p, (x KM K)N K:h,¥u ,¥ 3Ti.Finally byu, ande, (x “:M)N :

u » 3UI,SO(X .M)N.h"u\3Ui.

If x- 62FV(M), thenM : h "3 Ui. By lemma 4.1.20K() . So, it is easy to prove, using
lemma 4.1.1, tha®DK( "Y). By lemma A.11, we have two cases :

V
N
8
h 1

— 1fU=1X thenbylemma4.2.Z,x “:M)N :h "Y "5 Ui.

-IfU = & uI -1 Ti wherep 1and8 1 i p, T 2 T, then by theorem 4.1.3,
M K :h K 3uP Tii.Byv,81 i p,M K:h * 3 Tii. Using lemma A.5
and by induction orK , we can prove thatX° 62FV(M K) So by Iemma423agK°62
dom(  X). So by! ?,XK.MK:h K31 X%1 Tii.By(),N K : henvy, « 3
1 K% andN : henv, " 3!li. Bytheorem4.1.2,@nvy) d(N)= L.Bylemma4.2.3,
envN Bylemma4.1.3, K envy «.By! g,81 i p(x K%M K)N K:h Ky
env, 3 Tii. Finally byu, ande, (x “:M)N : h uenvy ~3 Ui, so(x“:M)N :
h U Ui

u

Next, we give the main block for the proof of subject expandiar

Theorem A.3. If N :h 3 Ui andM N, thenM :h "M~ 5 Ui.
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Proof:
By induction on the derivatioN : h "3 Ui.
M = K:M{)M5 andx = M4[yK = Myl
IfX X T) 5 Ti andM X , then (y 1)M> andx 1ly 2]
BecauseVl 2 M sthenK  d(M1). By lemma A.20M :hx :T)"M "3 Ti.

If — - andM N, then since by theorem 2.1.EV(N) FV(M) and
N :henvl 3! dN)j

dM) = d(N), (envi)"™ = env},. By! ,M :renvi, " 3! dM)i. HenceM : henvV)"™™ ~ 4

1 dony,

N:h;;xt:U 3Ti

- — andM x L:N, then we have two cases:
XxL:N:h “sU! Ti

If

—IfM = xM OwhereM® N, then by IH,M?: h( :(xt : U)"M° “5 Ti. Since
by theorem 2.1.2 and lemma 4.2.3&, 2 FV(N) FV(M9, then we havg ;(x‘ :
U))"FV(MO) = wFV(MOnfxtgr (L - y) and "FV(MONfxtg = nxEMO Hence MO :
h"x"M%(xL:U) 3Tiand nally, by! |, x ©=:M%: h "x"M® oy Tij,

—1fM =(yK:M{)M, whereyX 62FV(M>) and x “:N = M1[yX := Mj], then, because
M 2M 3thenK  d(M;) and by lemma A.20, Becausé [y := M,o]:h “zU! Ti,
we have(y K:M)My:h "(Y “ MMz~ oy Ty,

N:h “3Ti x' 62om()

XL:N:h “g!L1 Tij

N1:h1\3U! Ti N22h2‘3Ui 1
N1N2:h1u 2‘3Ti

If andM N then similar to the above case.

If 2 andM N1N>, we have three cases:

— M = M1N> whereM N;andM; Ni. ByIH,M1:h "M1 53U Ti. Iltis easy
toshowthal ;u ,)"MiN2=,"Miy , SinceM; Ny, bylemma4.2.3,,"M1
hence usé¢ .

— M = N1M, whereM» N». Similar to the above case.

—1fM = (xL:M{)My andNiN, = My[x- := M>] then, becaus! 2 M ;3 thenL
d(M1) and by lemma A.20(x L:M)Mp 1 h( qu )" (X" MMz~ T

N:h‘3U1i Nih‘3U2i

N :h ‘3U1U Uzi

If N :h ‘3Ui
N+i Zij ‘3QUi

P N.ByIH,P:h"P zUiandbye M :hg ) "M 5gUi.

If andM N then use IH.

then by lemma A.5.8 then there s 2 M 3 such thatM = P*i and

N :h ‘3Ui h \3Uth 0‘3Uq
N :h 0\3Uq

It is easy to show that®™ v "M and hence by lemma 4.18,"™ 3z Uivh oM ~;Ug,

ByIH,M"M :h "3 Ui.Hence, bw ;, we haveM : h oM ~ 5 U9, 2

If andM  N.Bylemma4.1.3,% andUv U°
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u
Proof:
[Of theorem 5.2] By induction on the length of the derivatidn N using theorem A.3 and the fact
thatif FV(P) FV(Q),then( "P)"Q@ = "Q, u
A.6. Realisability
Proof:

[Of lemma 6.1]

1.
2.

easy.

IfM |, N*'whereN 2 X, then, by lemma 2.1.1, lemma A.5.7 and lemma A.88= pti
suchthaP 2M zandP , N.AsX isr-saturatedP 2 X andsoP*'= M 2 X *'.

IfM N whereN 2 X, then, by lemma 2.1.1, lemma A.3.1 and lemma A.#13= P* and
P N.AsX is saturatedP 2 X andsoP* =M 2 X *.

Leti 2f2;3g,M 2X ; YandN M. If P 2 X suchthat N, then bylemmaA.2.1,
P M. So, by de nition,MP 2 Y. Becaus¢¥ M ;,thenMP 2 M ;. Hence, M) d(P).
By lemma 2.1, M) = d(N). SoNP 2 M ; andNP |, MP. BecauseMP 2 Y andY is
r-saturated, theMP 2Y.HenceN 2X ; Y.

LetM 2 (X ; Y)",thenM = N* andN 2 X ; Y. IfP 2 X* suchthatM P, then
P=Q",Q2X andMP = N*Q* =(NQ)*. BylemmaA.3.1(c)iN Qandhence\Q 2Y
andMP 2Y*.ThusM 2X*; Y*.

LetM 2 (X ; Y)*',thenM = N*'andN 2X ; Y. LetP 2X*'suchthaM P. Then
P = Q*'suchthaQ 2 X . BecauséM P then by lemma A.5.2N Q. SONQ 2Y . Because
Y M 3thenNQ 2 M 3. BecausgNQ)*' = N*'Q*' = MP thenMP 2 Y*'. Hence,
M 2X*, Yy

letM 2X* ; Y*.ThereisN 2 X* suchthaM N.We haveMN 2Y™*, thenMN = P*

whereP 2 Y. Hence,M = M;. LetN; 2 X such thatM; Nj. By lemma A.3.1(c)i,
M N; and we havéM1N1)* = M Ny 2Y*. HenceM;N; 2 Y. ThusM; 2 X ; Y and
M=M;2(X; Y)".

. LetM 2 X*': Y*isuchthatX*' o Y*'. By hypothesis, there exisB 2 X *' such that

M P. ThenMP 2 Y*i. HenceMP = Q%! such thatQ 2 Y. Because¥Y M 3 then

Q 2 M 3z and by lemma A.5.1IMP 2 M 3. Hence by de nitionM 2 M 3 and by lemma A.5.1,
d(M) = d(Q*") = i :: d(Q). So by lemma A.5.7, there existé; 2 M 3 such thatM = M

LetN; 2 X such thatM; Nj. By de nition N;' 2 X *" and by lemma A.5.2M N, . So,

MN;" 2 Y*. SoMN;' = M%*i such thatM®2 Y. Because¥ M 3thenM®2 M ;.

By lemma A5.1MN;' 2 M 3. SoM;' N;'anddM;') d(N;'). By lemma A.5.1 and
lemmaA.5.2M; NianddMj) d(Nj). SOMiN; 2 M zand(MiNp)* = MSINS T2 v+,

HenceM N1 2Y.Thus,M12 X ; Y andM = Mfi 2 (X; Y)*i.
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9. IfM N andN 2 M\M Jthenbylemma2.1.2 2 M\M 5.

Proof:
[Of lemma 6.2]

1. 1la. By induction oJ using lemma 6.1 and lemma 2.1.

1b. We prove8x 2 V;;N+t | (U) M } by induction onU. CaseU = a: by de nition.
CaseU = ! “: We have8x 2V;N- M 5 M 5. CaseU = Upu U, (resp.U = gV):

use IH since (U1) = d(Up) (resp. qU) = i :: d(V), 8x 2 V3;(NS)*" = Ny and
(MK)T=MEK). CaseU = V! T:bydenition, K = d(V) d(T)=
Letx 2 V1, Np;ii;NgsuchthaB1 ik, d(Nj) andf x ;N1;:::;Nggand
letN 2 I (V) such that(x Nj::Ng) N. ByIH, d(N) = K . Again, by IH,

X N1:NgN 21 (T). Thusx Ni:zNg 21 (V! T).
LetM 21 (V! T). Letx 2 V; such thaBL;x- 62FV(M). By IH, xX 21 (V),
thenMxX 21 (T) and, by IH, qMxK)= . ThusdM) =
1c Obviously,x" 2 NJZ. We proveNg | (U) M" by induction onU good. Case
U = a: by de nition. CaseU = U u V (resp.U = eU9: use IH sinceJ;V are good and
d(U) = d(V) (resp.UCs good, qU) = d(UY+1,(N)* = NJ* and(M §)* = M §*1).
CaseU = U! T: by de nition, U; T are good anan = d(U) d(T) = n.
Let Nyp;:::; Nk such thatx"Nq:::Nx 2 M (note that @"N1:::Ny) = n) and letN 2
| (U) such that(x"Ni::Ny) N (hencex"Ni::NkN 2 M 5). By IH, d(N) =
m nandN 2 M. Hencex"N1::NgkN 2 M andx"Ni::NgN 2 N;. By IH,
X"N1:NgN 21 (T). Thusx"Np::Ng 21 (U T).
LetM 21 (U! T). Letx 2V;suchthaBp2 N, xP 62FV(M). HenceM x™.
By IH,x™ 21 (U). ThenM x™ 21 (T),and so by IHM x™ 2 M". By lemma 2.2,
M isgoodand M) m. SincedM x™)=min( d(M);m)= n,d(M) = n and so
M2 M",

2. By induction of the derivatiotd v V.

Proof:
[of Lemma 6.3]

Case 1 = o: Leti 2 f 1;2g. By induction on the derivation d1 : r(xi”i s Upn i Ui. First

note, by lemma4.181 i n,U;isgood andN; 2 M ».

T good d(T)=n

X" h(x":T) T

M R DU (XM 2 U) T . _ N

— Let XM X U Ul T and81 i n,N; 21 (Uj)where( x ":M)[(x;" =
Ni)n] 2 M 5. LetN 21 (U) where(x ™:M)[(x{" := Ni)n] N. Since(x ™:M [(x"
Ni)n]) N, by lemma A.LM[(x" = Ni)s] N andM[(x" = Nj)p]J[x™ := N]

- If andN 21 (T), thenx"[x" := N]= N 21 (T).
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MI(X{" == Ni)n;x™ := N]2 M 2. Hence, by IHM [(x{" := Nj)n;x™ := N] 21 (T). By
lemma 4.1U; T are good and@) = m. By lemma 1, N) = m and(x M™:M [(x]* =
N1)n])N MI[(x(" := Ni)n;x™ := N] 21 (T). Since, by lemma 1 (T) is saturated,
then(x ™M [(x]* := N1)a])N 2 I (T) and hencex ™:M [(x" = Ni)a] 2 | (V) ;
I(TYy=1(U! T).
hlin! Ti MthZ‘iUi 1
M]_Mgih 171U z\iTi

1= (xM :Ui)n;(yjmj “Vp)m, 2= (X" :U9n; (zF - W), and

12U 2= (4" U U9 (" VD) (2 T Wir

Let81 i mPi21(Uuud,81 j mQ;21(Vj)and8l k rRy2I (W)
where

(IVIlMZ)[(Xini = Pi)n;(yjmj = Qj)m;(Z{(k = R)r]2M .

LetA = My[(x]" = P)a;(y;" = Qj)m]and

B = Ma[(x" := Pi)n: (z == Ri)rl.

By lemma A.14FV (M1) = dom( 1) andFV (M;) = dom( »). Hence,

(MaM2[(X" = P)ns (¥ = Q))m; (Z = R)r]= AB.

BylemmaA.lA2M ,,B 2M ,,andA B.

BylH,A21 (U); 1I(T)andB 21 (U).

Hence AB = (M1iM)[(X]" := Pi)n; (y]" = Q))m: (¢ = Ri)i] 21 (T).

U s U Y
M .r(xli\/l ': Lrj('))(?h :'LlJJilu \Izl)n T(iX{J u\\//l?n Vi (note lemmaA.14.4)ar@1 i n,
Ni 21 (UiuV) = I (U)\I (Vi) whereM[(x{" := Nij)n] 2 M 2. By IH, M[(x{" =
Ni)n] 21 (U) andM [(x" := Ni)al 21 (V). HenceM [(x™ := Ni)a] 21 (U u V).

M hx™ :Ti)n i Ui
M+t hx* :eT), i eUi
M*[(xM™ = Ni))]2M 2. Then81 i n,N; = P whereP; 2 | (T;). By lem-

My :
Let —* 2 where

Le

Let and8 1 i n, Ni 2 1(eT) = I (T))* where

MI[(x(" = Pi)n] 2 M 2 and, by IHM[(x" := P;j)n] 2 1 (U). Hence, by lemma A.5.5,
MJ’[(Xini+1 = Pi+)n] =(M [(Xini = P)a)* 21 (U)* =1 (el).

0
—5—— Where %= hx{" : Uj), "2 Ui. By lemma 4.1, we have= hx" :
U9, "2 U%, whereforevend i m,U; v UandU®v U. By lemma2N; 2 1 (U9,
then, by IHM [(x := N;)n] 21 (U9 and, by lemma 2V [(x" := Ni)a] 21 (U).

Case’ 3: By induction on the derivatioM : r(ijJ' :Uj)n 3 Ui

- If -andN 21 (T),thenx [x = N]=N 21 (T).

X :hix :T) 3Ti
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Then, by lemma A.1.6, (@ [(ijJ' = Nj)nl) = d(M) andM[(ijj = Nj)n] 2 M Q(M) =
TORUDY
M : r(ijj SUDn (XK V) T Ti
x K:M :r(ijj tUjn T3 V! Ti’
(x X :M)[(xj"j '= Nj)a] N. Bylemma4.1.2, (V) = K. We have(x ¥ :M)[(xj"j =
Njnl= x K:M[(x;? = Nj)n], where81 |  n;yK 62FV(Nj)[f x;'g. SinceN 2
| (V) and by lemma 6.2.1,(V) M £, d(N)= K. Bylemma A.1.3 and lemma A.1.6,
M = Npal N andM[(x = NpnlxK = N] = M7 = Nj)n;xK o=
N]2 M 3. Hence,(x K:M [(xj"j = Nj)n])N 2 M zand(x <:M [(x}‘j = Nj)a)N
M = Nj)n; (XK = N)L. By IH, M = Nj)n; (xK = N)] 2 1 (T). Since,
by lemma 6.2.11 (T) is r-saturated, therfx K :M [(ijj = Nj)n])N 2 1 (T) and so
x M7 = Npal 21 (V) 1(T)= 1V T).
M hx U T Ti XK 6Zom((x;” : Uj)n)
xK:M:t'(ijj:Uj)n‘g!K! Ti '
N 2 1 (! %) such that( x ¥ :M)[(x}‘j '= Nj)n] N. Bylemma 4.2.3axX 62FV(M).
We have,(x “:M)[(x7" := Nj)n] = x K:M[(x/" := Nj)n], where81 | n;xX 62
FV(N;) [f ijj g. SinceN 21 (! ¥) and by lemma 6.2.1,(! )= M ¥ thendN) = K.
By lemma A.1.3 and lemma A.1.6/ [(xj"j = Nj)a] N andM[(ijj = Nj)n]X¥ :
NT= M[(x;" := Np)n;xK = NJ= M[(x]" := Nj)al 2 M 3. Hence(x *:M[(x;" :
N)DaDN 2 M gand(x <:M[(x;" = N)aDN ¢ M[(x( = Npni(x¥ = N)L.
By IH, M [(ijj = Nj)n]l 2 I (T). Since, by lemma 6.2.1(T) is r-saturated, then
(x :M[(x;" = N))aN 21 (T) and sox ©:M[(x;" = Nj)al 21 (1X); 1(T)=
LK1 T).
(Mitha sVE Ti Matho'sVi 1 o
MiMz:hiu 5 3Ti
Vi)m, 2= (ijj ; Ujo)n;(zjSj : W,)p such thatfyt;:::;yKmg \ f 2212509 =
and qu 2=(x}‘j U u Ujo)n;(yjKj :Vj)m;(zjs" :Wj)p.
Let81 | nP 21 (Uuud) 81 mQ; 21 (V) and81 |
p;Rj 2 1 (Wj). So, forallj 2 f1;:::;ng, Pj 21 (Y;) andPj 2 1 (Uﬂ. By hypoth-
esis,(Mle)[(xj"j = Pj)n;(yjKj = Qj)m;(zjsj = Rj)p] = AB 2 M 3 where using
lemma 4.2.3aA = M(x/ = P)ni(y]’ = Q)m] 2 M zandB = M[(x;' :=
Pj)n;(zjsj = Rj)p]2M zandA B.
ByIH, A2l (V); I(T)andB 21 (V). HenceAB 21 (T).
tM :r(ijj tUpn T3 Vi M :t’(ijj tUpn T3 V2
M :t’(ijj tUj)n T3 Vau Vai

If

81 | n,Nj 21 (Uy)andN 21 (V) such that

If 81 ] n, N; 2 1(Y;) and

Lj K
Le where 1 = (xjJ : Uj)n;(yjJ

i.ByIH,M[(ijj = Nj)n] 21 (V1)
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andM [(x" = Nj)n] 21 (V). HenceM [(x;7 := Nj)n] 21 (ViU Vo).
M : r(xl';k Uk 3 Ui

M ¥ X g Un s g U
81 k n,Ng= PkJ'J wherePy 2 | (Uy). By lemma 6.2.1b, for alk 2 f 1;:::;ng,

— Let and81 k n,Ng2Il (gU)=1(U)". Then

By IH, M[(xg* = Py)n] 2 I (T). Hence, by lemma ABM *I[(x}"™* = Ny)n] =
(M[(x* = PnD*™! 21 (U)TT =1 (gU).

M : v © . _ _
- LetW where 0= r(x}“ :Uj)n 3 Ui. Bylemma 4.1, we have= r(ijJ :

U9n "3 UY, where foreveryl j n, U v UlandU®v U. By lemma 6.2.2,

Nj 2 1 (U9, then, by IH,M [(xj"j = Nj)n] 2 1 (U9 and, by lemma 6.2.2/1 [(xj"j =
Nj)nl 21 (U).
u

Next we give a lemma that will be used in the rest of the article

LemmaA.21l. 1. IfM[y":= x"] N thenM  NO%whereN = NJy" := x"].
2. If M[y" := x"] has a -normal form therM has a -normal form.
3. Letk 1. If Mx?l:::xﬂk is normalizing, therM is normalizing.
4. Letk 1,1 i k| 0,x{"Nz::N; bein normal form and/ be closed. IMx 7*:::xy*
xi”iNl:::N|, then forsomen iandn |, M X fliix fm :xini M1:::Mp wheren + k =

Nm+j

m+1,Mj* Njforeveryl j nandNp.; " XxgL; foreveryl j k m.

Proof:

1. ByinductiononM [y" := x"]  N.

2. M[y" := x"] P whereP isin -normal form. The proof is by induction avl [y" := x"] P
using 1.

3. By induction ork 1. We only prove the basic case. The proof is by cases.
—1fMxJt MO%]* whereM %] isin -normal formand M %henM %isin -normal

form andM is -normalising.

—If Mx |t (y "uN) x| N[y" = x}*] P whereP isin -normal form and
M y ":N then by 2,N has a -normal form and so,y "t:N has a -normal form.
HenceM has a -normal form.
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4. By 3,M is normalizing, and, sinck! is closed, its normal form is
X {runx imiz"MqiiMy forn;m 0.

Since by theorem 2. N1::N; ' (x Jlumx fmiz"M My )xfioxgk thenm k" NqziNg
z’l\/ll:::Mnx”m"lT:::xEk.Hencez'= xi”‘,n [,i _ m,l=n+(k (m+1)+1= n+k m,
M; ' Njforeveryl j nandNp:;' x&”]jj‘ foreveryl j k m,

u

Proof:

1. Lety 2 V, and takeX = fM 2 M%) M y? or M x°Ni::Ng wherek 0 and
X 2 V1g. X is saturated an8x 2 V1, N)? X MO. Letl be an i-interpretation such that
(@)= 1()= X.IfM 2 [(aub)! a],,thenM isclosedand 2 X ; X. SinceM y°2 X
(asy® 2 X andM y%) andM is closed and® 6 y°, by lemma 2.1.2M y°  y9. Hence, by
lemma A.21.4M y %y0. By lemma2.1, M) = d(y %y%) =0 andM 2 MP.

Conversely, leM 2 M9 be closed and/ y %:y0. Let! be an i-interpretation andN 2
| (au b) (henceM N). Sincel (a) is saturatedN 2 1 (a) andMN N, thenMN 21 (a)
and henceM 21 (aub); | (a). HenceM 2 [(aub)! a] ;.

21F yo%%:n) "1 (aub ! ai,then, by Lemma5.y° : (y® : au b) * 1 ai and again, by
Lemma5.1y° :a= y%:au b Hencea= au b. Absurd.

3. Easy.

4. Lety2VoandX = fM 2M 5 | M X N1:::Ng wherek  0Oandx 2 Vi orM y g X
is -saturated an8x 2 Vy;N, X M 5. Take a s-interpretationl such that (a) = X. If
M 2 [Id¢] 5, thenM isclosedandM 2 X ; X.Sincey 2X andM y thenMy 2 X and
My X Ni::Ng wherek  Oandx 2 Vi or My y . SinceM isclosedank 6y ,
by lemma 2.1.2My y . Hence, by lemma A.21.4/1 y :y and, by lemma 2.1,
M2M ;.

Conversely, leM 2 M 5 such thaM is closed andv y :y .Letl bean s-interpretation
andN 2| (a) suchthatM N. Bylemma6.2.1bN 2 M ;,soMN 2 M ;. Sincel (a) is
-saturated antN N,MN 21 (a)and henceM 21 (a); | (a). HenceM 2 [Ido] ,.

5. By lemma 6.4 and lemma 6.1d9] , = [ga! ®&a], = [&(a! a)], = [Id] =[a!
't =[1doI"t. By 1.l = ftM 2M § jm  y Dy(g,

6. Lety 2V, X = fM 2M 4 j M y orM X N1::Ng wherek  0andx 2 Vig
andY = fM 2 M4 j M yy oM X NNk or M y (X Ni::Nyg) where
k Oandx 2 V9. X, Y are -saturated an@x 2 Vi;N, X ;Y M ;. Letl be a
3-interpretation such thdt(a) = X andl (b) = Y. If M 2 [D] ,, thenM is closed (hence
M y)andM 2 (X\ (X; Y)); Y.Sincey 2X andy 2X ; Y,y 2X\ (X; Y)
andMy 2 Y. Sincex 6 y , bylemma 2.1.2My y y . Hence, by lemma A.21.4,
M y 1y y and bylemma2il,@)= andM 2M ;.



1068

Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

Conversely, letM 2 M 5 such thatM is closed andM y yy . Letl bean 3-
interpretationantl 21 (au(a! b)=1(a)\ (I (a); 1(b)suchthaM N.Bylemma6.2.1b
and lemma A.1.IN 2 M 53 andN N. SoNN;MN 2 M ;. Sincel (b) is -saturated,
NN 21 (b) andMN NN, we haveMN 2| (b) and henceM 21 (au (a! b)) ; 1 (b).
ThereforeM 2 [D] ..

. Letf,y 2VoandtakeX = fM 2M 5 | M (f )"(x Ni::Ng)orM (f )"y where

K;n Oandx 2 Vi09. X is -saturated an@x 2 V;;N, X M ;. Letl bea sz-
interpretation such thdt(a) = X. If M 2 [Nato] ,, thenM is closed andM 2 (X ; X) ;
(X ; X). Wehavef 2 X ; X,y 2 X andf M;f ;y gthenMf y 2 X and
Mf y (f )"(x Ni::Ng) orMf y (f )"y wheren 0Oandx 2 Vj. SinceM is
closed andx g\fy ;f g=;,bylemma?2.1.2Mf vy (f )"y wheren 1. Hence,
by lemma A.21.4M f i orM f :y (f )"y wheren 1. Moreover, by
lemma2.1,M)= andM 2M ;.

Conversely, leM 2 M ; such thaM is closed andv f i orM foy (f )y
wheren 1. Letl be an s-interpretationN 21 (a! a)=1(a); |(a)andN°21 (a) such
that f M;N;N %. By lemma 6.2.1bN;N°2 M 5, soMNN % (N)™N%2 M ;, wherem 0.
We show, by induction om 0, that(N)™N°2 1 (a). SinceMNN © (N)™N°wherem 0
and(N)™N°2 | (a) which is -saturated, theMNN °2 1 (a). HenceM 2 (1 (a) ; | (a)) !
(1 (a); 1(a) andM 2 [Natg] ,.

. By lemma 6.4[Nat;] , = [e1Nato] , = [Nato]"}. By 7., [Nat1] , = [Nato]"? = fM 2

MM f W@ orm f Wy O:(f D)ny@ wheren  1g.

. Letf;y 2VoandtakeX = fM 2M 5 jM  x PiiiProrM  f (x Q1:Qp)orM y or

M f yD whereln 0anddQj) (1)g. X is -saturated anx 2Vi;N, X M 5.
Let | be a s-interpretation such that(a) = X. If M 2 [N at8] 5, thenM is closed and
M2 (X*; X); (X*; X).LetN 2X* suchthaN f .WehaveN x®p;t:pH
orN  y® thenf N f (x@Pupt)y2X orN f y® 2X, thusf 2X*; X.
We havef 2 X*1 ; X,y® 2 X* and f M;f ;y®g, thenMf y® 2 X . SinceM
is closed andx ;xMg\f yO:f g = :, by lemma21.2Mf y® f yd Hence, by
lemma A.21.4M f o orM f 1y ®:f y®, Moreover, by lemma 2.1,(¥) =
andM 2 M ;.

Conversely, IeM 2 M 5 suchM is closed andv f «f orM foy @ y®,
Let| be an -interpretationN 21 (gra! a) = I(a)*t ; |(a) andN®2 | (a)*' where
f M;N;N %. By lemma 6.2.1bN 2 M 5 andN°2 M ’, soOMNN ®NN®2 M ,. Since
MNN® NNYNN®2I (a)andl (a) is -saturated, theMNN ° 2 | (a). Hence,M 2
@ 1@)! (@**; 1(a)andM 2 [Natd].

u
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A.7. Completeness

Proof:
[of Remark 7.2] 1) For every interpretation | (e;a! a)= I (ea! a)=1(a*; 1(a).

2)If £ 9f0:n) ", Natd?, by lemma5.22 and 5.2.1° : % :ega! a ', ea! aiand
eja! av exa! a. Thus, by lemma A.10.4a Vv ea. Again, by lemma A.10.1e;a = e;U where

av U. Thisis impossible since; 6 e,. w
Proof:
[of Lemma 7.1] 1) By induction oiJ.

2)IfU =V thenygU =V andbyl.U=V. u

LemmaA.22. 1. Ifd(U) = n, thenVy is an in nite set of variables of degreeand ify" 2 Vy,
theny 2 V.

2. fU6 VanddU)= d(V)= n,thenVy\ Vy = ;.
3. Ify" 2 Vy, theny™?! 2 Vg .
4. Ify"™t 2 vy, theny" 2 VvV .

Proof:
1. and 2. By induction on and using lemma 7.1. 3. BecaygU) = U. 4. By de nition. wu

LemmaA.23. 1. If H" thene  H"*1,
2. If H"*1  then H",

3.1f ¢ H", » H"andm n,then u , H".

Proof:

1. resp. 2. By lemma A.22.3 resp. A.22.4. 3. First note tdt H". Let(xP : Ugu Up) 2 1u >
where(xP : U;) 2 1 H"and(xP : Uy) 2 , HT H", then dU;) = d(Uy) = p and
xP2 Vy,\ Vy,. Hence, by lemma A.22.2); = Uand 1u 2= 1[ 2 H" u

LemmaA.24. 1. (V")* = v+l
2. Ify2Vyand(My™) 2V", thenM 2 V",
3.1fM2V"M N,N2ManddN)=m n,thenMN 2V".
4. IfdM)=n,m n,M N,M 2 MandN 2V™, thenMN 2V".

Proof:
Easy. u

Proof:
[of Lemma 7.2]
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1. First we show thalt(a) is saturated. Le N andN 2 I(a).

If N 2 VOthenN 2 M? and9x' such thatx 2 V4, i  Oandx' 2 FV(N). By
lemma 6.1.9M° is saturated and s 2 M°. By lemma 2.1.2FV(M) = FV(N)
and sox' 2 FV(M). HenceM 2 V?°

fN2fM 2M9jM : %", ag then9 HO such thatN : h ", ai. By
subject expansion corollary 5.M : h ", ai and by lemma 2.1.2,(®1) = d(N). Hence,
M2fM 2M 9jM :mH? ", aig.

Now we show tha8x 2 V1, N2 I(a) MO,

Letx 2 V; andM 2 N 2. HenceM = xONj:::Ny 2 M° andx® 2 FV(M). Thus,
M 2 VO

LetM 2 I(a). If M 2 VO, thenM 2 MP°. Else,9 H® whereM : h ", ai. Since by
lemma 4.1M is good and M) = d(a) =0, M 2 MO,

2. By induction onJ good.

U = a: By de nition of | and by 1.

U= ¢eV:dV)=n 1and, by lemma 3.1V is good. By IH and lemma A.24.1,
(V) = (V)Y =(V" T[fM 2MM I )M :H" 1, Vig)" = V'[ (fM 2
MM LiM HH" 17, Vig)*.

—IfM 2 M" TandM : HH" 1, Vi, thenM : h "5 Vi where H" 1. By
exp and lemma A.23.1M* : he. ", e Vi ande. H". Thus by lemma 4.1.2,
M*2M"andM* : FH" "5 e Vi.

—fM 2 M"andM : H" 5, eVi, thenM : h ", eVi where H". By
lemmas 4.1.3,and A.23.8) :h ", Viand H" 1. Thus, by lemma A.3.(1b
and1d)M =(M )* andM 2 M" 1. HenceM 2fM 2M" 1jM :mH" 17,
Vig.

Hence(fM 2 M" 1 j M : " 1", Vig)* = fM 2 M" j M : FH" >, Uig and
[(U)=V"[f M 2M"|jM :mH" ", Uig.

U = Uyu Uy By lemma 3.1U;, Uy are good and(dJ1) = d(Uz) = n. By IH, 1(Uyu Up) =
I(U)\ 1(Uz) =

(V" [fM2M"jM :HH" ", Usig)\ (V" [f M 2M"jM 1 HH" ", Usig) =

VO (fM 2 M" M :HH" "5 Ugig\f M 2 M"j M : HH" © 5 Usig).

—fM 2 MM : FH" "5 Uji andM : FH" "5 Ui, thenM : h { ~, Ui and
M :h , ,Us where 1; » H".Byremark4.1M :h 1u , » U;u Usi. Since
by lemmaA.23.3,1u 2 H". M :HH" ", Uy u Uai.

—fM 2 M"andM : hH" "5 Uy u Usi, thenM : h "5 U; u Usi where H". By
v,M:h “,Uji andM :h ", Ui.HenceM : HH" "5 Uji andM : HH" © 5 Usi.

We deduce that(U; u Uy) = VP [f M 2 M"jM : HH" ", U; u Usig.

U=V ! T:Bylemmas 3.1.2V, T are good and lein = d(V) d(T) =0. By IH,
(V)= VT[f M 2M™jM :H™ 5, Vig andl(T) = VO[f M 2 M%jM :H® ", Tig.
Notethatl (V! T)=I(V); I(T).
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— LetM 2 I(V) ; I(T) and by lemma A.22.1, leg™ 2 Vy such thaty 2 V,, and
8n;y" 62FV(M). Theny™ M. By remark 4.1y™ : h(iy™ : V) ", Vi. Hence
ym :hH™ "5 Vi and soy™ 2 [(V) andMy™ 2 I(T).

If My™ 2 VO then sincey 2 V,, by lemma A.24.2M 2 V.

IfMy™2fM 2 MOjM :HH? 5 Tig thenMy™ 2 M andMy™ : hHHC > 5 Ti.
SoMy™ : h “, Ti where HO. Sincey™ 2 FV(My™) and since by
lemma A.14,dom() = FV(My™), = %(y™ : V9 where by lemma 4.1.2,
d(V9 = m. Since(y™ : V9 2 H®, d(VY = m andy™ 2 Vyo, by lemma A.22.2,
V =V2SoMy™:h G(y™:V) ,Tiandbylemma52M :h %,V ! Ti
andbylemma4.1.2M 2 ManddM)=0.Since © H°M :mHHO , VI Ti.
AndsoM 2fM 2 MO M :HHO L, VI Tig.

— LetM 2VO[f M 2MOjM :HHO , V! TigandN 2 I(V)= V" [f M 2 MM j

M :HH™ ", Vig suchthaM N. Then, dN) = m.
CaseM 2 V0. SinceN 2 M, by lemma A.24.3MN 2V° [(T).
CaseM 2fM 2 MOjM :HO? ,V I Tig,soM 2 MO,
If N 2V™, then, by lemma A.24.4N 2V0O I(T).
fN2fM2M™jM :HH™ ", Vig,soM :h 1 2V! TiandN :h "2
Viwhere 1 H%and , H™. SinceM N thenbylemmaA.14.4,; .
Soby! £,MN :hiu » ,Ti.BylemmaA.z233,u , HO Therefore
MN :HH° 5, Ti. Bylemma4.1MN 2 M° HenceMN 2fM 2 M%jM :
HHC 5, Tig  I(T).
HenceM 2 I(V ! T).
We deduce that(V ! T)= VO[f M 2M°jM :HH? ",V ! Tig.

Proof: .
[of Theorem 7.1] RecallfU] , = fM 2M ;M isclosed and 2 |, H-int ! (U)a.

1. LetM 2 [U] ,. ThenM is aclosed term anMl 2 |(U). Hence, by lemma 7.2 2V"[f M 2
M™jM :hH" ", Uig. SinceM is closedM 62 V. HenceM 2fM 2 M" jM : HH" ", Uig
and soM : h ", Ui where H". SinceM s closed, by lemma A.14.1,= () and
M :h) "2 Ui.

Conversely, leM 2 M" whereM : h) ", Ui. By lemma A.14.1M s closed. Let be a
o-interpretation. By soundness lemma 68,2 | (U). ThusM 2 [U] ,.

2. LetM 2 [U] , such thatV N.By1l,M 2 M"andM : h) ", Ui. By subject reduction
corollary 5.7,N : h() "~ Ui. Bylemma 2.1.2, (N) = d(M) = n. By lemma 4.1.2N 2 M.
Hence, by 1IN 2 [U] ,.

3. LetN 2 [U] , such thatV N. By 1,N 2 M" andN : h) ", Ui. By subject expansion
corollary 5.7,M : h) "2 Ui. Bylemma 2.1.2, (N) = d(M) = n. By lemma 4.1.2M 2 M.

Hence, by 1M 2 [U] ,.
u
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Proof:

1. We do two cases:
Caser = . ltiseasytoseethdéx 2 Vi;N, O I (a). Now we show that (a) is
-saturated. LeM N andN 2 1 (a).

If N 20 thenN 2 M ; and9L andx 2 V; such thax: 2 FV(N). By theorem 2.1.2,
FV(N) FV(M)anddM) = d(N), henceM 20O
IfN2fM2M 5 jM :hH ° aig thenN NCand9 H ,suchthatN®:h  ai.
HenceM NCand since by theorem 2.1.2(M) = d(N), M 2fM 2M 5 j M :
H °  aig.
Caser = . Itis easytoseethdx 2 Vi;N, O I (a). Now we show that (a) is
-saturated. Lewm N andN 2 1 (a).

IfN 20O thenN 2M ; and9L andx 2 V; such thatx- 2 FV(N). By theorem 2.1.2,
FV(N) FV(M)anddM)= d(N), henceM 20

fN2fM 2M,; jM M ° aig then9 H , such thatN : h ° ai.

By theorem 5.2M : h "M * aji. Since by theorem 2.1.FV(N) FV(M), let
FV(N) = fxtiiirxbngandFV(M) = FV(N) [ x50t xhltng. So "M =

;(xhi{l IR ;:::;xh:l*mm clboemy 8n+1 i n+ m, let U; such tha‘txiLi 2
Vy,. Then ;(xh:l{l . Uml;:::;x,L]ﬂl*mm “ Un+m) H and byv,M : h ;(xh:l{l
Un+1;:::;xh2*mm : Up+m) = ai. ThusM : lH =~ ai and since by theorem 2.1.2,

dM)=d(N),M 2fM 2M 5 jM :H ° aig.
2. By induction onJ.

U = a: By de nition of |

U=1!L:Bydenition,| (%)= M}5. HenceO-[f M 2M §jM :mHL ~ Ilig

I (h).

LetM 2 1 (I')whereFV(M) = fx:%;:::;xkngthenM 2M 5.81 i n,lety,

the type such that™' 2 V;,. Then = ( xI' : Uj), HL. By lemma 4.2.2 and lemma 8.2,

M :h * I'ti. HenceM : H: ° I'Lti. Thereforel(!'t) f M 2M5jM i HE

I'Lig.

We deducd (!Y)=OL[f M 2M§jM :HE Y Ilig.

U=g&V:L=ixzKanddV)= K.BylHandlemma83 (gV)=(l (V)*' =

OK[fM2MKjM :HHX * Vig)*i =

O fM2M K jM :rHK * Vig)*!.

—1fM 2M ¥ andM : HK ° Vi, thenM N andN : h * Vi where HK

By e lemmas A5and 8 N*' : g  gVi,M* N+ andg HL. Thus
M*'2M 5andM*' i HY Y Ui
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—1fM 2M 5 andM :mHHY © Ui, thenM N andN :h ° Ui where HL. By
lemmas A.5, 4.1, and 8.3 N NT:h "> Viand ' HX. Thus by
lemmaA5M =(M H*'andM '2fM 2M K jM :HK © Vig.

Hence(fM 2 MK jM : mHK ° Vig)*' = fM 2M}5 jM : MH- " Uig and

Il (U)=O-[fM2M§jM HHE ™ Uig.

U=UuUxzBylH, I (UiuUy) =1 (U)\ I (U)=(O-[fM2M5jM:

PHEY ~ Uig)\ (OL[f M 2M 5 jM trHE Y Usig)=OL[ (fM 2M 5 jM it

Uiig\f M 2M 5jM :HY Usig).

—1fM2M5 M :HE Y Ugi andM : HY T Usi, thenM N, M N,
Ni:h 1 UjiandNs:h o Usi where 1; o HL. By con uence theorem 2.2

and subject reduction theorem 59M © such thatM MO MO: hy pmo Ui
andM?: h 5 yo Ui. Hence by Remark 4.1 and lemma 2.1 and lemma 4.2.3a and

lemma A.18.2M%: h 1u 2) mo Upu Uz and, by lemma8.2 1u ) mo
1U o  HY. ThusM :HHY " Uju Usi.
—1fM 2M}5andM : HHY © Uju Usi, thenM N,N :h * Upu Ui and
H-.Byv,N :h ~ UjiandN :h ° Usi.
HenceM :HHL ° Uji andM : HHN © Usi.
We deduce that (UyuTz)= O [f M 2M 5jM :HY " Upu Usig.

U=V ! T:LetdT) = K = d(V). BylH,I (V)= OK[fM 2MEK j
M X Vigandl (T)= O [fM 2M,; jM :HH ° Tig. Note that
I (V! T)=1 (V); | (T).

—LetM 21 (V); | (T)and, by lemma 8.1, leg® 2 Vy such that8K;y K 62

FV(M). ThenM yX.Byremark4.1yX : hyK : V) Vi.HencgyK : HX * Vi.
Thus,yX 21 (V)andMyK 21 (T).

If MyK 20 ,thensince/ 2 V5, by lemma8.3M 20O

If MyK 2fM 2M 5 jM :tH ° Tig thenMyK N andN :h * Ti

suchthat H ,hence,y K:MyK y K:N. We have two cases:
If yK 2 dom() ,then = ;(yK :V)andby! |, yK:N:h VI Ti.
If yX 62dom() ,let = .By! O, yK:N:h 1K1 Ti Byv,since

h 1K1 Tivh ~ V! Ti,wehaveyX:N:h ~ VI Ti.
Note that H . Sincey X:MyK M and y X:MyK y K:N, by
theorem 2.2 and theorem 5.1, thereM< such thatvl MO y K:N M2

MO%h yo VI Ti.Since o H ,M:HH ~ VI Ti.
~LetM 20 [fM2M3jM:HH ° VI TigandN 21 (V)= OK[f M 2
MK jM :mHK * Vig suchthaM N. Then, dN) = K = d(M).

IfM 20 ,then,bylemma8.3yIN 20
fM2fM2M 43 jM:MH ~ VI Tig,then
If N 20K, then, by lemma 8.3y N 2 O
fN2fM2M¥5 jM :HK * Vig thenM M1, N Ni,Mp:h¢°
V! TiandNy:h " Viwhere 1 H and , HX.BylemmaA.5and
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theorem 2.1MN MiN; and, by! g andlemma4.2.3y1;N1:h 1u o
Ti.Bylemma8.2, 1u > H .ThereforeMN :hH ~ Ti.

We deducethat (V! T)= 0 [fM2M ,jM:HH ~ VI Tig.

3. We only do the case= . By induction onU.

U = a: By de nition of | .

U= tLt: Bydenition,1 (!*)= M}. HenceO- [f M 2M §jM : H: ~ 1hig

L ().

LetM 2 1 (!'\) whereFV(M) = fxt '::"x'-“gthenM 2M 5.81 i n,lety;the
type such that(,L' 2 Vy,. Then = ( x :U)n H-. By Iemma422and lemma 8.2,
M :h ~ 1Li. HenceM :hH- " 1L, Thereforel(I I-) f M2M5jM :mH- " 1 hig.
We deducd (!“)= OL[f M 2M §jM :HE "~ Ilig.

U=8V:L= i = K and dV) = K. By IH and lemma 8.3| (gV) = (I (V))*' =
(OK[f M 2M K jM :HK > Vig)*i =

O-[ (fM 2M K]I\/I HHK ~ Vig)*'.

—-IfM 2M K andM : hHK * Vi, thenM :h Vi where HK. By eand 8.2,
M*': g  gViandg H-. ThusM*'2M § andM *! : HY © Ui

—fM2M g_andM_: AL Ui, thenM :h * Ui where HL. By lemmas 4.1,
and8.2M '":h "> Viand ' HKX. ThusbylemmaA5M = (M ')*'and
M i2fM2M KM :HK * Vig.

Hence(fM 2 M K | M chHX o vig)tt = fM 2 MY j M HY T Uig and
| (U)= O'[f M ML LM : M. Uig.

U= Upu Uy BylIH, I (UluU2)— I (UD)\ I (U)=(O-[f M 2M 5iM ipHE
Uiig) \ (OL[fM 2MLjM MY Ulg) = OL [ (fM 2 M & j|\/| HHL
Uiig\f M 2M 5 M : H—|'— * Usig).

-1fM 2M5 M :HE Ui andM : HHE T Ugi, thenM @ h g Usi and
M :h " Uy where 1; » HL. HencebyRemark4.M :h iu 5  Upu Ui
and, bylemma82 1U 2 HY. ThusM :HH- " Uju Usi.

—IfM 2M 5 andM : H—|'— * Uy u Usi, thenM :h ° Upu Usi and H-. Byv,
M :h U1| andM :h ~ Usi. HenceM :HHL * Uji andM : HHY ° Usi.

We deduce that (U u T,) = O- [f M2M5jM :mH- " Upu Usig.

U=V ! T:LetdT) = —d(V).ByIH,I(V):OK[fM2M§j|\/|:
HK * Vigandl (T)= O [fM2M 3 jM :MH " Tig. Notethatl (V! T)=
L (V) | (T).

—LetM 21 (V) ; | (T) and, by lemma 8.1, leg® 2 Vy such that8K;yX 62
FV(M). ThenM yX.Byremark 4.1y : h(yK : V)" Vi.HenceyX : tHX ~ Vi.
Thus,yK 21 (V) andMyK 21 (T).

If MyK 20 |, thensincey 2 Vo, by lemma8.3M 20
If MyX 2fM 2M 45 jM :H ° Tig thenMyK : h ° Ti such that
H . Since by lemma 4.2.3a@om() = FV( MyX) andyX 2 FV(MyK),



Kamareddine, Nour, Rahli, Wells / semantics of expansioiabies 1075

= (y* : V9. Since(yX : V) 2 H ,bylemma8.1v = V% SoMyK :
h ;(yk : V)" Tiandbylemma5M :h ~ V! Ti. Note that H,
henceM :lH ~ VI Ti.
—LetM 20 [fM2M 3 jM:MH ~ V! TigandN 21 (V)= OK[fM 2
MY jM :HK * Vig suchthaM N. Then, dN) = K = d(M).
IfM 20 ,then, bylemma8.3yIN 20
fM2fM2M 53 jM:HH ~ V! Tig,then
If N 2 0K, then, by lemma 8.3yIN 2 O
fN2fM 2MEK jM:mHK " VvigthenM : h; > V! Tiand
N :hy > Viwhere ;1 H and , HKX. By! g and lemma 4.2.3,
MN :hiu 2" Ti.Bylemma8.2,u » H .ThereforeMN :hH ° Ti.
We deduce that (V! T)=0 [fM2M,;jM:MH "~ V! Tig.
u



