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1. Introduction

Intersection types were developed in the late 1970s to type� -terms that are untypable with simple types;
they do this by providing a kind of �nitary type polymorphismwhere the usage of types is listed rather
than quanti�ed over. They have been useful in reasoning about the semantics of the� -calculus, and have
been investigated for use in static program analysis.Expansionwas introduced at the end of the 1970s
as a crucial procedure for calculatingprincipal typingsfor � -terms in type systems with intersection
types, enabling support for compositional type inference.Coppo, Dezani, and Venneri [4] introduced
the operation ofexpansionon typings(pairs of a type environment and a result type) for calculating
the possible typings of a term when using intersection types. As a simple example, the� -term M =
(�x:x (�y:yz )) can be assigned the typing� 1 = h(z : a) ` ((( a ! b) ! b) ! c) ! ci , which happens
to be its principal typing. The termM can also be assigned the typing� 2 = h(z : a1 u a2) ` ((( a1 !
b1) ! b1) u ((a2 ! b2) ! b2) ! c) ! ci , and an expansion operation can obtain� 2 from � 1.

Because the early de�nitions of expansion were complicated, E-variableswere introduced in order
to make the calculations easier to mechanize and reason about. For example, in System E [2], the typing
� 1 from above is replaced by� 3 = h(z : ea) ` (e((a ! b) ! b) ! c) ! ci , which differs from� 1 by
the insertion of the E-variablee at two places, and� 2 can be obtained from� 3 by substituting fore the
expansion termE = ( a := a1; b := b1) u (a := a2; b := b2). Carlier and Wells [3] have surveyed the
history of expansion and also E-variables.

In many kinds of semantics, the meaning of a typeT is calculated by an expression[T]� that takes two
parameters, the typeT and also a valuation� that assigns to type variables the same kind of meanings that
are assigned to types. To extend this idea to types with E-variables, we would need to devise some space
of possible meanings for E-variables. Given that a typee T can be turned by expansion into a new type
S1(T) u S2(T), whereS1 andS2 are arbitrary substitutions (they can be arbitrary furtherexpansions),
and that this can introduce an unbounded number of new variables (both E-variables and regular type
variables), the situation is complicated. Because it is unclear how to devise a space of meanings for
expansions and E-variables, we instead develop a space of meanings for types that is hierarchical in
the sense of having many degrees. We speci�cally avoid trying to give a semantics to the operation
of expansion, and instead treat only the E-variables. Although this idea is not perfect, it seems to go
quite far in giving an intuition for E-variables, namely that each E-variable acts as a kind of capsule that
isolates parts of the� -term being analyzed by the typing.

In the open problems published in the proceedings of the Lecture Notes in Computer Science sym-
posium held in 1975 [7], it is suggested that an arrow type expresses functionality. Following this idea, a
type's semantics is given as a set of closed� -terms with behaviour related to the speci�cation given by the
type. Hence, the semantic approach we use is realisability semantics. Atomic types (e.g., type variables)
are interpreted as sets of� -terms that aresaturated, meaning that they are closed under� -expansion
(i.e., � -reduction in reverse). Arrow and intersection types are interpreted naturally by function spaces
and set intersection. Realisability allows showingsoundnessin the sense that the meaning of a typeT
contains all closed� -terms that can be assignedT as their result type. This has been shown useful for
characterising the behaviour of typed� -terms [14]. One also wants to show the converse of soundness
which is calledcompleteness, i.e., that every closed� -term in the meaning ofT can be assignedT as its
result type.

Hindley [9, 10, 11] was the �rst to study this notion of completeness for a simple type system and he
showed that all the types of that system have the completeness property. Then, he generalised his com-
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pleteness proof for an intersection type system [8]. Using his completeness theorem for the realisability
semantics based on the sets of� -terms saturated by�� -equivalence, Hindley has shown that simple
types are uniquely realised by the� -terms which are typable by these types. However, Hindley'sresult
does not hold for his intersection type system and the completeness theorems were established with the
sets of� -terms saturated by�� -equivalence. In this paper, our completeness result depends only on the
weaker requirement of� -equivalence, and we have managed to make simpler proofs that avoid needing
� -reduction, Church-Rosser (a.k.a. con�uence), or strong normalisation (SN) (although we do establish
both con�uence and SN for both� and�� ).

Other work on realizability we have consulted includes thatby Labib-Sami [15], Farkh and Nour [6],
and Coquand [5], although none of this work deals with intersection types or E-variables. Related work
on realisability that deals with intersection types includes that by Kamareddine and Nour [12], which
gives a realisability semantics with soundness and completeness for an intersection type system. This
system is quite different from the three hierarchical systems we present in this paper. The main difference
being the hierarchies which did not exist in [12].

Initially, we aimed to give a realisability semantics for the system of expansions proposed by Carlier
and Wells in [3]. In order to simplify our study, we considered the system with the expansion variables
but without the expansion rewriting rules. In essence, thismeant that the syntax of terms is:M ::= x j
(M N ) j (�x:M ) wherex ranges over a countably in�nite set of variablesV, that the syntax of types
is: T ::= a j ! j T1 ! T2 j T1 u T2 j eT wherea is a basic type ranging over a countably in�nite
set of type variablesA ande is an expansion variable ranging over a countably in�nite set of expansion
variablesE, and that the typing rules are:

x : h(x : T) ` T i
var

M : h() ` ! i
!

M : h� ; (x : T1) ` T2i
�x:M : h� ` T1 ! T2i

abs

M 1 : h� 1 ` T1 ! T2i M 2 : h� 2 ` T1i
M 1 M 2 : h� 1 u � 2 ` T2i

app

M : h� 1 ` T1i M : h� 2 ` T2i
M : h� 1 u � 2 ` T1 u T2i

u

M : h� ` T i
M : he� ` eTi

e-app

In order to give a realisability semantics for this system, we needed to de�ne the interpretation of
a type to be a set of terms having this type. We were obviously forced to distinguish between the
interpretation ofT andeT. However, in the typing rule e-app, the termM is unchanged and this poses
dif�culties. For this reason, we modi�ed slightly the abovetype system by indexing the terms of the
� -calculus giving us the syntax of terms as:M ::= x i j (M N ) j (�x i :M ) (wherei are natural
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numbers and whereM andN need to satisfy a certain condition before(M N ) is allowed as a term) and
by slightly changing our type rules and in particular the rule e-app:

M : h� ` i Ui

M + : he� ` i eUi
(exp)

In this rule,M + is M where all the indices are increased by 1. Obviously these indices needed a revision
of the� -reduction and of the typing rules in order to preserve the desirable properties of the type system
and the realisability semantics. For this, we de�ned the good terms and the good types and showed that
these notions go hand in hand (e.g., a good type contains onlygood terms). We developed a realisability
semantics where each use of an E-variable in a type corresponds to an index at which evaluation occurs
in the � -term that is assigned the type. This is an elegant solution that captures the intuition behind
E-variables. However, in order for this new type system to function well, it was necessary to consider
�I -terms only (removing a subterm fromM also removes important information aboutM ) and to drop
! completely. This led us to the introduction of�I N-calculus and our �rst type system̀1 for which we
developed a sound realisability semantics for E-variables. However, although the �rst type system̀1

is crucial to understand the intuition behind the indexing we propose, the realisability semantics for` 1

does not satisfy completeness (and neither subject reduction). For this reason, we modi�ed our system
` 1 by considering a smaller set of types (where intersections and expansions cannot occur directly to the
right of an arrow), and by adding subtyping rules. This new system` 2 has both soundness and subject
reduction. As for completeness, we needed to limit the list of expansion variables to a single element
list. This problem of completeness for` 2 comes from the fact that the indexes (the natural numbers) do
not permit us to differentiate between the typese1T ande2T for two different expansion variablese1

ande2. So, again, we were forced to revise our type system. For this, we decided to limit our� -terms by
indexing them by lists of natural numbers (where the naturalnumberi represents the expansion variable
ei ). This way the rule exp above will allow us to distinguish theinterpretations of the typesei T andej T
whenei 6= ej . Furthermore, this way, our� -terms are constructed in such a way thatK -reductions do
not limit the information on the starting terms (in fact,� -reduction is not always allowed). In order to
obtain completeness with the! -rule, we should also consider! indexed by lists. This means that the
new calculus becomes rather heavy but this is unavoidable. It is needed to obtain a complete realisability
semantics where an arbitrary (possibly in�nite) number of expansion variables is allowed and where the
universal type! is present. The use of lists complicates matters and hence, needs to be understood in
the context of the �rst semantics where indices are natural numbers rather than lists of natural numbers.
In addition to the above, we have considered three notions ofsaturations (in line with the literature)
illustrating that these notions behave well in our completerealisability semantics.

Section 2 gives the syntax of the indexed calculi we considerin this paper: the�I N-calculus, which
is the�I -calculus with each variable marked by a natural numberdegree, and the full� -calculus� L N-
calculus indexed with �nite sequences of natural numbers. We show the con�uence of� , �� and weak
head reductionh on our indexed� -calculi. Section 3 introduces the syntax and terminology for types
used in both indexed calculi. Section 4 introduces our threeintersection type systems with E-variables` i

for i 2 f 1; 2; 3g, where in one, the syntax of types is not restricted (and hence subject reduction fails) but
in the other two it is restricted but then extended with a subtyping relation. In Section 5 we study the type
theoretical properties of our three type systems includingsubject reduction and expansion with respect
to our various reduction relations (�; ��; h ). In Section 6, we introduce our realisability semantics and
show its soundness for all the three type systems we consider(and for all the reduction relations). In
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Section 7 we establish the challenges of showing completeness for the realisability semantics of the �rst
two systems. We show that completeness does not hold for the �rst system and that it also does not hold
for the second system if more than one expansion variable is used, but does hold for a restriction of this
system to one single E-variable. This is an important study in the semantics of intersection type systems
with expansion variables since a unique expansion variablecan be used many times and can occur nested.
In Section 8 we establish the completeness of` 3 by introducing a special interpretation. We conclude in
Section 9. Due to space limitations, we omit the details of the proofs. Full proofs however can be found
in the expanded version of this article (currently at [13]) which will always be available at the authors'
web pages.

2. The syntax of the indexed� -calculi

We assume that if a metavariablev ranges over a setS thenvi for i � 0 andv0; v00; etc. also range overS.
A binary relation is a set of pairs. Letrel range over binary relations. Letdom(rel ) = f x j hx; y i 2 relg
andran(rel ) = f y j hx; y i 2 rel g. A function is a binary relationfun such that iffhx; y i ; hx; zig � fun
theny = z. Let fun range over functions. Lets ! s0 = f fun j dom(fun) � s ^ ran(fun) � s0g. We
sometimes writex : s instead ofx 2 s.

De�nition 2.1. (Indices)
We have two kinds of indices: natural numbers for our �rst semantics (clause 1) and lists of natural
numbers for our second semantics (clauses 2..5). We letI; J , range over indices.

1. Letn; m range over the set of natural numbersN = f 0; 1; 2; : : : g.

2. LetL; K; R range overL N the set of �nite sequences of natural numbers(n i )1� i � l . We denote�
the empty sequence of natural numbers.

3. If L = ( n i )1� i � l , we usem :: L to denote the sequence(r i )1� i � l+1 wherer1 = m and for all
i 2 f 2; : : : ; l + 1g, r i = n i � 1. In particular,k :: � = ( k).

4. If L = ( n i )1� i � n andK = ( mi )1� i � m , we useL :: K to denote the sequence(r i )1� i � n+ m where
for all i 2 f 1; : : : ; ng, r i = n i and for all i 2 f n + 1 ; : : : ; n + mg, r i = mi � n . In particular,
L :: � = � :: L = L .

5. We de�ne onL N a binary relation� by:

L 1 � L 2 (or L 2 � L 1) if there existsL 3 2 L N such thatL 2 = L 1 :: L 3.

Lemma 2.1. � is an order relation onL N.

We assume thatx; y; z range over a countably in�nite set of variablesV.
We will de�ne two indexed calculi: the�I N-calculus (whose set of terms is calledM 1 as well as

M 2 for notational reasons) and the� L N-calculus (whose set of terms isM 3). As obvious, indices in�I N

are simple but only allow theI -part of the calculus.
We let M; N; P range overM 1 = M 2 (resp.M 3) and use= for syntactic equality. We assume

the usual de�nition of subterms and the usual convention forparentheses and their omission (see Baren-
dregt [1] and Krivine [14]).
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The joinability M � N of termsM andN ensures that in any term that containsM andN , each
variable has a unique index (note that it is more accurate to include this as part of the simultaneous
inductions in De�nitions 2.3 and 2.5, but for clarity, we took it apart here).

De�nition 2.2. (Joinability � )
Let i 2 f 1; 2; 3g.

� Let M; N be terms of�I N (resp.� L N) and letFV( M ) and FV( N ) be the corresponding free
variables. We say thatM andN are joinable and writeM � N iff for all x 2 V , if x I 2 FV( M )
andxJ 2 FV( N ) (whereI; J are indices inN (resp.L N)), thenI = J .

� If X � M i such that8M; N 2 X ; M � N , we write,�X .

� If X � M i andM 2 M i such that8N 2 X ; M � N , we write,M � X .

Now we give the syntax of�I N, an indexed version of the�I -calculus where indices (which range
over the set of natural numbersN) help categorise thegood termswhere the degree of a function is never
larger than that of its argument. This amounts to having the full �I -calculus at each index and creating
new�I -terms through a mixing recipe.

De�nition 2.3. (The set of termsM 1 (also calledM 2))
The set of termsM 1 = M 2, the set of free variablesFV( M ) of M 2 M 2 and the degree d(M ) of a
termM , are de�ned by simultaneous induction:

� If x 2 V , n 2 N, thenxn 2 M 2, FV( xn ) = f xng, and d(xn ) = n.

� If M; N 2 M 2 such thatM � N (see De�nition 2.2), thenM N 2 M 2, FV( M N ) = FV( M ) [
FV( N ) and d(M N ) = min( d(M ); d(N )) (wheremin is the minimum)

� If M 2 M 2 and xn 2 FV( M ), then �x n :M 2 M 2, FV( �x n :M ) = FV( M ) n f xng, and
d(( �x n :M 1)) = d(M 1).

Note that a subterm ofM 2 M 2 is also inM 2.

Here is now the syntax of good terms in the�I N-calculus.

De�nition 2.4. (The set of good termsM � M 2)
1. The set of good termsM � M 2 is de�ned by:

� If x 2 V , n 2 N, thenxn 2 M,

� If M; N 2 M, M � N and d(M ) � d(N ) thenM N 2 M.

� If M 2 M andxn 2 FV( M ), then�x n :M 2 M.

Note that a subterm ofM 2 M is also inM.

2. For eachn 2 N, we let: � Mn = M \ M n
2

Lemma 2.2. 1. (M is good andxn 2 FV (M )) iff �x n :M is good.
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2. (M 1 andM 2 are good,M 1 � M 2 and d(M 1) � d(M 2)) iff M 1M 2 is good.

Now, we give the syntax of� L N . Note that inM 3, an applicationM N is only allowed when
d(M ) � d(N ). This restriction was not made in�I N. Furthermore, we only allow the abstraction
�x L :M in � L N L � d(M ) which is also the case in�I N since there, we only consider theI -calculus.
The elegance of�I N is the ability to give the syntax of good terms, which is not obvious in� L N.

De�nition 2.5. (The set of termsM 3)
The set of termsM 3, the set of free variablesFV( M ) of M 2 M 3 and the degree function d: M 3 !
L N are de�ned by simultaneous induction:

� If x 2 V andL 2 L N, thenxL 2 M 3, FV( xL ) = f xL g and d(xL ) = L .

� If M; N 2 M 3, d(M ) � d(N ) andM � N (see De�nition 2.2), thenM N 2 M 3, FV( MN ) =
FV( M ) [ FV( N ) and d(M N ) = d(M ).

� If x 2 V , M 2 M 3 andL � d(M ), then�x L :M 2 M 3, FV( �x L :M ) = FV( M ) n f xL g and
d(�x L :M ) = d(M ).

Note that every subterm ofM 2 M 3 is also inM 3.

As expansions change the degree of a term, indexes in a term need to increase/decrease. The next
de�nitions turn terms of degreen into terms of higher degrees and also, ifn > 0, they can be turned into
terms of lower degrees. Note that+ and � are well behaved operations with respect to all that matters
(free variables, reduction, joinability, substitution, etc.).

De�nition 2.6. 1. For eachn 2 N, we let: � M n
2 = f M 2 M 2 j d(M ) = ng

� M >n
2 = M � n+1

2 � M � n
2 = f M 2 M 2 j d(M ) � ng

2. We de�ne+ : M 2 ! M 2 and� : M > 0
2 ! M 2 by:

� (xn )+ = xn+1 � (M 1 M 2)+ = M +
1 M +

2 � (�x n :M )+ = �x n+1 :M +

� (xn )� = xn� 1 � (M 1 M 2)� = M �
1 M �

2 � (�x n :M )� = �x n� 1:M �

3. LetX � M 2. If 8M 2 X , d(M ) > 0, we write d(X ) > 0. We de�ne:
� X + = f M + j M 2 X g � If d(X ) > 0, X � = f M � j M 2 X g.

4. We de�neM � n by induction on d(M ) � n � 0. If n = 0 thenM � n = M and if n � 0 then
M � (n+1) = ( M � n )� .

De�nition 2.7. Let i 2 N andM 2 M 3.

1. For eachL 2 L N, we let: � M L
3 = f M 2 M 3 j d(M ) = Lg

� M � L
3 = f M 2 M 3 j d(M ) � Lg

2. We de�neM + i by:
� (xL )+ i = x i ::L � (M 1 M 2)+ i = M + i

1 M + i
2 � (�x L :M )+ i = �x i ::L :M + i

3. If d(M ) = i :: L , we de�neM � i by: � (x i ::K )� i = xK

� (M 1 M 2)� i = M � i
1 M � i

2 � (�x i ::K :M )� i = �x K :M � i
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4. LetX � M 3. We de�neX + i = f M + i j M 2 X g.
Note that(X \ Y )+ i = X + i \ Y + i .

De�nition 2.8. (Substitution, alpha conversion, compatibility, reduction)
� Let m � 0, 1 � i � m, M; N i be terms of�I N (resp.� L N) andI i 2 N (resp.L N). M [(x I i

i :=
N i )1� i � m ] (or simply M [(x I i

i := N i )m ]), the simultaneous substitution ofN i for all free occur-
rences ofx I i

i in M only matters when:

– �X whereX = f M g [ f N i j 1 � i � mg.

– 8i such that1 � i � m, we haved(N i ) = I i .

We restrict substitution to incorporate these conditions.With X as above,M [(x I i
i := N i )m ] is only

de�ned when�X and whend(N i ) = I i for everyi .1 We may writex I 1
1 := N1; : : : ; x I m

m := Nm

instead of(x I i
i := N i )m . We also writeM [(x I i

i := N i )1� i � 1] asM [x I 1
1 := N1].

� In �I N (resp.� L N), we take terms modulo� -conversiongiven by: �x I :M = �y I :(M [x I := yI ])
where 8J; yJ 62FV( M ) (whereI; J 2 N (resp.L N)). We use the Barendregt convention (BC)
where the names of bound variables differ from the free ones and where we rewrite terms so that
not both�x I and�x J co-occur whenI 6= J .

� Let i 2 f 1; 2; 3g. A relationR on M i is compatibleiff for all M; N; P 2 M i :

– If hM; N i 2 R and�x I :M; �x I :N 2 M i thenh�x I :M; �x I :N i 2 R.

– If hM; N i 2 R andMP; NP 2 M i thenhMP; NP i 2 R.

– If hM; N i 2 R, andPM; PN 2 M i thenhPM; PN i 2 R.

� Let i 2 f 1; 2; 3g. The reduction relation� � on M i is de�ned as the least compatible relation
closed under the rule:(�x I :M )N � � M [x I := N ] if d(N ) = I:

� Let i 2 f 1; 2; 3g. The reduction relation� � on M i is de�ned as the least compatible relation
closed under the rule:�x I :(M x I ) � � M if x I 62FV( M )

� Let i 2 f 1; 2; 3g. The weak head reduction� h on M i is de�ned by:
(�x I :M )NN 1 : : : Nn � h M [x I := N ]N1 : : : Nn wheren � 0

� We let� �� = � � [ � � .

� For a reduction relation� r , we denote by� �
r the re�exive and transitive closure of� r . We denote

by ' r the equivalence relation induced by� �
r .

The next theorem states that reductions preserve the free variables and the degree of a term.

Theorem 2.1. Let i 2 f 1; 2; 3g. Let M 2 M i andr 2 f �; ��; h g.

1. If M � �
� N , thenFV( N ) = FV( M ) and d(M ) = d(N ).

1We can prove the following lemma: LetX = f M g [ f N j j 1 � j � mg. We have:�X and81 � j � m, d(N j ) = I j iff
M [(x

I j
j := N j )m ] 2 M i wherei 2 f 1; 2; 3g.
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2. If i = 3 andM � �
r N , thenFV( N ) � FV( M ) and d(M ) = d(N ).

3. If i 6= 3 andM � �
� N thenFV( M ) = FV( N ), d(M ) = d(N ) andM is good iffN is good.

Proof:

1. By induction onM � �
� N .

2. Caser = � . By induction onM � �
� N .

Caser = �� , by the� and� cases.
Caser = h, by the� case.

3. By induction onM � �
� N .

ut

Normal forms are de�ned as usual.

De�nition 2.9. Let i 2 f 1; 2; 3g.

1. M 2 M i is in � - (resp.�� -, h-) normal form if there is noN 2 M i such thatM � � N (resp.
M � �� N , M � h N ).

2. M 2 M i is � -normalising (resp.�� -normalising,h-normalising) if there is anN 2 M i such that
M � �

� N (resp.M � �� N , M � h N ) andN is in � -normal form (resp.�� -normal form,h-normal
form).

Finally, � , �� andh reductions are con�uent on the indexed lambda calculi:

Theorem 2.2. (Con�uence)
Let i 2 f 1; 2; 3g. Let M; M 1; M 2 2 M i andr 2 f �; ��; h g.

1. If M � �
r M 1 andM � �

r M 2, then there isM 0such thatM 1 � �
r M 0andM 2 � �

r M 0.

2. M 1 ' r M 2 iff there is a termM such thatM 1 � �
r M andM 2 � �

r M .

Proof:
We establish the con�uence using the standard parallel reduction method. Full details can be found
in [13]. ut

3. The types of the indexed calculi

We assume thata; b range over a countably in�nite set of type variablesA , and thate ranges over
a countably in�nite set of expansion variablesE = f e0; e1; : : : g. We denoteei 1 : : : ei n by ~ei (1:n) or
alternatively by~eK , whereK = ( i1; : : : ; in ). In all our type systems, we quotient types by takingu
to be commutative (i.e.U1 u U2 = U2 u U1), associative (i.e.U1 u (U2 u U3) = ( U1 u U2) u U3)
and idempotent (i.e.U u U = U), by assuming the distributivity of expansion variables over u (i.e.
ei (U1 u U2) = ei U1 u ei U2). We denoteUn u Un+1 � � � u Um by um

i = nUi (whenn � m).
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For �I N, we study two type systems (none of which has the! -type). In the �rst, there are no
restrictions on where the arrow occurs. In the second, intersections and expansions cannot occur directly
to the right of an arrow.

De�nition 3.1. (Types, good types and degree of a type for�I N)
1. The sets of typesT2 � U2 � U1 are de�ned byU1 ::= A j U1 ! U1 j U1 u U1 j EU1 and

U2 ::= U2 u U2 j EU2 j T2 where T2 ::= A j U2 ! T2. We letT; U; V; W (resp.T, resp.
U; V; W) range overU1 (resp.T2, resp.U2).

2. We de�ne a function d: U1 ! N by (hence d is also de�ned onU2):
� d(a) = 0 � d(U ! T) = min( d(U); d(T))
� d(eU) = d(U) + 1 � d(U u V) = min( d(U); d(V )) .

3. We de�ne the good types onU1 by (this also de�nes good types onU2):
� If a 2 A , thena is good � If U is good ande 2 E, theneU is good
� If U; T are good and d(U) � d(T), thenU ! T is good
� If U; V are good and d(U) = d(V ), thenU u V is good

The next lemma states when arrow, intersection and expansion types are good.

Lemma 3.1. 1. OnU1 (hence onU2), we have the following:

(a) (U; T are good and d(U) � d(T)) iff U ! T is good.

(b) (U; V are good and d(U) = d(V )) iff U u V is good.

(c) U is good iff eU is good.

2. OnU2, we have in addition the following:

(a) If T 2 T2, then d(T) = 0 .

(b) If d(U) = n thenU = u k
i =1 ~ei (1:n)Vi wherek � 1 and9i:Vi 2 T2.

(c) If U is good and d(U) = n, thenU = u k
i =1 ~ei (1:n)Ti wherek � 1 and8 1 � i � k, Ti 2 T2.

(d) U andT are good iffU ! T is good.

For � L N , we study a type system (with the universal type! ). In this type system, in order to get
subject reduction and hence completeness, intersections and expansions cannot occur directly to the
right of an arrow (seeU3 below). Note that our setsU3 andT3 are far more restricted here than for the
�I N-calculus and that we do not have the luxury of giving a syntaxfor a so-called good types. Note
also that the de�nitions of degrees and types are simultaneous (unlike forU2 andT2 where types were
de�ned without any reference to degrees).

De�nition 3.2. (Types and degrees for� L N)
1. We de�ne sets of typesT3 � U3, and a function d: U3 ! L N by simultaneous induction as

follows:

� If a 2 A , thena 2 T3 and d(a) = � .

� If U 2 U3 andT 2 T3, thenU ! T 2 T3 and d(U ! T) = � .
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� If L 2 L N, then! L 2 U3 and d(! L ) = L .

� If U1; U2 2 U3 and d(U1) = d(U2), thenU1 u U2 2 U3 and d(U1 u U2) = d(U1) = d(U2).

� U 2 U3 andei 2 E, thenei U 2 U3 and d(ei U) = i :: d(U).

Note that d remembers the number of the expansion variablesei in order to keep a trace of them.

2. We letT range overT3, andU; V; W range overU3. We quotient types further by having! L as a
neutral (i.e.! L u U = U). We also assume that for alli � 0 andK 2 L N, ei ! K = ! i ::K .

All our type systems use the following de�nition (of course within the corresponding calculus, with
the corresponding indices and types):

De�nition 3.3. (Environments)
1. Let k 2 f 1; 2; 3g. A type environment forUk is a setf x I 1

1 : U1; : : : ; x I n
n : Un j n � 0; 81 �

i; j � n; Ui 2 Uk ; and if x I i
i = x I j

j thenUi = Uj g. We denote such environment (call it� ) by

x I 1
1 : U1; : : : ; x I n

n : Un or simply by(x I i
i : Ui )n and de�nedom(�) = f x I i

i j 1 � i � ng. We let
EnvUk be the set of type environments forUk . If dom(� 1) \ dom(� 2) = ; , we write� 1; � 2 for
� 1 [ � 2. Let � ; � range over environments and let() be the empty environment.

2. If � = ( x I i
i : Ui )n andxJ 62dom(�) , then we write� ; xJ : U for the type environmentx I 1

1 :
U1; : : : ; x I n

n : Un ; xJ : U.

3. We say that� 1 is joinable with� 2 and write� 1 � � 2 iff
for all x 2 V , if x I 2 dom(� 1) andxJ 2 dom(� 2), thenI = J .

4. We say that a type environment� is OK (and writeOK(�) ) iff for all x I : U 2 � , d(U) = I .

5. Let � 1 = ( x I i
i : Ui )n ; � 0

1, � 2 = ( x I i
i : U0

i )n ; � 0
2 wheredom(� 0

1) \ dom(� 0
2) = ; and81 � i � n,

d(Ui ) = d(U0
i ). We denote� 1 u � 2 the type environment

(x I i
i : Ui uU0

i )n ; � 0
1; � 0

2. Note thatdom(� 1u � 2) = dom(� 1)[ dom(� 2) and that, on environments,
u is commutative, associative and idempotent.

6. In �I N (i.e., onEnvU1 andEnvU2 ), we de�ne for� = ( xn i
i : Ui )n :

� � is good iff , for every1 � i � n, Ui is good.

� d(�) > 0 iff for every 1 � i � n, d(Ui ) > 0 andn i > 0.

� e� = ( xn i +1
i : eUi )n . Soe(� 1 u � 2) = e� 1 u e� 2.

7. In � L N (i.e., onEnvU3 ), we de�ne:

� If M 2 M 3 andFV( M ) = f xL 1
1 ; : : : ; xL n

n g, letenv!
M be the type environment(xL i

i : ! L i )n .

� Let � = ( xL i
i : Ui )n andej 2 E.

– We denoteej � = ( x j ::L i
i : ej Ui )n . Note thate(� 1 u � 2) = e� 1 u e� 2.

– d(�) � L if and only if for all i 2 f 1; : : : ; ng, d(Ui ) � L .

As we did for terms, we decrease the indexes of types and environments.
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De�nition 3.4. (Degree decreasing in�I N)
1. If d(U) > 0, we inductively de�ne the typeU � by:

� (U1 u U2)� = U �
1 u U �

2 � (eU)� = U
If d(U) � n � 0, we inductively de�ne the typeU � n by:

if n = 0 thenU � n = U and if n � 0 thenU � (n+1) = ( U � n )� .

2. If � = ( xn i
i : Ui )k and d(�) > 0, then we let� � = ( xn i � 1

i : U �
i )k .

If d(�) � n � 0, then,
if n = 0 then� � n = � and if n � 0 then� � (n+1) = (� � n )� .

De�nition 3.5. (Degree decreasing in� L N)
1. If d(U) � L , then if L = � thenU � L = U elseL = i :: K and we inductively de�ne the type

U � L as follows:
(U1 u U2)� i ::K = U � i ::K

1 u U � i ::K
2 (ei U)� i ::K = U � K

We writeU � i instead ofU � (i ) .

2. If � = ( xL i
i : Ui )k and d(�) � L , then for all i 2 f 1; : : : ; kg, L i = L :: L 0

i and� � L denote
(xL 0

i : U � L
i )k .

We write� � i instead of� � (i ) .

4. The type systems̀ 1 and ` 2 for �I N and ` 3 for � L N

In this section we introduce our three type systems` i for i 2 f 1; 2; 3g, our intersection type systems with
expansion variables. The systems` 1 (which uses types inUi ) and` 2 (which uses types inU2) are for
�I N, ` 3 (which uses types inU3) is for � L N . In ` 1, types are not restricted and Subject Reduction (SR)
fails. In ` 2, the syntax of types is restricted (seeU2), and in order to guarantee SR for this type system
(and hence completeness later on), we introduce a subtypingrelation which will allow intersection type
elimination (something not available in the �rst type system). In ` 3, the syntax of types is restricted
further (seeU3) so that completeness will hold with an arbitrary number of expansion variables.

We follow [3] and write type judgements asM : h� ` Ui instead of� ` M : U.

De�nition 4.1. (The type systems)
Let i 2 f 1; 2; 3g. The type system̀ i uses the setUi of de�nitions 3.1 and 3.2. The typing rules of` 1

and` 2 are given on the left of Figure 1 (recall that when used for` 1, U andT range over all ofU1, and
when used for̀ 2, U ranges overU2 andT ranges only overT2). The typing rules of̀ 3 are given on the
left of Figure 2. In the last clause, the binary relationv is de�ned onU2 andU3 by the rules on the right
hand side of Figures 1 and 2 respectively. Forj 2 f 2; 3g, we let� denote types inUj , or environments
� or j -typingsh� ` j Ui . When� v � 0, then� and� 0belong to the same set (Uj /EnvUj /j -typings).
� We say that� is ` i -legal iff there areM; U such thatM : h� ` i Ui .
� Let k 2 f 1; 2g. We say that

� h� ` k Ui is good iff � andU are good.
� d(h� ` k Ui ) > 0 iff d(�) > 0 and d(U) > 0.

� We say that d(h� ` 3 Ui ) � L if and only if d(�) � L and d(U) � L .

To illustrate how our indexed type system works, we give an example:
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Let i 2 f 1; 2g
In ` 1, U andT range over all ofU1.

In ` 2, U ranges overU2 andT ranges only overT2

T good d(T) = n
xn : h(xn : T ) ` 1 Ti

(ax)

T good

x0 : h(x0 : T ) ` 2 Ti
(ax)

M : h� ; (xn : U) ` i Ti

�x n :M : h� ` i U ! T i
(! I )

M 1 : h� 1 ` i U ! T i M 2 : h� 2 ` i Ui � 1 � � 2

M 1M 2 : h� 1 u � 2 ` i Ti
(! E )

M : h� 1 ` i U1i M : h� 2 ` i U2i
M : h� 1 u � 2 ` i U1 u U2i

(u I )

M : h� ` i Ui

M + : he� ` i eUi
(exp)

M : h� ` 2 Ui h� ` 2 Ui v h � 0 ` 2 U0i

M : h� 0 ` 2 U0i
(v )

v is de�ned on:
U2, EnvU2 and2-typings.

� v �
(ref )

� 1 v � 2 � 2 v � 3

� 1 v � 3
(tr )

U2 good d(U1) = d(U2)
U1 u U2 v U1

(uE )

U1 v V1 U2 v V2

U1 u U2 v V1 u V2
(u)

U2 v U1 T1 v T2

U1 ! T1 v U2 ! T2
(! )

U1 v U2

eU1 v eU2
(v exp )

U1 v U2 yn 62dom(�)

� ; (yn : U1) v � ; (yn : U2)
(v c)

U1 v U2 � 2 v � 1

h� 1 ` 2 U1i v h � 2 ` 2 U2i
(v hi )

Figure 1. Typing rules / Subtyping rules for` 1 and` 2

Example 4.1. Let L 1 = 3 :: � � L 2 = 3 :: 2 :: � � L 3 = 3 :: 2 :: 1 :: � � L 4 = 3 :: 2 :: 1 :: 0 :: �
and leta; b; c; d2 A . ConsiderM; M 0; U as follows:
M = �x L 2 :�y L 1 :(yL 1 (xL 2 �u L 3 :�v L 4 :(uL 3 (vL 4 vL 4 )))) 2 M 3.
M 0 = �x 2:�y 1:(y1 (x2 �u 3:�v 4:(u3 (v4 v4)))) 2 M 2.
U = e3(e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d) ! ((( e2d ! a) u b) ! a)) .

We invite the reader to check thatM : h() ` 3 Ui andM 0 : h() ` 2 Ui . We simply give some steps
in the derivation ofM : h() ` 3 Ui (note that the derivation ofM 0 : h() ` 2 Ui only differs from the
derivation ofM : h() ` 3 Ui by replacing everywherè3 by ` 2 and any listn1 :: n2 � � � :: nk :: � by k
for anyk � 0):

� v� v� :< v � : a u (a ! b) ` 3 b >

� v0::� v0::� :< v 0::� : e0(a u (a ! b)) ` 3 e0b >

� u� :< u � : e0b ! c ` 3 e0b ! c >

� u� (v0::� v0::� ) :< u � : e0b ! c; v0::� : e0(a u (a ! b)) ` 3 c >

� �v 0::� :u� (v0::� v0::� ) :< u � : e0b ! c ` 3 e0(a u (a ! b)) ! c >
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U ranges overU3 andT ranges only overT3

x � : h(x � : T ) ` 3 T i
(ax)

M : henv!
M ` 3 ! d( M ) i

(! )

M : h� ; (xL : U) ` 3 T i

�x L :M : h� ` 3 U ! T i
(! I )

M : h� ` 3 T i xL 62dom(�)

�x L :M : h� ` 3 ! L ! T i
(! 0

I )

M 1 : h� 1 ` 3 U ! T i M 2 : h� 2 ` 3 Ui � 1 � � 2

M 1M 2 : h� 1 u � 2 ` 3 T i
(! E )

M : h� ` 3 U1 i M : h� ` 3 U2 i

M : h� ` 3 U1 u U2 i
(u I )

M : h� ` 3 Ui

M + j : hej � ` 3 ej Ui
(e)

M : h� ` 3 Ui h� ` 3 Ui v h � 0 ` 3 U0i

M : h� 0 ` 3 U0i
(v )

v is de�ned on:

U3 , Env U3 and3-typing.

� v �
(ref )

� 1 v � 2 � 2 v � 3

� 1 v � 3
(tr )

d(U1) = d(U2)
U1 u U2 v U1

(u E )

U1 v V1 U2 v V2 d(U1) = d(U2)
U1 u U2 v V1 u V2

(u )

U2 v U1 T1 v T2

U1 ! T1 v U2 ! T2
(! )

U1 v U2

eU1 v eU2
(v e)

U1 v U2 yL 62dom(�)

� ; yL : U1 v � ; yL : U2

(v c)

U1 v U2 � 2 v � 1

h� 1 ` 3 U1 i v h � 2 ` 3 U2 i
(v hi )

Figure 2. Typing rules / Subtyping rules for` 3

� �u � :�v 0::� :u� (v0::� v0::� ) :< () ` 3 (e0b ! c) ! (e0(a u (a ! b)) ! c) >

� �u 1::� :�v 1::0::� :u1::� (v1::0::� v1::0::� ) :
< () ` 3 e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) >

� x � :< x � : e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d
` 3 e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d >

� x � (�u 1::� :�v 1::0::� :u1::� (v1::0::� v1::0::� )) :
< x � : e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d ` 3 d >

� x2::� (�u 2::1::� :�v 2::1::0::� :u2::1::� (v2::1::0::� v2::1::0::� )) :
< x 2::� : e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d) ` 3 e2d >

� y� (x2::� (�u 2::1::� :�v 2::1::0::� :u2::1::� (v2::1::0::� v2::1::0::� ))) :
< x 2::� : e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d);

y� : (e2d ! a) u b ` 3 a >

� �y � :(y� (x2::� (�u 2::1::� :�v 2::1::0::� :u2::1::� (v2::1::0::� v2::1::0::� )))) :
< x 2::� : e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d);
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` 3 ((e2d ! a) u b) ! a >

� �x 2::� :�y � :(y� (x2::� (�u 2::1::� :�v 2::1::0::� :u2::1::� (v2::1::0::� v2::1::0::� )))) :
< () ` 3 e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d);

! ((( e2d ! a) u b) ! a) >

� �x L 2 :�y L 1 :(yL 1 (xL 2 (�u L 3 :�v L 4 :uL 3 (vL 4 vL 4 )))) :
< () ` 3 e3(e2(e1((e0b ! c) ! (e0(a u (a ! b)) ! c)) ! d);

! ((( e2d ! a) u b) ! a)) >

De�nition 4.2. 1. In �I N, if U 2 U2 and� 2 EnvU2 such that d(�) > 0 and d(U) > 0, then we let
(h� ` 2 Ui )� = ( h� � ` 2 U � i ).

2. In � L N , if U 2 U3 and � 2 EnvU3 such that d(�) � K and d(U) � K , then we denote
(h� ` 3 Ui )� K = h� � K ` 3 U � K i .

Next we show how ordering propagates to environments and relates degrees:

Lemma 4.1. 1. If � v � 0, U v U0andx I 62dom(�) then� ; (x I : U) v � 0; (x I : U0).

2. � v � 0 iff � = ( x I i
i : Ui )n , � 0 = ( x I i

i : U0
i )n and for alli 2 f 1; : : : ; ng, Ui v U0

i .

3. Let j 2 f 2; 3g. h� ` j Ui v h � 0 ` j U0i iff � 0 v � andU v U0.

4. v is well de�ned onUj , EnvUj and onj -typings, forj 2 f 2; 3; g.

5. If U1 v U2 thend(U1) = d(U2) andU1 is good iffU2 is good.

6. If � 1 v � 2 thend(� 1) � L iff d(� 2) � L .

Proof:
1. and 2. By induction on the derivation� v � 0.
3. By induction on the derivationh� ` j Ui v h � 0 ` j U0i .
4. By induction on the derivation� 1 v � 2

5. By induction on the derivationU1 v U2.
6. By induction on the derivation� 1 v � 2. ut

The next theorem states that typings are well de�ned, that within a typing, degrees are well behaved
and that we do not allow weakening.

Theorem 4.1. Let j 2 f 1; 2; 3g. We have:

1. ` j is well de�ned onM j � EnvUj � Uj .

2. Let � = ( x I i
i : Ui )n andM : h� ` j Ui . Then:

(a) d(M ) = d(U) and81 � i � n, d(Ui ) = I i .

(b) If j = 3 then d(�) � d(U).
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(c) If j 6= 3 thenU andM are good and8 1 � i � n, d(Ui ) � d(M ) andUi is good.

3. LetM : h� ` j Ui . Then:

(a) dom(�) = FV( M ).

(b) If j 6= 3 and d(U) � k thenM � k : h� � k ` j U � k i .

(c) If j = 3 and d(U) � K thenM � K : h� � K ` 3 U � K i .

Proof:
We prove 1 and 2 simultaneously by induction on the derivation M : h� ` j Ui using Lemma 4.1. We
prove 3 by induction on the derivationM : h� ` j Ui . ut

Here are some derivable typing rules.

Remark 4.1. Let j 2 f 2; 3g.

1. The rule
M : h� 1 ` j U1i M : h� 2 ` j U2i

M : h� 1 u � 2 ` j U1 u U2i
u0

I is derivable.

2. The rule
U is good d(U) = n
xn : h(xn : U) ` 2 Ui

ax0 is derivable.

3. The rule
xd(U) : h(xd(U) : U) ` 3 Ui

ax00is derivable.

4. The rule
U v ! d(U)

! is derivable.

Lemma 4.2. Let i 2 f 1; 2; 3g.

1. If M : h� ` 3 Ui then� v env!
M

2. If dom(�) = FV( M ), and8xL : U 2 � , d(U) = L thenM : h� ` 3 ! d(M ) i .

3. If M 1 : h� 1 ` i Ui andM 2 : h� 2 ` i Ui then� 1 � � 2 iff M 1 � M 2.

Proof:

1. Let � = ( xL i
i : Ui )n whereFV( M ) = f xL 1

1 ; xL 2
2 ; : : : ; xL n

n g by Theorem 4.1.3a. Since by Re-
mark 4.1.4 resp. Theorem 4.1.2,81 � i � n, Ui v ! d(Ui ) resp.d(Ui ) = L i , then by Lemma 4.1.2,
� v env!

M .

2. Let � = ( xL i
i : Ui )n whereFV( M ) = f xL 1

1 ; xL 2
2 ; : : : ; xL n

n g and 81 � i � n, d(Ui ) = L i .
By Remark 4.1.4,Ui v ! L i . By Lemma 4.1.1,� v env!

M = ( xL i : ! L i )n . Since by! ,
M : henv!

M ` 3 ! d(M ) i , we have byv andv hi , M : h� ` 3 ! d(M ) i .

3. If) Let x I 2 dom(� 1) andxJ 2 dom(� 2) then by Theorem 4.1.3a,x I 2 FV( M 1) andxJ 2
FV( M 2) so � 1 � � 2. Only if) Let x I 2 FV( M 1) andxJ 2 FV( M 2) then by Theorem 4.1.3a,
x I 2 dom(� 1) andxJ 2 dom(� 2) soM 1 � M 2.

ut
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5. Subject reduction and expansion properties

Now we list the generation lemmas for the three type systems (for proofs see [13]).

Lemma 5.1. (Generation for` 1)
1. If xn : h� ` 1 Ti , then� = ( xn : T).

2. If �x n :M : h� ` 1 T1 ! T2i , thenM : h� ; xn : T1 ` 1 T2i .

3. If MN : h� ` 1 Ti then � = � 1 u � 2, T = un
i =1 ~ei (1:m i )Ti , n � 1; mi � 0, M : h� 1 ` 1

un
i =1 ~ei (1:m i ) (T0

i ! Ti )i andN : h� 2 ` 1 un
i =1 ~ei (1:m i )T0

i i .

Lemma 5.2. (Generation for` 2)
1. If xn : h� ` 2 Ui , then� = ( xn : V ) whereV v U.

2. If �x n :M : h� ` 2 Ui and d(U) = m, thenU = u k
i =1 ~ei (1:m) (Vi ! Ti ) wherek � 1 and

81 � i � k, M : h� ; xn : ~ei (1:m)Vi ` 2 ~ei (1:m)Ti i .

Lemma 5.3. (Generation for` 3)
1. If xL : h� ` 3 Ui , then� = ( xL : V ) andV v U.

2. If �x L :M : h� ` 3 Ui , xL 2 FV( M ) and d(U) = K , thenU = ! K or U = up
i =1 ~eK (Vi ! Ti )

wherep � 1 and for alli 2 f 1; : : : ; pg, M : h� ; xL : ~eK Vi ` 3 ~eK Ti i .

3. If �x L :M : h� ` 3 Ui , xL 62FV( M ) and d(U) = K , thenU = ! K or U = up
i =1 ~eK (Vi ! Ti )

wherep � 1 and for alli 2 f 1; : : : ; pg, M : h� ` 3 ~eK Ti i .

4. If M x L : h� ; (xL : U) ` 3 Ti andxL 62FV( M ), thenM : h� ` 3 U ! Ti .

Proof:
1. By induction on the derivationxL : h� ` 3 Ui . 2. By induction on the derivation�x L :M : h� ` 3 Ui .
3. Same proof as that of 2. 4. By induction on the derivationM x L : h� ; xL : U ` 3 Ti . ut

We also show that no� -redexes are blocked in a typable term.

Lemma 5.4. (No� -redexes are blocked in typable terms)
Let i 2 f 1; 2g andM : h� ` i Ui . If (�x n :M 1)M 2 is a subterm ofM , then d(M 2) = n and hence
(�x n :M 1)M 2 � � M 1[xn := M 2].

Lemma 5.5. (Substitution for ` 2 and ` 3)
Let i 2 f 2; 3g. If M : h� ; x I : U ` i V i , N : h� ` i Ui andM � N thenM [x I := N ] : h� u � ` i V i .

Proof:
By induction on the derivationM : h� ; x I : U ` i V i . ut

Lemma 5.6. (Substitution and Subject� -reduction fails for ` 1)
Let a; b; cbe different elements ofA . We have:

1. (�x 0:x0x0)(y0z0) � � (y0z0)(y0z0)
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2. (�x 0:x0x0)(y0z0) : hy0 : b ! ((a ! c) u a); z0 : b ` 1 ci .

3. x0x0 : hx0 : (a ! c) u a ` 1 ci .

4. It is not possible that

(y0z0)(y0z0) : hy0 : b ! ((a ! c) u a); z0 : b ` 1 ci .
Hence, the substitution and subject� -reduction lemmas fail for̀ 1.

Proof:
1..3 are easy. For 4, assume(y0z0)(y0z0) : hy0 : b ! ((a ! c) u a); z0 : b ` 1 ci . By lemma 5.1.3 twice
using lemmas 4.1 and 5.1.1:

� y0z0 : hy0 : b ! ((a ! c) u a); z0 : b ` 1 un
i =1 (Ti ! c)i .

� y0 : hy0 : b ! ((a ! c) u a) ` 1 b ! (a ! c) u ai .

� z0 : hz0 : b ` 1 bi .

� u n
i =1 (Ti ! c) = ( a ! c) u a.

Hencea = Ti ! c for someTi . Absurd. ut

Nevertheless, we show that SR and subject expansion for� using` 2 holds. This will be used in the
proof of completeness (more speci�cally in lemma 7.2 which is basic for the completeness theorem 7.1).

Lemma 5.7. (Subject reduction and expansion for� and ` 2)
1. If M : h� ` 2 Ui andM � �

� N , thenN : h� ` 2 Ui .

2. If N : h� ` 2 Ui andM � �
� N thenM : h� ` 2 Ui .

Since` 3 does not allow weakening, we need the next de�nition since when a term is reduced, it may
lose some of its free variables and hence will need to be typedin a smaller environment.

De�nition 5.1. If � is a type environment andU � dom(�) , then we write� � U for the restriction of�
on the variables ofU. If U = FV( M ) for a termM , we write� � M instead of� � FV( M ) .

Now we are ready to prove the main result of this section:

Theorem 5.1. (Subject reduction for` 3)
If M : h� ` 3 Ui andM � �

�� N , thenN : h� � N ` 3 Ui .

Proof:
By induction on the derivationM : h� ` 3 Ui . ut

Corollary 5.1. 1. If M : h� ` 3 Ui andM � �
� N , thenN : h� � N ` 3 Ui .

2. If M : h� ` 3 Ui andM � �
h N , thenN : h� � N ` 3 Ui .

The next lemma is needed for expansion.
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Lemma 5.8. If M [xL := N ] : h� ` 3 Ui , d(N ) = L andxL 2 FV( M ) then there exist a typeV and
two type environments� 1; � 2 such that d(V ) = L and:
M : h� 1; xL : V ` 3 Ui N : h� 2 ` 3 V i � = � 1 u � 2

Proof:
By induction on the derivationM [xL := N ] : h� ` 3 Ui . ut

Since more free variables might appear in the� -expansion of a term, the next de�nition gives a
possible enlargement of an environment.

De�nition 5.2. Let m � n, � = ( xL i
i : Ui )n and U = f xL 1

1 ; : : : ; xL m
m g. We write � " U for xL 1

1 :
U1; : : : ; xL n

n : Un ; xL n +1
n+1 : ! L n +1 ; : : : ; xL m

m : ! L m . If dom(�) � FV( M ), we write � " M instead of
� " FV( M ) .

We are now ready to establish that subject expansion holds for � (next theorem) and that it fails for
� (Lemma 5.9).

Theorem 5.2. (Subject expansion for� )
If N : h� ` 3 Ui andM � �

� N , thenM : h� " M ` 3 Ui .

Proof:
By induction on the length of the derivationM � �

� N using the fact that ifFV( P) � FV( Q), then
(� " P )" Q = � " Q . ut

Corollary 5.2. If N : h� ` 3 Ui andM � �
h N , thenM : h� " M ` 3 Ui .

Lemma 5.9. (Subject expansion fails for� )
Let a be an element ofA . We have:

1. �y � :�x � :y� x � � � �y � :y�

2. �y � :y� : h() ` 3 a ! ai .

3. It is not possible that:�y � :�x � :y� x � : h() ` 3 a ! ai .
Hence, the subject� -expansion lemmas fail for̀3.

Proof:
1. and 2. are easy. For 3., assume�y � :�x � :y� x � : h() ` 3 a ! ai .
By Lemma 5.3.2,�x � :y� x � : h(y : a) ` 3! ai . Again, by Lemma 5.3.2,a = ! � or there existsn � 1
such thata = un

i =1 (Ui ! Ti ), absurd. ut

6. Realisability

Crucial to a realisability semantics is the notion of a saturated set:

De�nition 6.1. (Saturated sets)
Let i 2 f 1; 2; 3g andX ; Y � M i .
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1. We useP(X ) to denote the powerset ofX , i.e. fY j Y � X g .

2. We de�neX ; Y = f M 2 M i j 8N 2 X : M � N ) MN 2 Yg.

3. We say thatX o Yiff for all M 2 X ; Y, there existN 2 X such thatM � N .

4. Forr 2 f �; ��; h g, we say thatX is r -saturated if wheneverM � �
r N andN 2 X , thenM 2 X .

Saturation is closed under intersection, lifting and arrows:

Lemma 6.1. 1. If X ; Y arer -saturated sets, thenX \ Y is r -saturated.

2. If X � M 3 is r -saturated, thenX + i is r -saturated.

3. If X � M 2 is r -saturated, thenX + is r -saturated.

4. LetX ; Y � M 2 (resp.M 3). If Y is r -saturated, then, for every setX , X ; Y is r -saturated.

5. If X ; Y � M 2 then(X ; Y)+ � X + ; Y+ .

6. If X ; Y � M 3 then(X ; Y)+ i � X + i ; Y+ i .

7. LetX ; Y � M 2. If X + o Y+ , thenX + ; Y+ � (X ; Y)+ .

8. LetX ; Y � M 3. If X + i o Y+ i , thenX + i ; Y+ i � (X ; Y)+ i .

9. For everyn 2 N, the setMn is saturated.

The interpretations and meanings of types are crucial to a realisability semantics:

De�nition 6.2. (Interpretations and meaning of types)
Let V = V1 [ V 2 whereV1 \ V 2 = ; andV1; V2 are both countably in�nite. Leti 2 f 1; 2; 3g.

1. Letx 2 V1 andI an index. We de�neN I
x = f x I N1:::Nk 2 M i j k � 0g.

2. In �I N, let r = � andI 0 = 0 . In � L N , let r 2 f �; ��; h g andI 0 = � .

(a) An r i -interpretationI : A ! P (M I 0
i ) is a function such that for alla 2 A :

� I (a) is r -saturated � In �I N, I (a) � M0 � 8 x 2 V1; N I 0
x � I (a).

(b) Let anr i -interpretationI : A ! P (M I 0
i ). We extendI (to U1 in case of�I N and toU3 in

case of� L N) as follows:
� I (U1 u U2) = I (U1) \ I (U2) � I (U ! T) = I (U) ; I (T)
In �I N: � I (eU) = I (U)+

In � L N : � I (! L ) = M L
3 � I (ei U) = I (U)+ i

Because\ is commutative, associative, idempotent,(X \Y )+ = X + \Y + and(X \Y )+ i =
X + i \ Y + i , I is well de�ned.
Let r i -int = fI j I is anr i -interpretationg.

(c) LetU 2 Ui . Let r 2 f �; ��; h g. De�ne [U]r i , ther i -interpretation ofU by:
[U]r i = f M 2 M i j M is closed andM 2

T
I2 r i -int I (U)g
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It is easy to show that in�I N, if xn N1:::Nk 2 N n
x then8 1 � i � k, d(N i ) � n. Hence, in�I N,

we haveN n
x = f xn N1:::Nk 2 M j k � 0g.

Type interpretations are saturated and interpretations ofgood types contain only good terms.

Lemma 6.2. Let r 2 f �; ��; h g. Let i 2 f 2; 3g.

1. (a) For anyU 2 Ui andI 2 r i -int, we haveI (U) is r -saturated.

(b) If d(U) = L andI 2 r3-int, then for allx 2 V1; N L
x � I (U) � M L

3 .

(c) If U is a good type such that d(U) = n andI is anr2-interpretation, then8x 2 V1, xn 2
N n

x � I (U) � Mn .

2. Let r 2 f �; ��; h g. If I 2 r i -int andU v V , thenI (U) � I (V ).

Proof:
1a . By induction onU using lemma 6.1.
1b. We prove8x 2 V1: N L

x � I (U) � M L
3 by induction onU.

1c. Obviously,xn 2 N n
x . We proveN n

x � I (U) � Mn by induction onU good.
2. By induction of the derivationU v V . ut

Corollary 6.1. (Meanings of good types consist of good terms)
OnU1 (hence also onU2) we have: IfU is a good type such that d(U) = n then[U]� 2 � Mn .

Proof:
Simply note that by lemma 6.2, for any interpretationI , I (U) � Mn . ut

Lemma 6.3. (Soundness of̀ 1/` 2/` 3)
Let i 2 f 1; 2; 3g, r 2 f �; ��; h g, I 2 r i -int. Let M : h(x I j

j : Uj )n ` i Ui and81 � j � n, N j 2 I (Uj ).

If �f M; N 1; N2; : : : ; Nn g, thenM [(x I j
j := N j )n ] 2 I (U).

Proof:
By induction on the derivationM : h(x I j

j : Uj )n ` i Ui . ut

Corollary 6.2. Let r 2 f �; ��; h g andi 2 f 1; 2; 3g. If M : h() ` i Ui , thenM 2 [U]r i .

Proof:
By Lemma 6.3,M 2 I (U) for any r i -interpretationI . By Lemma 4.2,FV( M ) = dom(()) = ; and
henceM is closed. Therefore,M 2 [U]r i . ut

Lemma 6.4. (The meaning of types is closed under type operations)
Let r 2 f �; ��; h g andj 2 f 1; 2; 3g. The following hold:

1. [ei U]r 3 = [ U]+ i
r 3

and if k 2 f 1; 2g then[eU]r k = [ U]+r k

2. [U u V ]r j = [ U]r j \ [V ]r j

3. If U ! T 2 U3 then for any interpretationI , I (U) o I(T).
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4. If U ! T is good then for any interpretationI , I (U) o I(T).

5. OnU1 only (sinceeU ! eT 62U2), we have:
If U ! T is good, then[e(U ! T)]� 2 = [ eU ! eT]� 2 .

Proof:
1. and 2. are easy.

3. Let d(U) = L , M 2 I (U) ; I (T) andx 2 V1 such that for allK , xK 62FV( M ), henceM � xL

and by lemma 6.2,xL 2 I (U).

4. Let d(U) = n andM 2 I (U) ; I (T). Takex 2 V1 such that8p 2 N, xp 62FV (M ). Hence,
M � xn . By lemma 3.1,U is good and by lemma 6.2,xn 2 I (U).

5. SinceU ! T is good, then, by lemma 3.1,U; T are good and d(U) � d(T). Again by lemma 3.1,
eU, eT are good, d(eU) � d(eT) andeU ! eT is good. Hence by 3. above,I (U)+ o I(T)+ .
Thus, by lemma 6.1.5, for any interpretationI we haveI (e(U ! T)) = I (eU ! eT).

ut

The next de�nition and lemma put the realisability semantics in use.

De�nition 6.3. (Examples)
Let a; b2 A wherea 6= b. We de�ne:

� Id 0 = a ! a, Id 1 = e1(a ! a) andId 0
1 = e1a ! e1a.

� D = ( a u (a ! b)) ! b.

� Nat 0 = ( a ! a) ! (a ! a), Nat 1 = e1((a ! a) ! (a ! a)) ,
andNat 0

0 = ( e1a ! a) ! (e1a ! a).

Moreover, ifM; N are terms andn 2 N, we de�ne (M )n N by induction onn: (M )0 N = N and
(M )m+1 N = M ((M )m N ).

Lemma 6.5. 1. [(a u b) ! a]� 1 = f M 2 M0 j M � �
� �y 0:y0g.

2. It is not possible that�y 0:y0 : h() ` 1 (a u b) ! ai .

3. �y 0:y0 : h() ` 2 (a u b) ! ai .

4. [Id 0]� 3 = f M 2 M �
3 j M � �

� �y � y� g.

5. [Id 1]� 3 = [ Id 0
1]� = f M 2 M (1)

3 j M � �
� �y (1) :y(1) g. (Note thatId 0

1 62U3.)

6. [D ]� 3 = f M 2 M �
3 j M � �

� �y � :y� y� g.

7. [Nat 0]� 3 = f M 2 M �
3 j M � �

� �f � :f � or M � �
� �f � :�y � :(f � )ny� wheren � 1g.

8. [Nat 1]� 3 = f M 2 M (1)
3 j M � �

� �f (1) :f (1) or M � �
� �f (1) :�x (1) :(f (1) )n y(1) wheren � 1g.

9. [Nat 0
0]� 3 = f M 2 M �

3 j M � �
� �f � :f � or M � �

� �f � :�y (1) :f � y(1) g.



Kamareddine, Nour, Rahli, Wells / semantics of expansion variables 1023

7. The challenges of completeness in�I N

In this paper we are concerned with two realisability semantics of E-variables. These semantics are
based on a hierarchy of types and terms. Considering how expansions can introduce new substitutions,
new expansions and an unbounded number of new variables (even E-variables), it became clear that to
give meanings to expansions, we needed to use a hierarchy on types and terms. At �rst, one thinks of
labeling types and terms with a natural number and this is thehierarchy we used in�I N. When assigning
meanings to types, we ensured that each use of E-variables simply changes the labels and that each E-
variable acted as a kind of capsule that isolates parts of the� -term being analyzed by the typing. This
captured accurately the intuition behind E-variables. However, this indexing poses two problems: it
imposes that the type! should have all possible indexes (which is impossible and hence we eliminated
! from the type systems forM 2) and it implies that the realisability semantics can only becomplete
when a unique E-variable is used (as we will see in this section). In order to understand the challenges
of the semantics of E-variables with! and to understand the idea behind the hierarchy, we �rst studied
the�I -calculus typed with two representative intersection typesystems. The restriction to�I (where in
every(�x:M ) the variablex must appear free inM ) was motivated by not knowing how to support the
! type while preserving the intuitive levels made of single natural numbers. For̀ 1, the �rst of these
type systems (the most natural), we showed that subject reduction and hence completeness do not hold.

Remark 7.1. (Failure of completeness for̀ 1)
Items 1, 2 and 3 of Lemma 6.5 show that we can not have a completeness result (a converse of lemma 6.3
for closed terms) for̀ 1. To type the term�y 0:y0 by the type(a u b) ! a, we need an elimination rule
for u which we do not have iǹ 1.

Note that failure of completeness for` 1 is related to the failure of its subject reduction. So, one might
think that sincè 2, the second type system for�I N, has subject reduction, its semantics is complete. This
is not the case.

Remark 7.2. (Failure of completeness of̀ 2 if more than one E-variable is used)
Let a 2 A , e1; e2 2 E, e1 6= e2 andNat 00

0 = ( e1a ! a) ! (e2a ! a). Then:
1) �f 0:f 0 2 [Nat 00

0] and 2) It is not possible that�f 0:f 0 : h() ` 2 Nat 00
0 i .

Hence�f 0:f 0 2 [Nat 00
0] but �f 0:f 0 is not typable byNat 00

0 and we do not have completeness in the
presence of more than one expansion variable.

However, we will see that we have completeness for` 2 if only one expansion variable is used.

7.1. Completeness of̀ 2 with one expansion variable

The problem shown in remark 7.2 comes from the fact that for the realisability semantics that we consid-
ered for` 2, we identify all expansion variables. In order to give a completeness theorem for` 2, we will
in what follows restrict our system to only one expansion variable. In the rest of this section, we assume
that the setE contains only one expansion variablee1.

The need of one single expansion variable is clear in part 2) of lemma 7.1 which would fail if we use
more than one expansion variable. For example, ife1 6= e2 then(e1a)� = a = ( e2a)� but e1a 6= e2a.
This lemma is crucial for the rest of this section and hence, asingle expansion variable is also crucial.
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Lemma 7.1. Let U; V 2 U2 and d(U) = d(V ) > 0. 1) e1U � = U and 2) IfU � = V � , thenU = V .

Despite the difference of the number of expansion variablesused in this completeness proof and
that of the next section, there are a number of similarities of both proofs. We still write these two
proofs independently to illustrate the method and especially since the proof for this section is far simpler.
Furthermore, we only show the semantics in this section for� -reduction (although the semantics works
for all our notions of reductions as we show in the next section).

The �rst step of the proof is to dividef yn j y 2 V2g disjointly amongst types of ordern.

De�nition 7.1. Let U 2 U2. We de�ne the set of variablesVU by induction on d(U). If d(U) = 0 ,
then: VU is an in�nite set of variables of degree0; if y0 2 VU , theny 2 V2; and if U 6= V and
d(U) = d(V ) = 0 , thenVU \ VV = ; . If d(U) = n + 1 , then we putVU = f yn+1 j yn 2 VU � g.

Our partition ofV2 allows useful in�nite sets which contain type environmentsthat will play a crucial
role in one particular type interpretation. These sets and environments are given in the next de�nition.

De�nition 7.2. 1. Let n 2 N. We letGn = f (yn : U) j U 2 U2, d(U) = n andyn 2 VUg and
Hn =

S
m� n Gm . Note thatGn andHn are not type environments because they are in�nite sets.

2. Let n 2 N, M 2 M 2 andU 2 U2, we write M : hHn ` 2 Ui iff there is a type environment
� � Hn whereM : h� ` 2 Ui

Now, for everyn, we de�ne the set of the good terms of ordern which contain some free variablex i

wherex 2 V1 andi � n.

De�nition 7.3. Let n 2 N andOn = f M 2 Mn j x i 2 FV( M ) wherex 2 V1 andi � ng. Obviously,
if n 2 N andx 2 V1, thenN n

x � O n .

Here is the crucial� 2-interpretationI for the proof of completeness:

De�nition 7.4. Let I be the� 2-interpretation de�ned by:
for all type variablesa, I (a) = O0 [ f M 2 M 0

2 j M : hH0 ` 2 aig.

I is indeed a� 2-interpretation and the interpretation of a type of ordern contains the good terms of
ordern which are typable in the special environments which are parts of the in�nite sets of de�nition 7.2:

Lemma 7.2. 1. I is a� 2-interpretation. I.e.,8a 2 A , I (a) is � -saturated and8x 2 V1, N 0
x � I (a) �

M0.

2. If U 2 U2 is good and d(U) = n, thenI(U) = On [ f M 2 Mn j M : hHn ` 2 Uig.

I is used to prove completeness (the proof is on the authors webpages).

Theorem 7.1. (Completeness)
Let U 2 U2 be good such that d(U) = n. The following hold:

1. [U]� 2 = f M 2 Mn j M : h() ` 2 Uig.

2. [U]� 2 is stable by reduction: i.e., ifM 2 [U]� 2 andM � �
� N , thenN 2 [U]� 2 .

3. [U]� 2 is stable by expansion: i.e., ifN 2 [U]� 2 andM � �
� N , thenM 2 [U]� 2 .
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8. Completeness in� L N

Having understood the challenges of E-variables and the dif�culty of representing the type! using
natural numbers as indices for the hierarchy, we moved to thepresentation of indices as sequences of
natural numbers and we provided our third type system` 3. We developed a realizability semantics where
we allow the full� -calculus, an arbitrary (possibly in�nite) number of expansion variables and where!
is present, and we showed its soundness. Now, we show its completeness.

We need the following partition of the set of variablesf yL j y 2 V2g.

De�nition 8.1. 1. LetL 2 L N. We de�neUL
3 = f U 2 U3 j d(U) = Lg andVL = f xL j x 2 V2g.

2. LetU 2 U3. We inductively de�ne a set of variablesVU as follows:

� If d(U) = � then:

– VU is an in�nite set of variables of degree� .
– If U 6= V and d(U) = d(V ) = � , thenVU \ VV = ; .
–

S
U2 U�

3
VU = V� .

� If d(U) = L , then we putVU = f yL j y� 2 VU � L g.

Lemma 8.1. 1. If d(U); d(V ) � L andU � L = V � L , thenU = V.

2. If d(U) = L , thenVU is an in�nite subset ofVL .

3. If U 6= V and d(U) = d(V ) = L , thenVU \ VV = ; .

4.
S

U2 UL
3

VU = VL .

5. If yL 2 VU , thenyi ::L 2 Vei U .

6. If yi ::L 2 VU , thenyL 2 VU � i .

Proof:
1. If L = ( n i )m , we haveU = en1 : : : enm U0andV = en1 : : : enm V 0. ThenU � L = U0, V � L = V 0and
U0 = V 0. ThusU = V .
2., 3. and 4. By induction onL and using 1.
5. Because(ei U)� i = U.
6. By de�nition. ut

Our partition of the setV2 as above will enable us to give in the next de�nition useful in�nite sets
which will contain type environments that will play a crucial role in one particular type interpretation.

De�nition 8.2. 1. Let L 2 L N. We denoteGL = f (yL : U) j U 2 UL
3 and yL 2 VU g and

HL =
S

K � L GK . Note thatGL andHL are not type environments because they are in�nite sets.

2. LetL 2 L N, M 2 M 3 andU 2 U3, we write:

� M : hHL ` 3 Ui if there is a type environment� � HL whereM : h� ` 3 Ui
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� M : hHL ` �
3 Ui if M � �

�� N andN : hHL ` 3 Ui

Lemma 8.2. 1. If � � HL thenOK(�) .

2. If � � HL thenei � � H i ::L .

3. If � � H i ::L then� � i � HL .

4. If � 1 � HL , � 2 � HK andL � K then� 1 u � 2 � HL .

Proof:
1. LetxK : U 2 � thenU 2 UK and so d(U) = K . 2. and 3. are by lemma 8.1. 4. First note that by 1.,
� 1 u � 2 is well de�ned. HK � HL . Let (xR : U1 u U2) 2 � 1 u � 2 where(xR : U1) 2 � 1 � HL and
(xR : U2) 2 � 2 � HK � HL , then d(U1) = d(U2) = R andxR 2 VU1 \ VU2 . Hence, by lemma 8.1,
U1 = U2 and� 1 u � 2 = � 1 [ � 2 � HL . ut

For everyL 2 L N, we de�ne the set of terms of degreeL which contain some free variablexK where
x 2 V1 andK � L .

De�nition 8.3. For everyL 2 L N, let OL = f M 2 M L
3 j xK 2 FV( M ), x 2 V1 andK � Lg. It is

easy to see that, for everyL 2 L N andx 2 V1, N L
x � O L .

Lemma 8.3. 1. (OL )+ i = Oi ::L .

2. If y 2 V2 and(My K ) 2 O L , thenM 2 O L

3. If M 2 O L , M � N andL � K = d(N ), thenMN 2 O L .

4. If d(M ) = L , L � K , M � N andN 2 O K , thenMN 2 O L .

The crucial interpretationI for the proof of completeness is given as follows:

De�nition 8.4. 1. Let I �� be the�� -interpretation de�ned by: for all type variablesa, I �� (a) =
O� [ f M 2 M �

3 j M : hH � ` �
3 aig.

2. LetI � be the� -interpretation de�ned by: for all type variablesa, I � (a) = O� [ f M 2 M �
3 j M :

hH � ` 3 aig.

3. Let Ieh be theh-interpretation de�ned by: for all type variablesa, Ih(a) = O� [ f M 2 M �
3 j

M : hH � ` 3 aig.

The next crucial lemma shows thatI is an interpretation and that the interpretation of a type oforder
L contains terms of orderL which are typable in these special environments which are parts of the in�nite
sets of De�nition 8.2.

Lemma 8.4. Let r 2 f ��; �; h g andr 0 2 f �; h g

1. If I r 2 r -int anda 2 A thenI r (a) is r -saturated and for allx 2 V1; N �
x � I r (a).
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2. If U 2 U3 and d(U) = L , thenI �� (U) = OL [ f M 2 M L
3 j M : hHL ` �

3 Uig.

3. If U 2 U3 and d(U) = L , thenI r 0(U) = OL [ f M 2 M L
3 j M : hHL ` 3 Uig.

Now, we use this crucialI to establish completeness of our semantics.

Theorem 8.1. (Completeness of̀3)
Let U 2 U3 such that d(U) = L .

1. [U]�� 3 = f M 2 M L
3 j M closed,M � �

�� N andN : h() ` 3 Uig.

2. [U]� 3 = [ U]h3 = f M 2 M L
3 j M : h() ` 3 Uig.

3. [U]�� 3 is stable by reduction. I.e., IfM 2 [U]�� 3 andM � �
�� N thenN 2 [U]�� 3 .

Proof:
Let r 2 f �; h; �� g.

1. Let M 2 [U]�� 3 . ThenM is a closed term andM 2 I �� (U). Hence, by Lemma 8.4,M 2
OL [ f M 2 M L

3 j M : hHL ` �
3 Uig. SinceM is closed,M 62 OL . Hence,M 2 f M 2 M L

3 j
M : hHL ` �

3 Ui and so,M � �
�� N andN : h� ` 3 Ui where� � HL . By Theorem 2.1,N is

closed and, by Lemma 4.1.3a,N : h() ` 3 Ui .

Conversely, takeM closed such thatM � �
� N andN : h() ` 3 Ui . Let I 2 � -int. By Lemma 6.3,

N 2 I (U). By Lemma 6.2.1,I (U) is �� -saturated. Hence,M 2 I (U). ThusM 2 [U]�� 3 .

2. Let M 2 [U]� 3 . Then M is a closed term andM 2 I � (U). Hence, by Lemma 8.4,M 2
OL [ f M 2 M L

3 j M : hHL ` 3 Uig. SinceM is closed,M 62 OL . Hence,M 2 f M 2 M L
3 j

M : hHL ` 3 Uig and so,M : h� ` 3 Ui where� � HL . By Lemma 4.1.3a,N : h() ` 3 Ui .

Conversely, takeM such thatM : h() ` 3 Ui . By Lemma 4.1.3a,M is closed. LetI 2 � -int. By
Lemma 6.3,M 2 I (U). ThusM 2 [U]� 3 .

It is easy to see that[U]� 3 = [ U]h3 .

3. Let M 2 [U]�� 3 such thatM � �
�� N . By 1, M is closed,M � �

�� P andP : h() ` 3 Ui . By
con�uence Theorem 2.2, there isQ such thatP � �

�� Q and N � �
�� Q. By subject reduction

Theorem 5.1,Q : h() ` 3 Ui . By Theorem 2.1,N is closed and, by 1,N 2 [U]�� 3 .
ut

9. Conclusion

Expansion may be viewed to work like a multi-layered simultaneous substitution. Moreover, expansion
is a crucial part of a procedure for calculating principal typings and helps support compositional type in-
ference. Because the early de�nitions of expansion were complicated, expansion variables (E-variables)
were introduced to simplify and mechanize expansion. The aim of this paper is to give a complete
semantics for intersection type systems with expansion variables.

We studied �rst the�I N-calculus, an indexed version of the�I -calculus. This indexed version was
typed using �rst a basic intersection type system with expansion variables but without an intersection
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elimination rule, and then using an intersection type system with expansion variables and an elimination
rule.

We gave a realisability semantics for both type systems showing that the �rst type system is not
complete in the sense that there are types whose semantic meaning is not the set of�I N-terms having
this type. In particular, we showed that�y 0:y0 is in the semantic meaning of(a u b) ! a but it is
not possible to give�y 0:y0 the type(a u b) ! a. The main reason for the failure of completeness
in the �rst system is associated with the failure of the subject reduction property for this �rst system.
Hence, we moved to the second system which we showed to have the desirable properties of subject
reduction and expansion and strong normalisation. However, for this second system, we showed again
that completeness fails if we use more than one expansion variable but that completeness succeeds if we
restrict the system to one single expansion variable.

In order to overcome the problems of completeness, we changed our realisability semantics from
one which uses indices as natural number to one that uses the indices as lists of natural numbers. The
new semantics is more complex and we lose the elegance of the �rst (especially in being able to de�ne
the so-called good terms and good types). However, we show that this second semantics has all the
desirable properties of a type systems and it handles all of the lambda calculus (not simply the�I -
calculus). We also show that this second semantics is complete when any number (including in�nite)
of expansion variables is used. As far as we know, our work constitutes the �rst study of a denotational
semantics of intersection type systems with E-variables (using realizability or any other approach) and
of the dif�culties involved.

In this article we are not interested in a denotational semantics or at least we are not interested in
an extensional lambda model interpreting the terms of the untyped lambda-calculus. Instead, we are
interested in building a realisability semantics by de�ning sets of realisers (functions/programs satisfy-
ing the requirements of some speci�cation) of types. Such a model would help to highlight the relation
between typable terms of the untyped lambda-calculus and types w.r.t. a type system. Moreover, inter-
preting types in a model helps to understand the meaning of a type (w.r.t. the model) which is de�ned
as a purely syntactic form and is clearly used as a meaningfulexpression (as the integer type, whatever
its notation is, which is always used as the type of each integer). An arrow type expresses functionality.
In that way, models based on lambda-models have been built for intersection type systems [8]. In these
works, intersection types (introduced to be able to type more terms than in the Simply Typed Lambda
Calculus) are interpreted by set-theoretical intersection of meanings. Even if expansion variables have
been introduced to give a simple formalisation of the expansion mechanism, i.e. as a syntactic object,
we are interested in the meaning of such a syntactic object. We are particularly interested in answering a
number of questions which include:

1. What does an expansion variable applied to a type stand for?

2. What are the realisers of such a type?

3. How can the relation between terms and types be described w.r.t. a type system?

4. How can we extend models such as the one given in [12] to a type system with expansion?



Kamareddine, Nour, Rahli, Wells / semantics of expansion variables 1029

References

[1] Barendregt, H. P.:The Lambda Calculus: Its Syntax and Semantics, Revised edition, North-Holland, 1984,
ISBN 0-444-88748-1 (hardback).

[2] Carlier, S., Polakow, J., Wells, J. B., Kfoury, A. J.: System E: Expansion Variables for Flexible Typing with
Linear and Non-linear Types and Intersection Types,Programming Languages & Systems, 13th European
Symp. Programming, 2986, Springer, 2004, ISBN 3-540-21313-9.

[3] Carlier, S., Wells, J. B.: Expansion: the Crucial Mechanism for Type Inference with Intersection Types: A
Survey and Explanation,Proc. 3rd Int'l Workshop Intersection Types & Related Systems (ITRS 2004), 2005,
The ITRS '04 proceedings appears as vol. 136 (2005-07-19) ofElec. Notes in Theoret. Comp. Sci.

[4] Coppo, M., Dezani-Ciancaglini, M., Venneri, B.: Principal Type Schemes and� -Calculus Semantics, in:To
H. B. Curry: Essays on Combinatory Logic, Lambda Calculus, and Formalism(J. R. Hindley, J. P. Seldin,
Eds.), Academic Press, 1980, ISBN 0-12-349050-2, 535–560.

[5] Coquand, T.: Completeness Theorems and lambda-Calculus,TLCA(P. Urzyczyn, Ed.), 3461, Springer, 2005,
ISBN 3-540-25593-1.

[6] Farkh, S., Nour, K.: Résultats de complétude pour des classes de types du syst�eme AF2,Theoretical Infor-
matics and Applications, 31(6), 1998, 513–537.

[7] Goos, G., Hartmanis, J., Eds.:� -Calculus and Computer Science Theory, Proceedings of the Symposium
Held in Rome, March 15-27, 1975, vol. 37 ofLecture Notes in Computer Science, Springer-Verlag, 1975.

[8] Hindley, J. R.: The Simple Semantics for Coppo-Dezani-Sallé Types, International Symposium on Pro-
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A. Proofs

A.1. Syntax of the calculi

Proof:
[of Lemma 2.2] The only if direction is by de�nition. The if direction, for each of 1. and 2. is by cases
on the derivation�x n :M is good respectivelyM 1M 2 is good. ut

Lemma A.1. Let i 2 f 1; 2; 3g.

1. OnM i , � is re�exive and symmetric but not transitive.

2. Let M; N; M 0; N 0 2 M i such thatM 0 is a subterm ofM andN 0 is a subterm ofN . If M � N ,
thenM 0� N 0.

3. (a) LetM; (N1N2) 2 M i . We haveM � f N1; N2g iff M � (N1N2).

(b) LetM; �x I :N 2 M i . We haveM � N iff M � (�x I :N ).

(c) Let M; N [(x I i
i := N i )p] 2 M i andX = f N g [ f N i j 1 � i � pg � M i . If M � X , then

M � N [(x I i
i := N i )p].

4. LetM 1[(x I i
i := N i )p]; M 2[(x I i

i := N i )p] 2 M i andX = f M 1; M 2g [ f N i j 1 � i � pg. If �X
thenM 1[(x I i

i := N i )p] � M 2[(x I i
i := N i )p].

5. Let i 2 f 1; 2g andM 2 M i . We have: d(M ) = min( I j x I occurs inM ).

6. LetX = f M g [ f N i j 1 � i � pg � M i . We have:

(a) �X and8 1 � i � p, d(N i ) = I i iff M [(x I i
i := N i )p] 2 M i .

(b) If �X and8 1 � i � p, d(N i ) = I i , then d(M [(x I i
i := N i )p]) = d(M ).

7. Let M; N; P 2 M i . If �f M; N; P g, d(N ) = I , d(P) = J and x I 62FV( P) [ f yJ g, then
M [x I := N ][yJ := P] = M [yJ := P][x I := N [yJ := P]].

8. LetM; N; P 2 M i . If M � P andFV( M ) = FV( N ) thenN � P.

9. Let i 2 f 1; 2g andM; N 2 M i where d(N ) = n andx I 2 FV( M ). We have:
M [xn := N ] is good iffM andN are good andM � N .

Proof:

1. For re�exivity, we show by induction onM 2 M i that if x I ; xJ 2 FV( M ), thenI = J . Symme-
try is by de�nition of � . For failure of transitivity takez1, y2 andz2 for the casei 2 f 1; 2g and
z� , y(1) andz(1) for the casei = 3 .

2. Letx I 2 FV( M 0) andxJ 2 FV( N 0). If x I 2 FV( M ) andxJ 2 FV( N ) useM � N . The cases
a) x I 2 FV( M ) and�x J occurs inN and b)�x I occurs inM andxJ 2 FV( N ) are not possible
by BC. Finally, if �x I occurs inM and�x J occurs inN , then by BC,I = J .
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3. Simple check of the� condition using 2.

4. By 3c,M 1 � M 2[(x I i
i := N i )p] andN j � M 2[(x I i

i := N i )p] 8 1 � j � p, and, by 3c again and by
1, M 1[(x I i

i := N i )p] � M 2[(x I i
i := N i )p].

5. By induction onM .

6. 6a is by de�nition of substitution. 6b is by induction onM .

7. By induction onM using 3c and 6a.

8. If x I 2 FV( N ) = FV( M ) andxJ 2 FV( P) then sinceM � P, I = J .

9. By induction onM .

– By de�nition of substitution,xn [xn := N ] is good iff xn andN are good andxn � N .

– (�y m :M 0)[xn := N ] is good, �y m :M 0[xn := N ] is good andym 2 FV (M 0) n FV (N )
(since�y m :M 0 2 M 1 using BC), lemma 2:2 M 0[xn := N ] is good,ym 2 FV (M 0[xn :=
N ]) andym 2 FV (M 0) nFV (N ) , IH M 0andN are good,M 0� N , ym 2 FV (M 0[xn :=
N ]) andym 2 FV (M 0)nFV (N ) , 3b& lemma 2:2 �y m :M 0andN are good and�y m :M 0� N .

– (M 1M 2)[xn := N ] is good, M 1[xn := N ]M 2[xn := N ] is good and�f M 1; M 2; N g
(since(M 1M 2)[xn := N ] 2 M i ) , 6b& lemma 2:2 M 1[xn := N ] and M 2[xn := N ] are
good,M 1[xn := N ] � M 2[xn := N ], �f M 1; M 2; N g and d(M 1) = d(M 1[xn := N ]) �
d(M 2[xn := N ]) = d(M 2) , IH M 1, M 2 andN are good,�f M 1; M 2; N g and d(M 1) �
d(M 2) , 3a& lemma 2:2 M 1, M 2 andN are good and(M 1M 2) � N .

ut

Lemma A.2. Let i 2 f 1; 2; 3g, � 2 f � ; � � g, r 2 f �; ��; h g, p � 0 andM; N; P; N 1; : : : ; Np 2 M i .

1. If M � r N , P � r Q andM � P, thenN � Q.

2. If M � r N , M � P and d(P) = I , thenM [x I := P] � r N [x I := P].

3. If N � r P, M � N and d(N ) = I , thenM [x I := N ] � �
r M [x I := P].

4. If M � �
r N , P � �

r P0, M � P and d(P) = I , thenM [x I := P] � �
r N [x I := P0].

Proof:

1. Note that, by lemma 2.1,FV( N ) � FV( M ) andFV( Q) � FV( P).

2. Note that, by lemma 1,N � P. Case� r is by induction onM using lemmas A.1.6b and A.1.7.
Case� �

r is by induction on the length ofM � �
r N using the result for case� r .

3. Note that, by lemma 1,M � P and by lemma 2.1, d(P) = d(N ) = I . Case� r is by induction on
M . Case� �

r is by induction on the length ofM � �
r N using the result for case� r .

4. Use 2 and 3.
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ut

The next lemma shows that the lifting of a term to higher or lower degrees, is a well behaved operation
with respect to all that matters (free variables, reduction, joinability, substitution, etc.).

Lemma A.3. Let p � 0, i 2 f 1; 2g andM; N; N 1; N2; : : : ; Np 2 M i .

1. (a) d(M + ) = d(M ) + 1 , (M + )� = M andxn 2 FV( M + ) iff xn� 1 2 FV( M ).

(b) If d(M ) > 0, thenM � 2 M i , d(M � ) = d(M ) � 1, (M � )+ = M andxn 2 FV( M � ) iff
xn+1 2 FV( M ).

(c) LetX � M i . Then,

i. �X iff �X + .
ii. If d (X ) > 0 then�X iff �X � .

iii. M 2 X + iff ( M � 2 X and d(M ) > 0).

(d) M is good iffM + is good.

(e) If d(M ) > 0 thenM is good iffM � is good.

2. LetX = f M g [ f N i j 1 � i � pg � M i .
If �X , then(M [(xn i

i := N i )p])+ = M + [(xn i +1
i := N +

i )p].

3. If d(M ); d(N ) > 0, andM � N , then(M [xn+1 := N ])� = M � [xn := N � ].

Proof:

1. 1a and 1b are by induction onM . For 1(c)i use 1a. For 1(c)ii use 1b. As to 1(c)iii, ifM 2 X + ,
thenM = P+ whereP 2 X and by 1a, d(M ) = d(P) + 1 > 0 andM � = ( P+ )� = P. Hence,
M � 2 X and d(M ) > 0. On the other hand, ifM � 2 X and d(M ) > 0 then by 1b,M = P+ and
(M � )+ = M 2 X + . Moreover, 1d is by induction onM using 1a, 1(c)i and lemma 2.2. Finally,
for 1e, by 1b and 1d,M = ( M � )+ 2 M , M � 2 M.

2. By induction onM (by 1(c)i and lemma A.1.6, we have
M [(xn i

i := N i )p] 2 M i andM + [(xn i +1
i := N +

i )p] 2 M i ).

3. By induction onM (by 1(c)ii and lemma A.1.6, we have
M [xn+1 := N ] 2 M i andM � [xn := N � ] 2 M i ).

ut

Lemma A.4. Let r 2 f �; �� g, � 2 f � ; � � g, p � 0, i 2 f 1; 2g andM; N 2 M i .

1. If M � r N , thenM + � r N + .

2. If d(M ) > 0 andM � r N , thenM � � r N � .

3. If M � r N + , thenM � � r N .
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4. If M + � r N , thenM � r N � .

Proof:

1. The caser 2 f � g and� = � is by induction onM � r N using lemma A.5, for case� �� use the
results for� � (lemma A.5) and� � , case� �

r is by induction on the length ofM � �
r N using the

result for case� r .

2. Similar to 1.

3. By lemma 2.1.2, lemma A.5 and 2 above,M � � N .

4. Similar to 3.
ut

Lemma A.5. Let � 0 2 f � �
� ; � �

� ; � �
�� g, � 2 f � � ; � � ; � �� ; � h ; � �

� ; � �
� ; � �

�� ; � �
hg, i; p � 0 and

M; N; N 1; : : : ; Np 2 M 3. We have:

1. M + i 2 M 3 and d(M + i ) = i :: d(M ) andxK occurs inM + i iff K = i :: L andxL occurs inM .

2. M � N iff M + i � N + i .

3. LetX � M 3 then�X iff �X + i .

4. (M + i )� i = M .

5. If �f M g [ f N j j j 2 f 1; : : : ; pggand for allj 2 f 1; : : : ; pg, d(N j ) = L j then

(M [(xL j
j := N j )p])+ i = M + i [(x i ::L j

j := N + i
j )p].

6. If M � N , thenM + i � N + i .

7. If d(M ) = i :: L , then:

(a) M = P+ i for someP 2 M 3, d(M � i ) = L and(M � i )+ i = M .

(b) If 81 � j � p;d(N j ) = i :: K j and�f M g [ f N j j j 2 f 1; : : : ; pgg then
(M [(x i ::K j

j := N j )p])� i = M � i [(xK j
j := N � i

j )p].

(c) If M � N thenM � i � N � i .

8. If M � N + i , then there isP 2 M 3 such thatM = P+ i andP � N .

9. If M + i � N , then there isP 2 M 3 such thatN = P+ i andM � P.

Proof:

1 We only prove the lemma by induction onM :

� If M = xL thenM + i = x i ::L 2 M 3 and d(x i ::L ) = i :: L = i :: d(xL ).
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� If M = �x L :M 1 thenM 1 2 M 3, L � d(M 1) andM + i = �x i ::L :M + i
1 . By IH, M + i

1 2 M 3

and d(M + i
1 ) = i :: d(M 1) andxK occurs inM + i

1 iff K = i :: K 0 andyK 0
occurs inM 1.

So i :: L � i :: d(M 1) = d(M + i
1 ). Hence,�x i ::L :M + i

1 2 M 3. Moreover, d(M + i ) =
d(M + i

1 ) = i :: d(M 1) = i :: d(M ). If yK occurs inM + i then eitheryK = x i ::L , so it is
done becausexL occurs inM . Or yK occurs inM + i

1 . By IH, K = i :: K 0andyK 0
occurs in

M 1. SoyK 0
occurs inM . If yK occurs inM then eitheryK = xL and thenyi ::K occurs in

M + i . Or yK occurs inM 1. Then by IH,yi ::K occurs inM + i
1 . So,yi ::K occurs inM + i .

� If M = M 1M 2 thenM 1; M 2 2 M 3, d(M 1) � d(M 2), M 1 � M 2 andM + i = M + i
1 M + i

2 . By
IH, M + i

1 ; M + i
2 2 M 3, d(M + i

1 ) = i :: d(M 1), d(M + i
2 ) = i :: d(M 2), yK occurs inM + i

1 iff
K = i :: K 0andyK 0

occurs inM 1, andyK occurs inM + i
2 iff K = i :: K 0andyK 0

occurs in
M 2. Let xL 2 FV( M + i

1 ) andxK 2 FV( M + i
2 ) then, using IH,L = i :: L 0, K = i :: K 0, xL 0

occurs inM 1 andxK 0
occurs inM 2. UsingM 1 � M 2, we obtainL 0 = K 0, soL = K . Hence,

M + i
1 � M + i

2 . Because d(M 1) � d(M 2), then d(M + i
1 ) = i :: d(M 1) � i :: d(M 2) = d(M + i

2 ).
So,M + i 2 M 3. Moreover, d(M +1 ) = d(M + i

1 ) = i :: d(M 1) = i :: d(M ). If xL occurs in
M + i then eitherxL occurs inM + i

1 and using IH,L = i :: L 0 andxL 0
occurs inM 1, soxL 0

occurs inM . Or xL occurs inM + i
2 and using IH,L = i :: L 0 andxL 0

occurs inM 2, soxL 0

occurs inM . If xL occurs inM then eitherxL occurs inM 1 so by IHx i ::L occurs inM + i
1 ,

hencex i ::L occurs inM + i . Or xL occurs inM 2 so by IHx i ::L occurs inM + i
2 , hencex i ::L

occurs inM + i .

2 AssumeM � N . Let xL 2 FV( M + i ) andxK 2 FV( N + i ) then by lemma A.5.1,L = i :: L 0,
K = i :: K 0, xL 0

2 FV( M ) andxK 0
2 FV( N ). UsingM � N we obtainK 0 = L 0and soK = L.

AssumeM + i � N + i . Let xL 2 FV( M ) and xK 2 FV( N ), then by lemma A.5.1,x i ::L 2
FV( M + i ) andx i ::K 2 FV( N + i ). UsingM + i � N + i we obtaini :: K = i :: L and soK = L.

3 LetX � M 3.

Assume�X . Let M; N 2 X + i . Then by de�nition,M = P+ i andN = Q+ i such thatP; Q 2 X .
Because by hypothesisP � Q then by lemma A.5.2,M � N .

Assume�X + i . Let M; N 2 X thenM + i ; N + i 2 X + i . Because by hypothesisM + i � N + i then
by lemma A.5.2,M � N .

4 By lemma A.5.1,M + i 2 M 3 and d(M + i ) = i :: d(M ). We prove the lemma by induction onM .

� Let M = xL thenM + i = x i ::L and(M + i )� i = xL .

� LetM = �x L :M 1 such thatM 1 2 M 3 andL � d(M 1). Then,(M + i )� i = ( �x i ::L :M + i
1 )� i =

�x L :(M + i
1 )� i = IH �x L :M 1.

� LetM = M 1M 2 such thatM 1; M 2 2 M 3, M 1� M 2 and d(M 1) � d(M 2). Then,(M + i )� i =
(M + i

1 M + i
2 )� i = ( M + i

1 )� i (M + i
2 )� i = IH M 1M 2.

5 By 3, �f M + i g [ f N + i
j j j 2 f 1; : : : ; pgg. By 1. and lemma A.1.6a,M [(xL j

j := N j )p] and

M + i [(x i ::L j
j := N + i

j )p] 2 M 3. By induction onM :
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� Let M = yK . If 81 � j � p; yK 6= xL j
j thenyK [(xL j

j := N j )p] = yK . Hence(yK [(xL j
j :=

N j )p])+ i = yi ::K = yi ::K [(x i ::L j
j := N + i

j )p]. If 91 � j � p; yK = xL j
j thenyK [(xL j

j :=

N j )p] = N j . Hence(yK [(xL j
j := N j )p])+ i = N + i

j = yi ::K [(x i ::L j
j := N + i

j )p].

� Let M = �y K :M 1. ThenM [(xL j
j := N j )p] = �y K :M 1[(xL j

j := N j )p] where81 � j �

p; yK 62FV( N j ) [ f xL j
j g. By lemma A.1.2,�f M 1g [ f N j j j 2 f 1; : : : ; pgg. By IH,

(M 1[(xL j
j := N j )p])+ i = M + i

1 [(x i ::L j
j := N + i

j )p].

Hence,(M [(xL j
j := N j )p])+ i = �y i ::K :(M 1[(xL j

j := N j )p])+ i =

�y i ::K :M + i
1 [(x i ::L j

j := N + i
j )p] = ( �y K :M 1)+ i [(x i ::L j

j := N + i
j )p].

� Let M = M 1M 2. M [(xL j
j := N j )p] = M 1[(xL j

j := N j )p]M 2[(xL j
j := N j )p]. By

lemma A.1.2,�f M 1g [ f N j j j 2 f 1; : : : ; pgg and �f M 2g [ f N j j j 2 f 1; : : : ; pgg.

By IH, (M 1[(xL j
j := N j )p])+ i = M + i

1 [(x i ::L j
j := N + i

j )p] and(M 2[(xL j
j := N j )p])+ i =

M + i
2 [(x i ::L j

j := N + i
j )p].

Hence(M [(xL j
j := N j )p])+ i = ( M 1[(xL j

j := N j )p])+ i (M 2[(xL j
j := N j )p])+ i =

M + i
1 [(x i ::L j

j := N + i
j )p]M + i

2 [(x i ::L j
j := N + i

j )p] = M + i [(x i ::L j
j := N + i

j )p].

6 By lemma A.5.1, ifM; N 2 M 3 thenM + i ; N + i 2 M 3.

� Let � be� � . By induction onM � � N .

– LetM = ( �x L :M 1)M 2� � M 1[xL := M 2] = N where d(M 2) = L , then by lemma A.5.1,
d(M + i

2 ) = i :: L andM + i = ( �x i ::L :M + i
1 )M + i

2 � � M + i
1 [x i ::L := M + i

2 ] = ( M 1[xL :=
M 2])+ i .

– Let M = �x L :M 1 � � �x L :N1 = N such thatM 1 � � N1. By IH, M + i
1 � � N + i

1 , hence
M + i = �x i ::L :M + i

1 � � �x i ::L N + i
1 = N + i .

– Let M = M 1M 2 � � N1M 2 = N such thatM 1 � � N1. By IH, M + i
1 � � N + i

1 , hence
M + i = M + i

1 M + i
2 � � N + i

1 M + i
2 = N + i .

– Let M = M 1M 2 � � M 1N2 = N such thatM 2 � � N2. By IH, M + i
2 � � N + i

2 , hence
M + i = M + i

1 M + i
2 � � N + i

1 M + i
2 = N + i .

� Let � be� �
� . By induction on� �

� using� � .

� Let � be � � . We only do the base case. The inductive cases are as for� � . Let M =
�x L :Nx L � � N wherexL 62FV( N ). By lemma A.5.1,x i ::L 62FV( N + i ) ThenM + i =
�x i ::L :N + i x i ::L � � N + i .

� Let � be� �
� . By induction on� �

� using� � .

� Let � be� �� , � �
�� , � h or � �

h. By the previous items.

7 (a) By induction onM :

� Let M = yi ::L thenyL 2 M 3 and d((yi ::L )� i ) = d(yL ) = L and((yi ::L )� i )+ i = yi ::L .
� Let M = �y K :M 1 such thatM 1 2 M 3 andK � d(M 1). Because d(M 1) = d(M ) =

i :: L , by IH, M 1 = P+ i for someP 2 M 3, d(M � i
1 ) = L and (M � i

1 )+ i = M 1.
Because,K � i :: L thenK = i :: L :: K 0 for someK 0. Let Q = �y L ::K 0

:P . Because
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P = A: 5:4 (P+ i )� i = M � i
1 , then d(P) = L . BecauseL � L :: K 0, thenQ 2 M 3 and

Q+ i = M . Moreover, d(M � i ) = A: 5:4 d(Q) = d(P) = L and(M � i )+ i = P+ i = M .
� Let M = M 1M 2 such thatM 1; M 2 2 M 3, M 1 � M 2 and d(M 1) � d(M 2). Then

d(M ) = d(M 1) � d(M 2), so d(M 2) = i :: L :: L 0 for someL 0. By IH M 1 = P+ i
1

for someP1 2 M 3, d(M � i
1 ) = L and (M � i

1 )+ i = M 1. Again by IH, M 2 = P+ i
2

for someP2 2 M 3, d(M � i
2 ) = L :: L 0 and (M � i

2 )+ i = M 2. If yK 1 2 FV( P1)
and yK 2 2 FV( P2), then by lemma A.5.1,K 0

1 = i :: K 1, K 0
2 = i :: K 2, xK 0

1 2
FV( M 1) andxK 0

2 2 FV( M 2). ThusK 0
1 = K 0

2, soK 1 = K 2 andP1 � P2. Because
d(P1) = d(M � i

1 ) = L � L :: L 0 = d(M � i
2 ) = d(P2) thenQ = P1P2 2 M 3 and

Q+ i = ( P1P2)+ i = P+ i
1 P+ i

2 = M . Moreover, d(M � i ) = A: 5:4 d(Q) = d(P1) = L and
(M � i )+ i = Q+ i = M .

(b) By the previous item, there existM 0; N 0
1; : : : ; N 0

n 2 M 3 such thatM = M 0+ i and for all
j 2 f 1; : : : ; pg, N j = N 0+ i

j . So by lemma A.5.3,�f M 0g [ f N 0
j j j 2 f 1; : : : ; pgg. By

lemma A.5.4,M � i = M 0 and for all j 2 f 1; : : : ; pg, N � i
j = N 0

j . So, �f M � i g [ f N � i
j j

j 2 f 1; : : : ; pgg. By lemma A.1.6a,M [(x i ::K j
j := N j )p]; M � i [(xK j

j := N � i
j )p] 2 M 3 and

d(M [(x i ::K j
j := N j )p]) = d(M ) = i :: L . We prove the result by induction onM :

� Let M = yi ::L . If 81 � j � p; yi ::L 6= x i ::K j
j thenyi ::L [(x i ::K j

j := N j )p] = yi ::L .

Hence(yi ::L [(x i ::K j
j := N j )p])� i = yL = yL [(xK j

j := N � i
j )p]. If 91 � j � p; yi ::L =

x i ::K j
j thenyi ::L [(x i ::K j

j := N j )p] = N j . Hence(yi ::L [(x i ::K j
j := N j )p])� i = N � i

j =

yL [(xK j
j := N � i

j )p].

� Let M = �y K :M 1 such thatM 1 2 M 3 and K � d(M 1). Then, M [(x i ::K j
j :=

N j )p] = �y K :M 1[(x i ::K j
j := N j )p] where81 � j � p; yK 62FV( N j ) [ f x i ::K j

j g.
By lemma A.1.2,�f M 1g [ f N j j j 2 f 1; : : : ; pgg. By de�nition d(M ) = d(M 1). By
IH, (M 1[(x i ::K j

j := N j )p])� i = M � i
1 [(xK j

j := N � i
j )p]. Because d(M 1) = i :: L � K ,

K = i :: L :: K 0 for someK 0.
Hence,(M [(x i ::K j

j := N j )p])� i = �y L ::K 0
:(M 1[(x i ::K j

j := N j )p])� i =

�y L ::K 0
:M � i

1 [(xK j
j := N � i

j )p] = ( �y K :M 1)� i [(xK j
j := N � i

j )p].
� Let M = M 1M 2 such thatM 1; M 2 2 M 3, M 1 � M 2 and d(M 1) � d(M 2). Then,

M [(x i ::K j
j := N j )p] = M 1[(x i ::K j

j := N j )p]M 2[(x i ::K j
j := N j )p]. By lemma A.1.2,

�f M 1g [ f N j j j 2 f 1; : : : ; pgg and�f M 2g [ f N j j j 2 f 1; : : : ; pgg. By de�nition

d(M ) = d(M 1) � d(M 2). So d(M 2) = i :: L :: L 0 for someL 0. By IH, (M 1[(x i ::K j
j :=

N j )p])� i = M � i
1 [(xK j

j := N � i
j )p] and (M 2[(x i ::K j

j := N j )p])� i = M � i
2 [(xK j

j :=
N � i

j )p]. Hence

(M [(x i ::K j
j := N j )p])� i = ( M 1[(x i ::K j

j := N j )p])� i (M 2[(x i ::K j
j := N j )p])� i

= M � i
1 [(xK j

j := N � i
j )p]M � i

2 [(xK j
j := N � i

j )p] = M � i [(xK j
j := N � i

j )p].

(c) Using lemma A.5.4, lemma 2.1 and the �rst item, we prove that M � i ; N � i 2 M 3.

� Let � be� � . By induction onM � � N .
– Let M = ( �x K :M 1)M 2 � � M 1[xK := M 2] = N where d(M 2) = K . Because
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M 2 M 3 thenM 1 2 M 3. Becausei :: L = d(M ) = d(M 1) � K , thenK = i ::
L :: K 0. By lemma A.5.7, d(M � i

2 ) = L :: K 0. SoM � i = ( �x L ::K 0
:M � i

1 )M � i
2 � �

M � i
1 [xL ::K 0

:= M � i
2 ] = ( M 1[xK := M 2])� i .

– Let M = �x K :M 1 � � �x K :N1 = N such thatM 1 � � N1. BecauseM 2 M 3,
M 1 2 M 3 andK � d(M 1). By de�nition d(M ) = d(M 1). Becausei :: L =
d(M 1) � K , K = i :: L :: K 0 for someK 0. By IH, M � i

1 � � N � i
1 , henceM � i =

�x L ::K 0
:M � i

1 � � �x L ::K 0
N � i

1 = N � i .

– Let M = M 1M 2 � � N1M 2 = N such thatM 1 � � N1. BecauseM 2 M 3 then
M 1 2 M 3. By de�nition d(M ) = d(M 1) = i :: L . By IH, M � i

1 � � N � i
1 , hence

M � i = M � i
1 M � i

2 � � N � i
1 M � i

2 = N � i .

– Let M = M 1M 2 � � M 1N2 = N such thatM 2 � � N2. BecauseM 2 M 3 then
M 2 2 M 3. By de�nition d(M 2) � d(M 1) = d(M ) = i :: L . So d(M 2) = i :: L ::
L 0for someL 0. By IH, M � i

2 � � N � i
2 , henceM � i = M � i

1 M � i
2 � � N � i

1 M � i
2 = N � i .

� Let � be� �
� . By induction on� �

� . using� � .

� Let � be � � . We only do the base case. The inductive cases are as for� � . Let M =
�x K :Nx K � � N wherexK 62FV( N ). Becausei :: L = d(M ) = d(N ) � K , then
K = i :: L :: K 0 for someK 0. By lemma A.5.7,N = N 0+ i for someN 0 2 M 3.
By lemma A.5.7,N 0 = N � i . By lemma A.5.1,xL ::K 0

62FV( N � i ). ThenM � i =
�x L ::K 0

:N � i xL ::K 0
� � N � i .

� Let � be� �
� . By induction on� �

� using� � .
� Let � be� �� , � �

�� , � h or � �
h. By the previous items.

8 By lemma A.5.1, d(N + i ) = i :: d(N ). By lemma 2.1, d(M ) = d(N + i ). By lemma A.5.7,M =
M 0+ i such thatM 0 2 M 3. By lemma A.5.7,M 0 = A: 5:4 (M 0+ i )� i = M � i � (N + i )� i = A: 5:4 N .

9 By lemma A.5.1, d(M + i ) = i :: d(M ). By lemma 2.1, d(M + i ) = d(N ). By lemma A.5.7,N =
N 0+ i such thatN 0 2 M 3. By lemma A.5.7,M = A: 5:4 (M + i )� i � N � i = ( N 0+ i )� i = A: 5:4 N 0.

ut

A.2. Con�uence of � �
� and � �

��

In this section we establish the con�uence of� �
� and� �

�� using the standard parallel reduction method.

De�nition A.1. Let r 2 f �; �� g. We de�ne the binary relation
� r! on M i , wherei 2 f 1; 2; 3g, by:

� M
� r! M

� If M
� r! M 0and�x I M; �x I :M 0 2 M i , then�x I :M

� �
! �x I :M 0.

� If M
� r! M 0, N

� �
! N 0andMN; M 0N 0 2 M i thenMN

� r! M 0N 0

� If M
� r! M 0, N

� r! N 0and(�x I :M )N; M 0[x I := N 0] 2 M i , then(�x I :M )N
� r! M 0[x I := N 0]

� If M
� ��
! M 0, x I 62FV (M ) and�x I :Mx I 2 M i , then�x I :Mx I � ��

! M 0
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We denote the transitive closure of
� r! by

� r!! . WhenM
� r! N (resp.M

� r!! N ), we can also write
N

� r M (resp.N
� r  M ). If R; R0 2 f

� r! ;
� r!! ;

� r ;
� r  g , we writeM 1RM 2R0M 3 instead ofM 1RM 2

andM 2R0M 3.

Lemma A.6. Let r 2 f �; �� g, i 2 f 1; 2; 3g andM 2 M i .

1. If M � r M 0, thenM
� r! M 0.

2. If M
� r! M 0, thenM 0 2 M i , M � �

r M 0, FV( M 0) � FV( M ), d(M ) = d(M 0) and if i 2 f 1; 2g,
FV( M 0) = FV( M ).

3. If M
� r! M 0, N

� r! N 0andM � N , thenM 0 � N 0.

Proof:
1. By induction on the derivation ofM � r M 0.
2. By induction on the derivation ofM

� r! M 0using lemmas 2.1 and A.2.4.
3. M 0 � N 0since by 2,FV( M 0) � FV( M ) andFV( N 0) � FV( N 0) andM � N . ut

Lemma A.7. Let r 2 f �; �� g, i 2 f 1; 2; 3g M; N 2 M i , N
� r! N 0, d(N ) = I andM � N . We have:

1. M [x I := N ]
� r! M [x I := N 0].

2. If M
� r! M 0 thenM [x I := N ]

� r! M 0[x I := N 0].

Proof:
By lemma A.6.2, d(N 0) = d(N ) = I . By lemma A.6.3,M � N 0.
1. By induction onM using lemmas A.1.2, A.1.4 and A.1.6a.
2. By lemma A.6.3,M 0 � N 0. By induction onM

� r! M 0 using 1, lemmas A.1.2, A.1.4, A.1.6a and
A.6.3. We only do one interesting case where(�y J :M 1)M 2

� �
! M 0

1[yJ := M 0
2], M 1

� �
! M 0

1, M 2
� �
! M 0

2,
(�y J :M 1)M 2; M 0

1[yJ := M 0
2]. By de�nition, M 1; M 2 2 M i . By lemma A.6.2,M 0

1; M 0
2 2 M i . By

lemma A.1.6a,M 0
1 � M 0

2 and d(M 0
2) = J . By lemma A.1.2,M 1 � N andM 2 � N . By lemma A.6.3,

M 0
1 � N andM 0

2 � N . Then:

a. M 1[x I := N ]
� �
! M 0

1[x I := N 0], by IH and lemma A.1.2.

b. M 2[x I := N ]
� �! M 0

2[x I := N 0], by IH and lemma A.1.2.

c. M 1[x I := N ] � M 2[x I := N ], by lemmas A.1.2 and A.1.4.

d. M 0
1[x I := N 0] � M 0

2[x I := N 0], by a., b., c., and lemma A.6.3.

e. yJ 62FV (N 0) [ f x I g, by BC and by lemma A.1.7,
M 0

1[x I := N 0][yJ := M 0
2[x I := N 0]] = M 0

1[yJ := M 0
2][x I := N 0].

Hence,(�y J :M 1[x I := N ])M 2[x I := N ]
� �
! M 0

1[x I := N 0][yJ := M 0
2[x I := N 0]]

and so,(( �y J :M 1)M 2)[x I := N ]
� �
! M 0

1[yJ := M 0
2][x I := N 0]. ut
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Lemma A.8. Let r 2 f �; �� g, i 2 f 1; 2; 3g andM 2 M i .

1. If M = x I � r! N , thenN = x I .

2. If M = �x I :P
� �
! N , thenN = �x I :P0whereP

� �
! P0.

3. If M = �x I :P
� ��
! N then one of the following holds:

� N = �x I :P0whereP
� ��! P0.

� P = P0x I wherex I 62FV( P0) [ FV( N ), d(P0) � n andP0 � ��
! N .

4. If M = PQ
� r! N , then one of the following holds:

� N = P0Q0, P
� r! P0, Q

� r! Q0, P � Q, andP0 � Q0.

� P = �x I :P0, N = P00[x I := Q0], d(Q) = d(Q0) = I , P0 � r! P00, Q
� r! Q0, P0 � Q and

P00� Q0.

Proof:
1. By induction on the derivation ofx I � r! N .
2. By induction on the derivation of�x I :P

� �
! N using lemma A.6.2.

3. By induction on the derivation of�x I :P
� ��
! N using lemma A.6.2.

4. By induction on the derivation ofPQ
� r! N using lemma A.6.2 and A.6.3. ut

Lemma A.9. Let r 2 f �; �� g, i 2 f 1; 2; 3g andM; M 1; M 2 2 M i .

1. If M 2
� r M

� r! M 1, then there isM 0 2 M i such thatM 2
� r! M 0 � r M 1.

2. If M 2
� r  M

� r!! M 1, then there isM 0 2 M i such thatM 2
� r!! M 0 � r  M 1.

Proof:
1. Both cases by induction onM . We only do the�� case making discriminate use of lemma A.8.

� If M = x I , by lemma A.8,M 1 = M 2 = x I . TakeM 0 = x I .

� If N2P2
� ��
 NP

� ��
! N1P1 whereN2

� ��
 N

� ��
! N1 and P2

� ��
 P

� ��
! P1. Then, by IH,

9N 0; P0 2 M i such thatN2
� ��
! N 0 � ��

 N1 andP2
� ��
! P0 � ��

 P1. By de�nition, N1 � P1. By
lemma A.6.2, d(N1) = d(N 0) and d(P1) = d(P0). By lemma A.6.3,N 0 � P0. If i 2 f 1; 2g
thenN 0P0 2 M i . If i = 3 then d(N1) � d(P1), so d(N 0) � d(P0) andN 0P0 2 M i . Hence,

N2P2
� ��! N 0P0 � �� N1P1.

� If P1[x I := Q1]
� ��
 (�x I :P)Q

� ��
! P2[x I := Q2] whereP1

� ��
 P

� ��
! P2 andQ1

� ��
 Q

� ��
! Q2.

Then, by IH,9P0; Q0 2 M i whereP1
� ��
! P0 � ��

 P2 andQ1
� ��
! Q0 � ��

 Q2. By lemma A.1.6a,
d(Q1) = d(Q2) = I , P1 � Q1 andP2 � Q2.

Hence, by lemma A.7.2,P1[x I := Q1]
� ��
! P0[x I := Q0]

� ��
 P2[x I := Q2].
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� If (�x I :P1)Q1
� ��
 (�x I :P)Q

� ��
! P2[x I := Q2] whereP

� ��
! P1, P

� ��
! P2, Q1

� ��
 Q

� ��
! Q2.

By IH, 9P0; Q0 2 M i such thatP1
� ��
! P0 � ��

 P2 andQ1
� ��
! Q0 � ��

 Q2. By lemma A.1.1 and
lemma A.1.2,P � Q. By lemma A.6.3,P0 � Q0. By lemma A.1.6a, d(Q2) = I andP2 � Q2.

By lemma A.6.2, d(Q0) = I . By lemma A.1.6a,P0[x I := Q0] 2 M i . Hence,(�x n :P1)Q1
� ��
!

P0[xn := Q0] and by lemma A.7.2,P2[xn := Q2]
� ��
! P0[xn := Q0].

� If P1Q1
� ��
 (�x I :PxI )Q

� ��
! P2[x I := Q2] whereP

� ��
! P1, PxI � ��

! P2, Q1
� ��
 Q

� ��
! Q2 and

x I 62FV( P). By lemma A.1.6a, d(Q2) = I . By lemma A.6.2, d(Q1) = I . By lemma A.1.1
and lemma A.1.2,�f P; xI ; Qg. By lemma A.6.3,�f P1; x I ; Q1g. By lemma A.6.2, d(P) = d(P1)
andx I 62FV( P1). If i 2 f 1; 2g thenP1x I 2 M i . If i = 3 then d(P) � I , so d(P1) � I and
PxI 2 M i . HencePxI � Q and by lemma A.1.6a,P1Q1 = ( P1x I )[x I := Q1] 2 M i . Moreover,

PxI � ��
! P1x I and we conclude as in the third item.

� If �x I :N2
� ��
 �x I :N

� ��
! �x I :N1 whereN2

� ��
 N

� ��
! N1. By IH, there isN 0 2 M i such that

N2
� ��
! N 0 � ��

 N1. If i 2 f 1; 2g thenx I 2 FV( N1), so by lemma A.6.2,x I 2 FV( N ), hence
�x I :N 0 2 M i . If i = 3 then by lemma A.6.2,I � d(N1) = d(N 0), so�x I :N 0 2 M i . Hence,

�x n :N2
� ��
! �x n :N 0 � ��

 �x n :N1.

� If M 1
� ��
 �x I :PxI � ��

! M 2 whereM 1
� ��
 P

� ��
! M 2. By IH, there isM 0 2 M i such that

M 2
� ��
! M 0 � ��

 M 1.

� If M 1
� ��
 �x I :PxI � ��

! �x I :P0, whereP
� ��
! M 1, PxI � ��

! P0 andx I 62FV( P). By the �
property, for allJ , xJ 62FV( P). By lemma A.8:

– EitherP0 = P00x I andP
� ��! P00. By IH, there isM 0 2 M i such thatP00� ��! M 0 � �� M 1.

By lemma A.6.2,x I 62FV (P00) and d(P00) � n. Hence,M 2 = �x I :P00x I � ��
! M 0 � ��

 M 1.

– Or P = �y I :P00and P0 = P000[yI := x I ] such thatP00 � ��
! P000. If i 2 f 1; 2g then

yI 2 FV( P00), so by lemma A.6.2,yI 2 FV( P000) and �y I :M 0002 M i . If i = 3 then
by lemma A.6.2 and BC, d(P000) = d(P00) � I and for allJ , xJ 62FV( P000). So�y I :M 0002

M i . Hence,P = �y I :P00� ��
! �y I :P000. Moreover,�x I :P0 = �x I :P000[yI := x I ] = �y I :P000.

We conclude using as in the sixth item.

2. First show by induction onM
� r!! M 1 (and using 1) that ifM 2

� r M
� r!! M 1, then there is

M 0 2 M i such thatM 2
� r!! M 0 � r M 1. Then use this to show 2 by induction onM

� r!! M 2. ut

Proof:
[of Theorem 2.2]

1. By lemma A.9.2,
� r!! is con�uent. By lemma A.6.1 and A.6.2,M

� r!! N iff M � �
r N . Then� �

r is
con�uent.

2. If) is by de�nition of ' � . Only if) is by induction onM 1 ' � M 2 using 1.
ut
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A.3. Types

Proof:
[of Lemma 3.1]

1. The if direction is by de�nition. We only do the if direction.
1a. By induction on the derivation ofU ! T good. 1b. By induction on the derivation ofU u V
good. 1c. By induction on the derivation ofeU good.

2. 2a. By induction onT. 2b. By induction onU. 2c. By induction onU. 2d. If) By 1. Only if) By 2,
d(U) � 0 = d(T). Hence, by 1,U ! T is good.

ut

A.4. Type systems

Lemma A.10. In the relevant context (U2, T2, EnvU2 or 2-typings), we have:

1. If U v V u a, thenU = U0u a.

2. LetU1 v U2.

(a) If U2 is good and d(U2) = n, thenU1 = u k
i =1 ~ei (1:n)Ti , U2 = up

j =1
~e0

j (1:n)T0
j , wherep; k � 1,

81 � i � k Ti 2 T2, 81 � j � p T0
j 2 T2 and81 � j � p, 91 � i � k such that

~ei (1:n) = ~e0
j (1:n) andTi v T0

j .

(b) Let U1 = u k
i =1 ~ei (1:n i )(Vi ! Ti ) andU2 = up

j =1
~e0

j (1:m j )(V 0
j ! T0

j ). If U1 is good and

d(U1) = n then8i; j , n i = mj = n and81 � j � p, 91 � i � k such that~ei (1:n) = ~e0
j (1:n) ,

V 0
j v Vi andTi v T0

j .

3. If eU v V thenV = eU0whereU v U0.

4. If U ! T v V andU ! T is good, thenV = up
i =1 (Ui ! Ti ) wherep � 1 and81 � i � p,

Ui v U andT v Ti .

5. If u k
i =1 ~ei (1:n i ) (Vi ! Ti ) v V whereV is good, d(V ) = n and k � 1 then 8i; n i = n and

V = up
i =1

~e0
i (1:n) (V 0

i ! T0
i ) wherep � 1 and81 � i � p, 91 � j � k such that~ej (1:n) = ~e0

i (1:n) ,
V 0

i v Vj andTj v T0
i .

6. Let � 1 v � 2.

� d(� 1) > 0 iff d(� 2) > 0

� � 1 is good iff � 2 is good.

7. If U v U0
1 u U0

2 thenU = U1 u U2 whereU1 v U0
1 andU2 v U0

2.

8. If � v � 0
1 u � 0

2 then� = � 1 u � 2 where� 1 v � 0
1 and� 2 v � 0

2.

Proof:
[of Lemma A.10]
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1. By induction onU v V u a.

2. By induction on the derivation ofU1 v U2 using lemmas 3.1. We do case tr of 2b.

If
u k

i =1 ~ei (1:n i )(Vi ! Ti ) v V V v u p
j =1

~e0
j (1:m j )(V 0

j ! T0
j )

u k
i =1 ~ei (1:n i ) (Vi ! Ti ) v u p

j =1
~e0

j (1:m j ) (V 0
j ! T0

j )
, then, by 2a,8i; n i = n andV =

uq
l=1

~e00
l (1:n)T00

l whereq � 1 and 81 � l � q, 91 � i � k, such that~e00
l (1:n) = ~ei (1:n) and

Vi ! Ti v T00
l . If T00

l = a, then, by 1,Vi ! Ti = V 0 u a. Absurd. Hence,81 � l � q,
T00

l = Wl ! T000
l andV = uq

l=1
~e00

l (1:n)(Wl ! T000
l ). By IH, 81 � l � q, 91 � i � k such

that ~ei (1:n) = ~e00
l (1:n) , Wl v Vi andTi v T000

l . Also, by IH, 8j; m j = m and81 � j � p,

91 � l � q, ~e00
l (1:n) = ~e0

j (1:n) , V 0
j v Wl andT000

l v T0
j . Hence,81 � j � p, 91 � i � k, such

that~e0
j (1:n) = ~ei (1:n) , V 0

j v Vi andTi v T0
j .

3. By induction oneU v V .

4. By 2a,V = up
i =1 T0

i wherep � 1 and 81 � i � p, U ! T v T0
i . If T0

i = a, then, by 1,
U ! T = U0 u a. Absurd. Hence,T0

i = Ui ! Ti . Hence, by 2b,81 � i � p, Ui v U and
T v Ti .

5. By 2a,8i; n i = n andV = up
i =1

~e0
i (1:n)T00

i wherep � 1 and81 � i � p, 91 � j i � k such that

~ej i (1:n) = ~e0
i (1:n) andVj i ! Tj i v T00

i . Let 1 � i � p. If T00
i = a, then, by 1,Vj i ! Tj i = U0u a.

Absurd. Hence,T00
i = V 0

i ! T0
i . By 4,V 0

i v Vj i andTj i v T0
i . We are done.

6. Using previous items.

7. By induction onU v U0
1 u U0

2.

– Let
U0

1 u U0
2 v U0

1 u U0
2
. By ref , U0

1 v U0
1 andU0

2 v U0
2.

– Let
U v U00 U00v U0

1 u U0
2

U v U0
1 u U0

2
. By IH, U00= U00

1 u U00
2 such thatU00

1 v U0
1 andU00

2 v U0
2.

Again by IH, U = U1 u U2 such thatU1 v U00
1 andU2 v U00

2 . So bytr , U1 v U0
1 and

U2 v U0
2.

– Let
U good & d(U0

1 u U0
2) = d(U)

(U0
1 u U0

2) u U v U0
1 u U0

2
. By ref , U0

1 v U0
1 andU0

2 v U0
2. Moreover:

� If d(U) = d(U0
1 u U0

2) = d(U0
1) then byuE , U0

1 u U v U0
1. We are done.

� If d(U) = d(U0
1 u U0

2) = d(U0
2) then byuE , U0

2 u U v U0
2. We are done.

– If
U1 v U0

1 & U2 v U0
2

U1 u U2 v U0
1 u U0

2
there is nothing to prove.

– If
U v U0

1 u U0
2

eU v eU0
1 u eU0

2
then by IH U = U1 u U2 such thatU1 v U0

1 and U2 v U0
2. So,

eU = eU1 u eU2 and byv exp, eU1 v eU0
1 andeU2 v eU0

2.

8. By induction on� v � 0
1 u � 0

2.

– Let
� 0

1 u � 0
2 v � 0

1 u � 0
2
. By ref , � 0

1 v � 0
1 and� 0

2 v � 0
2.
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– Let
� v � 00 � 00v � 0

1 u � 0
2

� v � 0
1 u � 0

2
. By IH, � 00= � 00

1 u � 00
2 such that� 00

1 v � 0
1 and� 00

2 v � 0
2.

Again by IH,� = � 1 u � 2 such that� 1 v � 00
1 and� 2 v � 00

2. So bytr , � 1 v � 0
1 and� 2 v � 0

2.

– Let
U1 v U2

� ; (yn : U1) v � ; (yn : U2)
where� ; (yn : U2) = � 0

1 u � 0
2.

� If � 0
1 = � 00

1; (yn : U0
2) and� 0

2 = � 00
2; (yn : U00

2 ) such thatU2 = U0
2 u U00

2 , then by 7,
U1 = U0

1 u U00
1 such thatU0

1 v U0
2 andU00

1 v U00
2 . Hence� = � 00

1 u � 00
2 and� ; (yn :

U1) = � 1 u � 2 where� 1 = � 00
1; (yn : U0

1) and� 2 = � 00
2; (yn : U00

1 ) such that� 1 v � 0
1

and� 2 v � 0
2 by v c.

� If yn 62dom(� 0
1) then� = � 0

1 u � 00
2 where� 00

2; (yn : U2) = � 0
2. Hence,� ; (yn : U1) =

� 0
1 u � 2 where� 2 = � 00

2; (yn : U1). By ref andv c, � 0
1 v � 0

1 and� 2 v � 0
2.

� If yn 62dom(� 0
2) then similar to the above case.

ut

Lemma A.11. In the relevant context (U3, T3, EnvU3 or 3-typings), we have:

1. If T 2 T3, then d(T) = � .

2. Let U 2 U3. If d(U) = L = ( n i )m , thenU = ! L or U = ~eL up
i =1 Ti wherep � 1 and for all

i 2 f 1; : : : ; pg, Ti 2 T3.

3. LetU1; U2 2 U3 andU1 v U2.

(a) If U1 = ! K thenU2 = ! K .

(b) If U1 = ~eK U thenU2 = ~eK U0andU v U0.

(c) If U2 = ~eK U thenU1 = ~eK U0andU v U0.

(d) If U1 = up
i =1 ~eK (Ui ! Ti ) wherep � 1 thenU2 = ! K or U2 = uq

j =1 ~eK (U0
j ! T0

j ) where
q � 1 and for allj 2 f 1; : : : ; qg, there existsi 2 f 1; : : : ; pg such thatU0

j v Ui andTi v T0
j .

4. If U 2 U3 andU v U0
1 u U0

2 thenU = U1 u U2 whereU1 v U0
1 andU2 v U0

2.

5. If � 2 EnvU3 and� v � 0
1 u � 0

2 then� = � 1 u � 2 where� 1 v � 0
1 and� 2 v � 0

2.

Proof:
[Of lemma A.11]

1. By de�nition.

2. By induction onU.

� If U = a (d(U) = � ), nothing to prove.

� If U = V ! T (d(U) = � ), nothing to prove.

� If U = ! L , nothing to prove.

� If U = U1 u U2 (d(U) = d(U1) = d(U2) = L), by IH we have four cases:

– If U1 = U2 = ! L thenU = ! L .
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– If U1 = ! L andU2 = ~eL u k
i =1 Ti wherek � 1 and81 � i � k, Ti 2 T thenU = U2

(since! L is a neutral).
– If U2 = ! L andU1 = ~eL u k

i =1 Ti wherek � 1 and81 � i � k, Ti 2 T thenU = U1

(since! L is a neutral).
– If U1 = ~eL up

i =1 Ti andU2 = ~eL up+ q
i = p+1 Ti wherep; q � 1, 81 � i � p + q, Ti 2 T

thenU = ~eL up+ q
i =1 Ti .

� If U = en1 V (L = d(U) = n1 :: d(V ) = n1 :: K ), by IH we have two cases:

– If V = ! K , U = en1 ! K = ! L .
– If V = ~eK up

i =1 Ti wherep � 1 and81 � i � p, Ti 2 T thenU = ~eL up
i =1 Ti where

p � 1 and81 � i � p, Ti 2 T.

3. (a) By induction onU1 v U2.

(b) By induction onK . We do the induction step. LetU1 = ei U. By induction onei U v U2 we
obtainU2 = ei U0andU v U0.

(c) same proof as in the previous item.

(d) By induction onU1 v U2:

� By ref , U1 = U2.

� If
up

i =1 ~eK (Ui ! Ti ) v U U v U2

up
i =1 ~eK (Ui ! Ti ) v U2

. If U = ! K then by (b),U2 = ! K . If U =

uq
j =1 ~eK (U0

j ! T0
j ) whereq � 1 and81 � j � q, 91 � i � p such thatU0

j v Ui

andTi v T0
j then by IH,U2 = ! K or U2 = u r

k=1 ~eK (U00
k ! T00

k ) wherer � 1 and
81 � k � r , 91 � j � q such thatU00

k v U0
j andT0

j v T00
k . Hence, bytr , 81 � k � r ,

91 � i � p such thatU00
k v Ui andTi v T00

k .
� By uE , U2 = ! K or U2 = uq

j =1 ~eK (U0
j ! T0

j ) where1 � q � p and81 � j � q,
91 � i � p such thatUi = U0

j andTi = T0
j .

� Caseu is by IH.
� Case! is trivial.

� If
up

i =1 ~eL (Ui ! Ti ) v U2

up
i =1 ~eK (Ui ! Ti ) v ei U2

whereK = i :: L then by IH,U2 = ! L and soei U2 =

! K or U2 = uq
j =1 ~eL (U0

j ! T0
j ) so ei U2 = uq

j =1 ~eK (U0
j ! T0

j ) whereq � 1 and
81 � j � q, 91 � i � p such thatU0

j v Ui andTi v T0
j .

4. By induction onU v U0
1 u U0

2.

� Let
U0

1 u U0
2 v U0

1 u U0
2
. By ref , U0

1 v U0
1 andU0

2 v U0
2.

� Let
U v U00 U00v U0

1 u U0
2

U v U0
1 u U0

2
. By IH, U00= U00

1 u U00
2 such thatU00

1 v U0
1 andU00

2 v U0
2.

Again by IH, U = U1 u U2 such thatU1 v U00
1 andU2 v U00

2 . So bytr , U1 v U0
1 and

U2 v U0
2.

� Let
(U0

1 u U0
2) u U v U0

1 u U0
2
. By ref , U0

1 v U0
1 andU0

2 v U0
2.

Moreover d(U) = d(U0
1 u U0

2) = d(U0
1) then byuE , U0

1 u U v U0
1.
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� If
U1 v U0

1 U2 v U0
2

U1 u U2 v U0
1 u U0

2
there is nothing to prove.

�
V2 v V1 T1 v T2

V1 ! T1 v V2 ! T2
thenU0

1 = U0
2 = V2 ! T2 andU = U1 u U2 such thatU1 = U2 =

V1 ! T1 and we are done.

� If
U v U0

1 u U0
2

eU v eU0
1 u eU0

2
then by IH U = U1 u U2 such thatU1 v U0

1 and U2 v U0
2. So,

eU = eU1 u eU2 and byv e, eU1 v eU0
1 andeU2 v eU0

2.

5. By induction on� v � 0
1 u � 0

2.

� Let
� 0

1 u � 0
2 v � 0

1 u � 0
2
. By ref , � 0

1 v � 0
1 and� 0

2 v � 0
2.

� Let
� v � 00 � 00v � 0

1 u � 0
2

� v � 0
1 u � 0

2
. By IH, � 00= � 00

1 u � 00
2 such that� 00

1 v � 0
1 and� 00

2 v � 0
2.

Again by IH,� = � 1 u � 2 such that� 1 v � 00
1 and� 2 v � 00

2. So bytr , � 1 v � 0
1 and� 2 v � 0

2.

� Let
U1 v U2

� ; (yL : U1) v � ; (yL : U2)
where� ; (yL : U2) = � 0

1 u � 0
2.

– If � 0
1 = � 00

1; (yL : U0
2) and� 0

2 = � 00
2; (yL : U00

2 ) such thatU2 = U0
2 u U00

2 , then by 4,
U1 = U0

1 u U00
1 such thatU0

1 v U0
2 andU00

1 v U00
2 . Hence� = � 00

1 u � 00
2 and� ; (yL :

U1) = � 1 u � 2 where� 1 = � 00
1; (yL : U0

1) and� 2 = � 00
2; (yL : U00

1 ) such that� 1 v � 0
1

and� 2 v � 0
2 by v c.

– If yL 62dom(� 0
1) then� = � 0

1 u � 00
2 where� 00

2; (yL : U2) = � 0
2. Hence,� ; (yL : U1) =

� 0
1 u � 2 where� 2 = � 00

2; (yL : U1). By ref andv c, � 0
1 v � 0

1 and� 2 v � 0
2.

– If yL 62dom(� 0
2) then similar to the above case.

ut

Proof:
[of Remark 4.1]

1. Let M : h� 1 ` j U1i and M : h� 2 ` j U2i . By lemma 4.1.3a,dom(� 1) = dom(� 2). Let
� 1 = ( x I i

i : Vi )n and� 2 = ( x I i
i : V 0

i )n . By lemma 4.1.2,81 � i � n, if j = 2 , Vi andV 0
i are

good and d(Vi ) = d(V 0
i ) = I i . By uE , Vi u V 0

i v Vi andVi u V 0
i v V 0

i . Hence, by lemma 4.1.2,
� 1 u � 2 v � 1 and� 1 u � 2 v � 2 and byv andv hi , M : h� 1 u � 2 ` j U1i andM : h� 1 u � 2 ` j U2i .
Finally, byu I , M : h� 1 u � 2 ` j U1 u U2i .

2. By lemma 3.1.2,U = u k
i =1 ~ei (1:n)Ti wherek � 1, and81 � i � k, Ti 2 T2 andTi is good.

Let 1 � i � k. By lemma 3.1.2, d(Ti ) = 0 and byax, x0 : h(x0 : Ti ) ` 2 Ti i . Hence,
xn : h(xn : ~ei (1:n)Ti ) ` 2 ~ei (1:n)Ti i by n applications ofexp. Now, byk � 1 applications ofu0

i ,
xn : h(xn : U) ` 2 Ui .

3. By lemma A.11, eitherU = ! L so by! , xL : h(xL : ! L ) ` 3 ! L i . Or U = up
i =1 ~eL Ti where

p � 1, and81 � i � p, Ti 2 T3. Let 1 � i � p. By ax, x � : h(x � : Ti ) ` 3 Ti i , hence bye,
xL : h(xL : ~eL Ti ) ` 3 ~eL Ti i . Now, byu0

I , xL : h(xL : U) ` 3 Ui .

4. By uE and since! d(U) is a neutral.
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ut

Lemma A.12. 1. OK( env!
M ).

2. If dom(�) = FV( M ) andOK(�) then� v env!
M

3. If � � � and d(�) ; d(�) � K , then� � K � � � K .

4. If U v U0and d(U) � K thenU � K v U0� K .

5. If � v � 0and d(�) � K then� � K v � 0� K .

6. If OK(� 1), OK(� 2) thenOK(� 1 u � 2).

7. If OK(�) thenOK( e�) .

8. If � 1 v � 2 then (d(� 1) � L iff d(� 2) � L ) and (OK(� 1) iff OK(� 2)).

Proof:

1. By de�nition, if FV( M ) = f xL 1
1 ; : : : ; xL n

n g thenenv!
M = ( xL i

i : ! L i )n and by de�nition, for all
i 2 f 1; : : : ; ng, d(! L i ) = L i . Moreover, ifxL : U; xL : V 2 env!

M , thenU = ! L = V .

2. Let FV( M ) = f xL 1
1 ; : : : ; xL n

n g and � = ( xL i
i : Ui )n . By de�nition, env!

M = ( xL i
i : ! L i )n .

BecauseOK(�) , then for all i 2 f 1; : : : ; ng, d(Ui ) = L i . Hence, by lemma 4.1.4 and 2,� v
env!

M .

3. Let xL 1 2 dom(� � K ) andxL 2 2 dom(� � K ), thenxK ::L 1 2 dom(�) andxK ::L 2 2 dom(�) ,
henceK :: L 1 = K :: L 2 and soL 1 = L 2.

4. Let d(U) = L = K :: K 0. By lemma A.11:

� If U = ! L then by lemma A.11.3a,U0 = ! L and byref , U � K = ! K 0
v ! K 0

= U0� K .

� If U = ~eL up
i =1 Ti wherep � 1 and8 1 � i � p, Ti 2 T then by lemma A.11.3b,U0 = ~eL V

andup
i =1 Ti v V . Hence, byv e, U � K = ~eK 0 up

i =1 Ti v ~eK 0V = U0� K .

5. Let � = ( xL i
i : Ui )n , so by lemma 4.1.2,� 0 = ( xL i

i : U0
i )n and81 � i � n, Ui v U0

i . Because
d(�) � K , then by de�nition 81 � i � n, d(Ui ) � K . By lemma 4.1.4,8i 2 f 1; : : : ; ng,
U � K

i v U0� K
i and by lemma 4.1.2,� � K v � 0� K .

6. Let � 1 = ( xL i
i : Ui )n ; � 0

1 and� 2 = ( xL i
i : U0

i )n ; � 0
2 such thatdom(� 0

1) \ dom(� 0
2). Then, by

hypotheses, for alli 2 f 1; : : : ; ng, d(Ui ) = L i = d(U0
i ). Then� 1 u � 2 = ( xL i

i : Ui u U0
i )n ; � 0

1; � 0
2

is well de�ned. Moreover, for allxL : U 2 � 0
1, d(U) = L and for allxL : U 2 � 0

2, d(U) = L and
for all i 2 f 1; : : : ; ng, d(Ui u U0

i ) = d(Ui ) = L i = d(U0
i ).

7. Let � = ( xL j
j : Uj )n then by hypothesis, for allj 2 f 1; : : : ; ng, d(Uj ) = L j andei � = ( x i ::L j

j :
ei Uj ). So, for allj 2 f 1; : : : ; ng, d(ei Uj ) = i :: d(Uj ) = i :: L j .
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8. By lemma 4.1.2,� 1 = ( xL i
i : Ui )n and� 2 = ( xL i

i : U0
i )n and for all i 2 f 1; : : : ; ng, Ui v U0

i .
By lemma 4.1.5, for alli 2 f 1; : : : ; ng, d(Ui ) = d(U0

i ). Assume d(� 1) � K then for all i 2
f 1; : : : ; ng, d(Ui ) = d(U0

i ) � K andL i � K , so d(� 2) � K . Assume d(� 2) � K then for all
i 2 f 1; : : : ; ng, d(Ui ) = d(U0

i ) � K andL i � K , so d(� 1) � K . AssumeOK(� 1) then for all
i 2 f 1; : : : ; ng, L i = d(Ui ) = d(U0

i ), soOK(� 2). AssumeOK(� 2) then for all i 2 f 1; : : : ; ng,
L i = d(U0

i ) = d(Ui ), soOK(� 1).
ut

A.5. Subject reduction and subject expansion properties

Proof:
[of Lemma 5.1]

1. By induction on the derivation ofxn : h� ` 1 Ti .

2. First, we prove by induction on the derivation of�x n :M : h� ` 1 T1 ! T2i that9k � 1, � 1, � 2,
: : : , � k , such that� = � 1 u � 2 � � � u � k and8 1 � i � k, M : h� i ; xn : T1 ` 1 T2i . We have two
cases:

– Case! i : takek = 1 .

– Caseu i : Let
�x n :M : h� ` 1 T1 ! T2i �x n :M : h� 0 ` 1 T1 ! T2i

�x n :M : h� u � 0 ` 1 T1 ! T2i
. By IH, � = � 1 u

� � � u � k1 and8 1 � i � k1, M : h� i ; xn : T1 ` 1 T2i and � 0 = � 0
1 u � � � u � 0

k2
and

8 1 � j � k2, M : h� 0
j ; xn : T1 ` 1 T2i and we are done.

Now we prove 2. Since� = � 1 u � 2 � � � u � k where8 1 � i � k, M : h� i ; xn : T1 ` T2i , by
k � 1 applications ofu i we getM : h� ; xn : T1 ` 1 T2i .

3. By induction on the derivation ofMN : h� ` 1 Ti .
ut

Proof:
[of Lemma 5.2] 1. By induction on the derivation ofxn : h� ` 2 Ui .
2. By induction on the derivation of�x n :M : h� ` 2 Ui . We have four cases:

� If
M : h� ; xn : U ` 2 Ti

�x n :M : h� ` 2 U ! Ti
, nothing to prove.

� Let
�x n :M : h� ` 2 U1i �x n :M : h� ` 2 U2i

�x n :M : h� ` 2 U1 u U2i
. By lemma 4.1,U1 u U2 is good and d(U1) =

d(U2) = m. By IH we have:U1 = u k
i =1 ~ei (1:m) (Vi ! Ti ), U2 = u k+ l

i = k+1 ~ei (1:m) (Vi ! Ti ) (hence
U1 u U2 = u k+ l

i =1 ~ei (1:m) (Vi ! Ti )) wherek; l � 1 and81 � i � k + l , M : h� ; xn : ~ei (1:m)Vi ` 2

~ei (1:m)Ti i . We are done.

� Let
�x n :M : h� ` 2 Ui

�x n+1 :M + : he� ` 2 eUi
. By IH, U = u k

i =1 ~ei (1:m� 1) (Vi ! Ti ) (since d(U) = m � 1)

wherek � 1 and81 � i � k, M : h� ; xn : ~ei (1:m� 1)Vi ` 2 ~ei (1:m� 1)Ti i . By e, 81 � i � k,
M + : h� ; xn + 1 : e~ei (1:m� 1)Vi ` 2 e~ei (1:m� 1)Ti i .
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� Let
�x n :M : h� ` 2 Ui h� ` 2 Ui v h � 0 ` 2 U0i

�x n :M : h� 0 ` 2 U0i
. By lemma 4.1.3,� 0 v � and U v U0. By

Theorem 4.1,U; U0 are good and d(U) = d(U0) = m. By IH, U = u k
i =1 ~ei (1:m) (Vi ! Ti ),

wherek � 1 andM : h� ; xn : ~ei (1:m)Vi ` 2 ~ei (1:m)Ti i 8 1 � i � k. By lemma A.10,U0 =

up
i =1

~e0
i (1:m) (V 0

i ! T0
i ), wherep � 1, and81 � i � p, 91 � j i � k such that~ej i (1:m) = ~e0

i (1:m) ,
V 0

i v Vj i andTj i v T0
i . Let 1 � i � p. Sinceh� ; xn : ~ej i (1:m)Vj i ` 2 ~ej i (1:m)Tj i i v h � 0; xn :

~e0
i (1:m)V 0

i ` 2 ~e0
i (1:m)T0

i i , by lemma A.10, thenM : h� 0; xn : ~e0
i (1:m)V 0

i ` 2 ~e0
i (1:m)T0

i i .
ut

Lemma A.13. (Extra Generation for ` 2)
1. If Mx n : h� ; xn : U ` 2 V i , d(V ) = 0 andxn 62FV (M ), thenV = u k

i =1 Ti wherek � 1 and
81 � i � k, M : h� ` 2 U ! Ti i .

2. If �x n :Mx n : h� ` 2 Ui andxn 62FV (M ), thenM : h� ` 2 Ui .

Proof:

1. By induction on the derivation ofMx n : h� ; xn : U ` 2 V i . We have three cases:

� If
M : h� ` 2 U ! Ti xn : hxn : V ` 2 Ui � � (xn : V ) V v U

Mx n : h� ; xn : V ` 2 Ti
(using lemma 5.2.1 and

lemma A.14), then sinceU ! T v V ! T, we haveM : h� ` 2 V ! T i .

� If
Mx n : h� ; xn : U ` 2 U1i Mx n : h� ; xn : U ` 2 U2i

Mx n : h� ; xn : U ` 2 U1 u U2i
, by lemma 4.1U1 u U2 is good and,

by lemma 3.1.1b, d(U1) = d(U2) = 0 . By IH, U1 = u k
i =1 Ti , U2 = u k+ l

i = k+1 Ti , wherek; l � 1
and8 1 � i � k + l , M : h� ` 2 U ! Ti i .

� If
Mx n : h� ; xn : U ` 2 V i h� ; xn : U ` 2 V i v h � 0; xn : U0 ` 2 V 0i

Mx n : h� 0; xn : U0 ` 2 V 0i
,

by lemma 4.1,� 0 v � , U0 v U andV v V 0. By lemma A.10, d(V ) = d(V 0) = 0 . By
IH, V = u k

i =1 Ti wherek � 1 and81 � i � k, M : h� ` 2 U ! Ti i . By lemma A.10.2
(sinceV is good by lemma 4.1),V 0 = up

i =1 T0
i where1 � p � k and81 � i � p, Ti v T0

i .
Since for any1 � i � p, h� ` 2 U ! Ti i v h � 0 ` 2 U0 ! T0

i i , then81 � i � p,
M : h� 0 ` 2 U0 ! T0

i i .

2. By lemma 4.1,m = d(U) = d(�x n :Mx n ) = d(Mx n ) � n. Hencen � m � 0 and d(Mx n ) =
d(M ) = m. By lemma 5.2.2,U = u k

i =1 ~ei (1:m) (Vi ! Ti ) wherek � 1 and 81 � i � k,
Mx n : h� ; xn : ~ei (1:m)Vi ` 2 ~ei (1:m)Ti i .

� If m = 0 , then81 � i � k, Mx n : h� ; xn : Vi ` 2 Ti i andM : h� ` 2 Vi ! Ti i by 1. Hence,
by k � 1 applicationsu i , M : h� ` 2 Ui .

� If m > 0, then, by lemma 4.1 andm-applications of lemma 4.1.3,81 � i � k, M � m xn� m :
h� � m ; xn� m : Vi ` 2 Ti i and,M � m : h� � m ` 2 Vi ! Ti i by 1. Now, bym-applications of
exp, M : h� ` 2 ~ei (1:m) (Vi ! Ti )i . Finally, byk-applications ofu i , M : h� ` 2 Ui .

ut
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Proof:
[Of lemma 5.3]

1. By induction on the derivationxL : h� ` 3 Ui . We have �ve cases:

� If
x � : h(x � : T) ` 3 Ti

then it is done using (ref).

� If
xL : h(xL : ! L ) ` 3 ! L i

then it is done using (ref).

� If
xL : h� ` 3 U1i xL : h� ` 3 U2i

xL : h� ` 3 U1 u U2i
. By IH, � = ( xL : V ), V v U1 andV v U2, then by

rule u, V v U1 u U2.

� If
xL : h� ` 3 Ui

x i ::L : hei � ` 3 ei Ui
. Then by IH,� = ( xL : V ) andV v U, soei � = ( x i ::L : ei V) and

by v e, ei V v ei U,

� If
xL : h� 0 ` 3 U0i h� 0 ` 3 U0i v h � ` 3 Ui

xL : h� ` 3 Ui
. By lemma 4.1.3,� v � 0 andU0 v U and, by

IH, � 0 = ( xL : V 0) andV 0 v U0. Then, by lemma 4.1.2,� = ( xL : V ), V v V 0and, by rule
tr , V v U.

2. By induction on the derivation�x L :M : h� ` 3 Ui . We have �ve cases:

� If
�x L :M : henv!

�x L :M ` 3 ! d(�x L :M ) i
then it is done.

� If
M : h� ; xL : U ` 3 Ti

�x L :M : h� ` 3 U ! Ti
(d(U ! T) = � ) then it is done.

� If
�x L :M : h� ` 3 U1i �x L :M : h� ` 3 U2i

�x L :M : h� ` 3 U1 u U2i
then d(U1 u U2) = d(U1) = d(U2) = K . By

IH, we have four cases:

– If U1 = U2 = ! K , thenU1 u U2 = ! K .
– If U1 = ! K , U2 = up

i =1 ~eK (Vi ! Ti ) wherep � 1 and81 � i � p,
M : h� ; xL : ~eK Vi ` 3 ~eK Ti i , thenU1 u U2 = U2 (! K is a neutral element).

– If U2 = ! K , U1 = up
i =1 ~eK (Vi ! Ti ) wherep � 1 and81 � i � p,

M : h� ; xL : ~eK Vi ` 3 ~eK Ti i , thenU1 u U2 = U1 (! K is a neutral element).
– If U1 = up

i =1 ~eK (Vi ! Ti ), U2 = up+ q
i = p+1 ~eK (Vi ! Ti ) (henceU1uU2 = up+ q

i =1 ~eK (Vi !
Ti )) wherep; q � 1, 81 � i � p + q, M : h� ; xL : ~eK Vi ` 3 ~eK Ti i , we are done.

� If
�x L :M : h� ` 3 Ui

�x i ::L :M + i : hei � ` 3 ei Ui
. d(ei U) = i :: d(U) = i :: K 0 = K . By IH, we have two

cases:

– If U = ! K 0
thenei U = ! K .

– If U = up
j =1 ~eK 0(Vj ! Tj ), wherep � 1 and for all1 � j � p, M : h� ; xL : ~eK 0Vj ` 3

~eK 0Tj i . Soei U = up
j =1 ~eK (Vj ! Tj ) and bye, for all 1 � j � p, M + i : hei � ; x i ::L :

~eK Vj ` 3 ~eK Tj i .
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� Let
�x L :M : h� ` 3 Ui h� ` 3 Ui v h � 0 ` 3 U0i

�x L :M : h� 0 ` 3 U0i
. By lemma 4.1.3,� 0 v � andU v U0and

by lemma 4.1.5 d(U) = d(U0) = K . By IH, we have two cases:

– If U = ! K , then, by lemma A.11.3a,U0 = ! K .
– If U = up

i =1 ~eK (Vi ! Ti ), wherep � 1 and for all1 � i � p M : h� ; xL : ~eK Vi ` 3

~eK Ti i . By lemma A.11.3d:
� EitherU0 = ! K .
� Or U0 = uq

i =1 ~eK (V 0
i ! T0

i ), whereq � 1 and81 � i � q, 91 � j i � p such that
V 0

i v Vj i andTj i v T0
i . Let 1 � i � q. Since, by lemma 4.1.3,h� ; xL : ~eK Vj i ` 3

~eK Tj i i v h � 0; xL : ~eK V 0
i ` 3 ~eK T0

i i , thenM : h� 0; xL : ~eK V 0
i ` 3 ~eK T0

i i .

3. Similar as the proof of 2.

4. By induction on the derivationM x L : h� ; xL : U ` 3 Ti . We have two cases:

� Let
M : h� ` 3 V ! T i xL : h(xL : U) ` 3 V i � � (xL : U)

M x L : h� ; (xL : U) ` 3 Ti
(where, by 1. U v V ).

SinceV ! T v U ! T, we haveM : h� ` 3 U ! Ti .

� Let
M x L : h� 0; (xL : U0) ` 3 V 0i h� 0; (xL : U0) ` 3 V 0i v h � ; (xL : U) ` 3 V i

M x L : h� ; (xL : U) ` 3 V i
(by lemma 4.1).

By lemma 4.1,� v � 0, U v U0 andV 0 v V . By IH, M : h� 0 ` 3 U0 ! V 0i and byv ,
M : h� ` 3 U ! V i .

ut

Lemma A.14. Let i 2 f 1; 2g andM : h� ` i Ui . We have:

1. If M : h� ` i V i , thendom(�) = dom(�) .

2. If xn : U1 2 � andym : U2 2 � , then:

(a) If xn : U1 6= ym : U2, thenxn 6= ym .

(b) If x = y, thenn = m andU1 = U2.

3. If xn : U1 2 � andym : U2 2 � andxn : U1 6= ym : U2, then
x 6= y andxn 6= ym .

4. AssumeN : h� ` i V i . We have� � � iff M � N .

5. If N is a subterm ofM , then there are� ; V such thatN : h� ` i V i .

6. If � = � 1 u � 2 u � 3, then� 1 � � 2.

Proof:
1. Corollary of theorem 4.1.3a.
2. 2a. and 2a. are by induction on the derivation ofM : h� ` i Ui using 1. in theu i case.
3. Corollary of 2.
4. Use theorem 4.1.3a.
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5. By induction on the derivation ofM : h� ` i Ui .
6. Let � = ( xn i

i : Ui )n andx 2 V . If xp 2 dom(� 1) � dom(�) andxq 2 dom(� 2) � dom(�) , then by
2, p=q. ut

Proof:
[of Lemma 5.4]

� Casè 1. By induction on the derivation ofM : h� ` 1 Ui . The only interesting case is! E where
M = ( �x n :M 1)M 2 is the subterm in question.

Here,
�x n :M 1 : h� 1 ` 1 T1 ! T2i M 2 : h� 2 ` T1i � 1 � � 2

(�x n :M 1)M 2 : h� 1 u � 2 ` 1 T2i
.

By Lemma 5.1.2,M 1 : h� 1; xn : T1 ` 1 T2i . By lemma 4.1,n = d(T1) and d(M 2) = d(T1).
Hence,n = d(M 2) and(�x n :M 1)M 2 � � M 1[xn := M 2].

� Casè 2. By lemma A.14,(�x n :M 1)M 2 is typable. By induction on the typing of(�x n :M 1)M 2.

We consider only the rule! E :
�x n :M 1 : h� 1 ` 2 V ! T i M 2 : h� 2 ` 2 V i � 1 � � 2

(�x n :M 1)M 2 : h� 1 u � 2 ` 2 Ti
.

By lemma 3.1.2, d(V ! T) = 0 . By Lemma 5.2.2,V ! T = u k
i =1 (Vi ! Ti ) wherek � 1

and81 � i � k, M 1 : h� 1; xn : Vi ` 2 Ti i . Hencek = 1 , Vi = V , Ti = T andM 1 : h� 1; xn :
V ` 2 Ti . By lemma 4.1,V is good, d(M 2) = d(V ) and d(V ) = n. So, d(M 2) = n and
(�x n :M 1)M 2 � � M 1[xn := M 2].

ut

Proof:
[of Lemma 5.5] By lemma 4.2.3,� � � .

1. Casei = 2 . By induction on the derivation ofM : h� ; xn : U ` 2 V i .

� If
T good

x0 : h(x0 : T) ` 2 Ti
andN : h� ` 2 Ti , thenN = x0[x0 := N ] : h� ` 2 Ti .

� Let
M : h� ; xn : U; ym : U0 ` 2 Ti

�y m :M : h� ; xn : U ` 2 U0 ! T i
. Since� � � , by BC, � ; ym : U0 � � and ym 62

dom(�) . By IH, M [xn := N ] : h� u � ; ym : U0 ` 2 Ti . By ! i , (�y m :M )[xn := N ] =
�y m :M [xn := N ] : h� u � ` 2 U0 ! T i .

� Let
M 1 : h� 1; xn : U1 ` 2 V ! T i M 2 : h� 2; xn : U2 ` 2 V i � 1 � � 2

M 1M 2 : h� 1 u � 2; xn : U1 u U2 ` 2 Ti
wherexn 2 FV (M 1)\

FV (M 2), N : h� ` 2 U1 u U2i and(� 1 u � 2) � � . By uE andv , N : h� ` 2 U1i and
N : h� ` 2 U2i . Now use IH and! E .
The casesxn 2 FV (M 1) n FV (M 2) or xn 2 FV (M 2) n FV (M 1) are easy.

� If
M : h� ; xn : U ` 2 U1i M : h� ; xn : U ` 2 U2i

M : h� ; xn : U ` 2 U1 u U2i
use IH andu i .

� Let
M : h� ; xn : U ` 2 V i

M + : he� ; xn+1 : eU ` 2 eVi
whereN : h� ` 2 eUi and e� � � . By lemma 4.1,

d(N ) = d(eU) = d(U) + 1 > 0. Hence, by lemmas A.3.1 and 4.1.3,N = P+ and
P : h� � ` 2 Ui . As e� � � , then� � � � . By IH, M [xn := P] : h� u � � ` 2 V i . By e and
lemma A.3.2,M + [xn+1 := N ] : he� u � ` 2 eVi .
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� Let
M : h� 0; xn : U0 ` 2 V 0i h� 0; xn : U0 ` 2 V 0i v h � ; xn : U ` 2 V i

M : h� ; xn : U ` 2 V i
(note the use of lemma 4.1). By lemma 4.1,dom(�) = dom(� 0), � v � 0, U v U0 and
V 0 v V . Hence� 0 � � , N : h� ` 2 U0i and, by IH,M [xn := N ] : h� 0 u � ` 2 V 0i .
It is easy to show that� u � v � 0 u � . Hence,h� 0 u � ` 2 V 0i v h � u � ` 2 V i and
M [xn := N ] : h� u � ` 2 V i .

2. Casei = 3 . By lemma 4.1,M; N 2 M 3, d(N ) = d(U) = L , OK(�) andOK(� ; xL : U). By
lemma 4.1.6,OK(� u �) . By lemma A.1.6,M [xL := N ] 2 M 3. By lemma 4.2.3a,xL 2 FV( M ).

We prove the lemma by induction on the derivationM : h� ; xL : U ` 3 V i .

� If
x � : h(x � : T) ` 3 Ti

andN : h� ` 3 Ti , thenx � [x � := N ] = N : h� ` 3 Ti .

� If
M : henv!

FV( M )nf xL g; (xL : ! L ) ` 3 ! d(M ) i
andN : h� ` 3 ! L i then by! , M [xL :=

N ] : henv!
M [xL := N ] ` 3 ! d(M [xL := N ]) i . By lemma A.1.6 d(M [xL := N ]) = d(M ). Since

xL 2 FV( M ) (and soFV( M [xL := N ]) = (FV( M ) n f xL g) [ FV( N )), by v , M [xL :=
N ] : henv!

FV( M )nf xL g u � ` 3 ! d(M ) i .

� Let
M : h� ; xL : U; yK : U0 ` 3 Ti

�y K :M : h� ; xL : U ` 3 U0 ! T i
whereyK 62FV( N ) [ f xL g.

So(�y K :M )[xL := N ] = �y K :M [xL := N ]. By lemma A.1.2,M � N . By IH,
M [xL := N ] : h� u � ; yK : U0 ` 3 Ti . By ! I , (�y K :M )[xL := N ] : h� u � ` 3 U0 ! T i .

� Let
M : h� ; xL : U ` 3 Ti yK 62dom(� ; xL : U)

�y K :M : h� ; xL : U ` 3 ! K ! T i
whereyK 62FV( N ) [ f xL g.

So(�y K :M )[xL := N ] = �y K :M [xL := N ]. By lemma A.1.2,M � N . By lemma 4.2.3a,
FV( N ) = dom(�) , soyK 62dom(�) . By IH, M [xL := N ] : h� u � ` 3 Ti . By ! 0

I ,
(�y K :M )[xL := N ] : h� u � ` 3 ! K ! T i .

� Let
M 1 : h� 1; xL : U1 ` 3 V ! T i M 2 : h� 2; xL : U2 ` 3 V i � 1 � � 2

M 1M 2 : h� 1 u � 2; xL : U1 u U2 ` 3 Ti
(by lemma 4.2.3a)

wherexL 2 FV( M 1) \ FV( M 2), N : h� ` 3 U1 u U2i . By lemma A.1.2,M 1 � N and
M 2 � N . By uE andv , N : h� ` 3 U1i andN : h� ` 3 U2i . Now use IH and! E (using the
fact that� 1 u � � � 2 u � , by lemma 4.2.3a and lemma A.1.4).
The casesxL 2 FV( M 1) n FV( M 2) or xL 2 FV( M 2) n FV( M 1) are similar.

� If
M : h� ; xL : U ` 3 U1i M : h� ; xL : U ` 3 U2i

M : h� ; xL : U ` 3 U1 u U2i
use IH andu I .

� Let
M : h� ; xL : U ` 3 V i

M + i : hei � ; x i ::L : ei U ` 3 ei V i
and N : h� ` 3 ei Ui . By lemma 4.1.2, d(M ) =

d(ei U) = i :: d(U). By lemma 4.1.3,N � i : h� � i ` 3 Ui . By lemma A.5.7 and lemma A.5.2,
(N � i )+ i = N and M � N � i . By IH, M [xL := N � i ] : h� u � � i ` 3 V i . By e and
lemma A.5.5,M + i [x i ::L := N ] : hei � u � ` 3 ei V i .

� Let
M : h� 0; xL : U0 ` 3 V 0i h� 0; xL : U0 ` 3 V 0i v h � ; xL : U ` 3 V i

M : h� ; xL : U ` 3 V i
(lemma 4.1).

By lemma 4.1,dom(�) = dom(� 0), � v � 0, U v U0 andV 0 v V . HenceN : h� ` 3 U0i
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and, by IH,M [xL := N ] : h� 0u � ` 3 V 0i . It is easy to show that� u � v � 0u � . Hence,
h� 0u � ` 3 V 0i v h � u � ` 3 V i andM [xL := N ] : h� u � ` 3 V i .

ut

Lemma A.15. If M : h� ` 2 Ui andM � � N , thenN : h� ` 2 Ui .

Proof:
By induction on the derivation ofM : h� ` 2 Ui . ! i , u i andv are by IH. We give the remaining two
cases.

� Let
M 1 : h� 1 ` 2 U ! Ti M 2 : h� 2 ` 2 Ui � 1 � � 2

M 1M 2 : h� 1 u � 2 ` 2 Ti
. For the casesN = M 1N2 whereM 2 � �

N2 or N = N1M 2 whereM 1 � � N1 use IH. AssumeM 1 = �x n :P andM 1M 2 = ( �x n :P)M 2 � �

P[xn := M 2] = N where d(M 2) = n. Since�x n :P : h� 1 ` 2 U ! Ti and, by lemma 3.1.2.2a
d(U ! T) = 0 , then, by lemma 5.2.2,P : h� 1; xn : U ` 2 Ti . By lemma 5.5,P[xn := M 2] :
h� 1 u � 2 ` 2 Ti .

� Let
M : h� ` 2 Ui

M + : he� ` 2 eUi
. If M + � � N , then by lemma 2.1.2, d(M + ) = d(N ). By lemmas A.3.1a

and A.5.7, d(N ) > 0, N = P+ andM � � P. By IH, P : h� ` 2 Ui and, byexp, N : he� ` 2 eUi .
ut

The next lemma will be used in the proof of subject expansion for � .

Lemma A.16. Let (�x n :M 1)M 2 : h� ` 2 Ui then� = � 1 u � 2 and9V 2 U such thatM 1 : h� 1; (xn :
V ) ` 2 Ui andM 2 : h� 2 ` 2 V i .

Proof:
By induction on the derivation of(�x n :M 1)M 2 : h� ` 2 Ui .

� Let
�x n :M 1 : h� 1 ` 2 V ! T i M 2 : h� 2 ` 2 V i � 1 � � 2

(�x n :M 1)M 2 : h� 1 u � 2 ` 2 Ti
.

Since d(V ! T) = 0 , by lemma 5.2.2M 1 : h� 1; (xn : V ) ` 2 Ti .

� Let
(�x n :M 1)M 2 : h� ` 2 U1i (�x n :M 1)M 2 : h� ` 2 U2i

(�x n :M 1)M 2 : h� ` 2 U1 u U2i
. By IH, � = � 1 u � 2 = � 0

1 u � 0
2,

9V; V0 2 U, such thatM 1 : h� 1; (xn : V ) ` 2 U1i , M 2 : h� 2 ` 2 V i , M 1 : h� 0
1; (xn : V 0) ` 2 U2i

andM 2 : h� 0
2 ` 2 V 0i . By lemma 4.1.2,� 1; � 2; � 0

1, � 0
2, V andV 0 are all good. By lemma 4.1.3a,

dom(� 1; (xn : V )) = FV( M 1) = dom(� 0
1; (xn : V 0)) sodom(� 1) = dom(� 0

1) anddom(� 2) =
FV (M 2) = dom(� 0

2). Hence,byuE , and lemma 4.1,� 1 u � 0
1; (xn : V u V 0) v � 1; (xn : V ),

� 1 u � 0
1; (xn : V u V 0) v � 0

1; (xn : V 0), � 2 u � 0
2 v � 2 and� 2 u � 0

2 v � 0
2. By lemma 4.1.3 andv ,

M 1 : h� 1 u � 0
1; (xn : V u V 0) ` 2 U1i , M 1 : h� 1 u � 0

1; (xn : V u V 0) ` 2 U2i , M 2 : h� 2 u � 0
2 ` 2 V i

and M 2 : h� 2 u � 0
2 ` 2 V 0i . So by u i , M 1 : h� 1 u � 0

1; (xn : V u V 0) ` 2 U1 u U2i and
M 2 : h� 2 u � 0

2 ` 2 V u V 0i .

� Let
(�x n :M 1)M 2 : h� ` 2 Ui

(�x n+1 :M +
1 )M +

2 : he� ` 2 eUi
. By IH, � = � 1 u � 2 and9V 2 U, such that

M 1 : h� 1; (xn : V ) ` 2 Ui andM 2 : h� 2 ` 2 V i . So byexp, M +
1 : he� 1; (xn+1 : eV) ` 2 eUi and

M +
2 : he� 2 ` 2 eVi .
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� Let
(�x n :M 1)M 2 : h� 0 ` 2 U0i h� 0 ` 2 U0i v h � ` 2 Ui

(�x n :M 1)M 2 : h� ` 2 Ui
. By lemma 4.1.3,� v � 0 andU0 v U.

By IH, � 0 = � 0
1 u � 0

2 and9V 2 U, such thatM 1 : h� 0
1; (xn : V ) ` 2 U0i andM 2 : h� 0

2 ` 2 V i . By
lemma A.10.8,� = � 1 u � 2 such that� 1 v � 0

1 and� 2 v � 0
2. So byv , M 1 : h� 1; (xn : V ) ` 2 Ui

andM 2 : h� 2 ` 2 V i .
ut

Now, we give the basic block in the proof of subject expansionfor � .

Lemma A.17. If N : h� ` 2 Ui andM � � N thenM : h� ` 2 Ui

Proof:
By induction on the derivation ofN : h� ` 2 Ui .

� Let
T good

x0 : h(x0 : T) ` 2 Ti
whereM � � x0. By cases onM , we can show thatM = ( �y 0:y0)x0.

SinceT is good, byax, y0 : h(y0 : T) ` 2 Ti , then by! i , �y 0:y0 : h() ` 2 T ! T i , and so by
! E , (�y 0:y0)x0 : h(x0 : T) ` 2 Ti .

� Let
N : h� ; (xn : U) ` 2 Ti
�x n :N : h� ` 2 U ! Ti

whereM � � �x n :N . By cases onM .

– If M is a variable this is not possible.

– If M = �x n :M 0such thatM 0� � N andxn 2 FV (M 0) \ FV (N ) then by IH,
M : h� ; (xn : U) ` 2 Ti and by! i , M : h� ` 2 U ! Ti .

– If M is an application term then the reduction must be at the root.
Hence,M = ( �y m :M 1)M 2 � � M 1[ym := M 2] = �x n :N whereym 2 FV (M 1). There are
two cases (M 1 cannot be an application term):

� If M 1 = ym then M 2 = �x n :N and d(N ) = m. By lemma 4.1.2,m = d(N ) =
d(T) = 0 . SoM = ( �y 0:y0)( �x n :N ). Since by lemma 4.1.2,U ! T is good , byax,
y0 : h(y0 : U ! T) ` 2 U ! Ti , then by! i , �y 0:y0 : h() ` 2 (U ! T) ! (U ! T)i ,
and so by! E , (�y 0:y0)( �x n :N ) : h� ` 2 U ! Ti .

� If M 1 = �x n :M 0
1 thenM 1[ym := M 2] = �x n :M 0

1[ym := M 2] = �x n :N and d(M 2) =
m. Since(�y m :M 0

1)M 2 � � M 0
1[ym := M 2] = N , by IH, (�y m :M 0

1)M 2 : h� ; (xn :
U) ` 2 Ti . By lemma A.16,� ; (xn : U) = � 1 u � 2 and 9V 2 U such thatM 0

1 :
h� 1; (ym : V ) ` 2 Ti andM 2 : h� 2 ` 2 V i . SinceM 2 M 2, ym 2 FV (M 0

1) and so
(sincexn 62FV (M 2)), by lemma A.14� = � 0

1 u � 2 and� 1 = � 0
1; (xn : U). Hence

by ! i , �x n :M 0
1 : h� 0

1; (ym : V ) ` 2 U ! Ti , again by! i , �y m :�x n :M 0
1 : h� 0

1 ` 2

V ! U ! T i , and since by lemma A.14.6,� 0
1 � � 2, by ! E , M = ( �y m :�x n :M 0

1)M 2 :
h� ` 2 U ! Ti .

� Let
N1 : h� 1 ` 2 U ! Ti N2 : h� 2 ` 2 Ui � 1 � � 2

N1N2 : h� 1 u � 2 ` 2 Ti
andM � � N1N2.

– If M = M 1N2 � � N1N2 whereM 1 � N2, N1 � N2 andM 1 � � N1 then by IH,
M 1 : h� 1 ` 2 U ! Ti , and by! E , M : h� 1 u � 2 ` 2 Ti .
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– If M = N1M 2 � � N1N2 whereN1 � M 2, N1 � N2 andM 2 � � N2 then by IH,M 2 : h� 2 ` 2 Ui ,
and by! E , M : h� 1 u � 2 ` 2 Ti .

– If M = ( �x n :M 1)M 2 � � M 1[xn := M 2] = N1N2 where d(M 2) = n andxn 2 FV (M 1).
By cases onM 1 (M 1 cannot be an abstraction):

� If M 1 = xn thenM 2 = N1N2, d(N1N2) = n and
M = ( �x 0:x0)(N1N2). By lemma 4.1,n = 0 andT is good. Byax, x0 : h(x0 : T) ` 2

Ti , hence by! i , �x 0:x0 : h() ` 2 T ! T i , and by! E , (�x 0:x0)(N1N2) : h� 1 u � 2 ` 2

Ti .
� If M 1 = M 0

1M 00
1 thenM 1[xn := M 2] = M 0

1[xn := M 2]M 00
1 [xn := M 2] = N1N2. So,

M 0
1[xn := M 2] = N1 andM 00

1 [xn := M 2] = N2.
� If xn 2 FV (M 0

1) andxn 2 FV (M 00
1 ) then(�x n :M 0

1)M 2� � N1 and(�x n :M 00
1 )M 2� �

N2. By IH, (�x n :M 0
1)M 2 : h� 1 ` 2 U ! Ti and(�x n :M 00

1 )M 2 : h� 2 ` 2 Ui . By
lemma A.16 twice,� 1 = � 0

1 u � 00
1, � 2 = � 0

2 u � 00
2, and9V; V0 2 U such that

M 0
1 : h� 0

1; (xn : V ) ` 2 U ! Ti , M 2 : h� 00
1 ` 2 V i , M 00

1 : h� 0
2; (xn : V 0) ` 2 Ui

andM 2 : h� 00
2 ` 2 V 0i . By lemma 4.1.2,� 0

1; � 0
2; � 00

1, � 00
2, V andV 0 are all good. By

lemma A.14.1,dom(� 00
1) = FV (M 2) = dom(� 00

2). Hence, byuE , lemma 4.1,v
andu i , M 2 : h� 00

1 u � 00
2 ` 2 V u V 0i . Since by lemma A.14.6,� 0

1 � � 0
2, by ! E ,

M 0
1M 00

1 : h� 0
1 u � 0

2; (xn : V u V 0) ` 2 Ti . So by! i , �x n :M 0
1M 00

1 : h� 0
1 u � 0

2 ` 2

(V u V 0) ! T i . Finally, by! E and since by lemma A.14.6,� 0
1 u � 0

2 � � 00
1 u � 00

2 and
� 1 u � 2 = � 0

1 u � 0
2 u � 00

1 u � 00
2, (�x n :M 0

1M 00
1 )M 2 : h� 1 u � 2 ` 2 Ti .

� If xn 2 FV (M 0
1) andxn 62FV (M 00

1 ) thenM 0
1[xn := M 2] = N1 andM 00

1 = N2.
We have(�x n :M 0

1)M 2 � � N1, so by IH,(�x n :M 0
1)M 2 : h� 1 ` 2 U ! Ti . By

lemma A.16,� 1 = � 0
1 u � 00

1 and9V 2 U such thatM 0
1 : h� 0

1; (xn : V ) ` 2 U ! Ti
andM 2 : h� 00

1 ` 2 V i . Since by lemma A.14.6,� 0
1 � � 2, by ! E , M 0

1M 00
1 : h� 0

1 u
� 2; (xn : V ) ` 2 Ti , and by! i , �x n :M 0

1M 00
1 : h� 0

1 u � 2 ` 2 V ! T i . Finally, by
! E and since by lemma A.14.6,� 0

1 u � 2 � � 00
1, (�x n :M 0

1M 00
1 )M 2 : h� 1 u � 2 ` 2 Ti .

� If xn 62FV (M 0
1) andxn 2 FV (M 00

1 ) then the proof is similar to the previous case.

� Let
N : h� ` 2 U1i N : h� ` 2 U2i

N : h� ` 2 U1 u U2i
andM � � N . By IH, M : h� ` 2 U1i andM : h� ` 2 U2i ,

hence byu i , M : h� ` 2 U1 u U2i .

� Let
N : h� ` 2 Ui

N + : he� ` 2 eUi
andM � � N + . By lemma A.5.8,M � � � N , and by IH,M � : h� ` 2 Ui .

By lemma A.3.1b,(M � )+ = M and byexp, M : he� ` 2 eUi .

� Let
N : h� ` 2 Ui h� ` 2 Ui v h � 0 ` 2 U0i

N : h� 0 ` 2 U0i
and M � � N . By IH, M : h� ` 2 Ui and byv

M : h� 0 ` 2 U0i .
ut

Proof:
[of lemma 5.7]

1. By induction on the length of the derivation ofM � �
� N using lemma A.15.
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2. By induction on the length of the derivation ofM � �
� N using lemma A.17.

ut

The next lemma is needed in the proofs.

Lemma A.18. 1. If FV( N ) � FV( M ), thenenvM
! � N = envN

! .

2. If OK(� 1), OK(� 2), FV( M ) � dom(� 1) and FV( N ) � dom(� 2), then (� 1 u � 2) � MN v
(� 1 � M ) u (� 2 � N ).

3. ei (� � M ) = ( ei �) � M + i

Proof:

1. Easy.

2. First, note thatOK(� 1 u � 2) by lemma 4.1.6,OK(� 1 � M ), OK(� 2 � N ) anddom((� 1 u � 2) � MN

) = FV( MN ) = FV( M ) [ FV( N ) = dom(� 1 � M ) [ dom(� 2 � N ) = dom((� 1 � M ) u (� 2 � N )) .
Now, we show by cases that if(xL : U1) 2 (� 1 u � 2) � MN and(xL : U2) 2 (� 1 � M ) u (� 2 � N )
thenU1 v U2:

� If xL 2 FV( M ) \ FV( N ) then(xL : U0
1) 2 � 1, (xL : U00

1 ) 2 � 2 andU1 = U0
1 u U00

1 = U2.

� If xL 2 FV( M ) n FV( N ) then

– If xL 2 dom(� 2) then(xL : U2) 2 � 1, (xL : U0
1) 2 � 2 andU1 = U0

1 u U2 v U2.
– If xL 62dom(� 2) then(xL : U2) 2 � 1 andU1 = U2.

� If xL 2 FV( N ) n FV( M ) then

– If xL 2 dom(� 1) then(xL : U0
1) 2 � 1, (xL : U2) 2 � 2 andU1 = U0

1 u U2 v U2.
– If xL 62dom(� 1) thenxL : U2 2 � 2 andU1 = U2.

3. Let � = ( xL j
j : Uj )n and letFV( M ) = f yK 1

1 ; : : : ; yK m
m g wherem � n and 81 � k � m

91 � j � n such thatyK k
k = xL j

j . So� � M = ( yK k
k : Uk )m andei (� � M ) = ( yi ::K k

k : ei Uk )m .

Sinceei � = ( x i ::L j
j : ei Uj )n , FV( M + i ) = f yi ::K 1

1 ; : : : ; yi ::K m
m g and81 � k � m 91 � j � n

such thatyi ::K k
k = x i ::L j

j then(ei �) � M + i = ( yi ::K k
k : Uk)m .

ut

The next two theorems are needed in the proof of subject reduction.

Theorem A.1. If M : h� ` 3 Ui andM � � N , thenN : h� � N ` 3 Ui .

Proof:
By induction on the derivationM : h� ` 3 Ui .

� Rule! follows by theorem 2.1.2 and lemma A.18.1.
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� If
M : h� ; (xL : U) ` 3 Ti
�x L :M : h� ` 3 U ! Ti

thenN = �x L :N 0andM � � N 0. By IH, N 0 : h(� ; (xL : U)) � N 0` 3

Ti . If xL 2 FV( N 0) then N 0 : h� � FV( N 0)nf xL g; (xL : U) ` 3 Ti and by ! I , �x L :N 0 :
h� � �x L :N 0` 3 U ! Ti . ElseN 0 : h� � FV( N 0)nf xL g` 3 Ti so by! 0

I , �x L :N 0 : h� � �x L :N 0` 3 ! L !
T i and since by lemma 4.1.2 and lemma 4.1.4,U v ! L , by v , �x L :N 0 : h� � �x L :N 0` 3 U ! Ti .

� If
M : h� ` 3 Ti xL 62dom(�)

�x L :M : h� ` 3 ! L ! T i
thenN = �x L N 0andM � � N 0. SincexL 62FV( M ), by theo-

rem 2.1.2,xL 62FV( N 0). By IH, N 0 : h� � FV( N 0)nf xL g` 3 Ti so by! 0
I , �x L :N 0 : h� � �x L :N 0` 3

! L ! T i .

� If
M 1 : h� 1 ` 3 U ! Ti M 2 : h� 2 ` 3 Ui � 1 � � 2

M 1 M 2 : h� 1 u � 2 ` 3 Ti
. Using lemma A.18.2, caseM 1 � � N1 and

N = N1M 2 and caseM 2� � N2 andN = M 1N2 are easy. LetM 1 = �x L :M 0
1 andN = M 0

1[xL :=
M 2]. By lemma 4.2.3 and lemma A.1.2,M 0

1 � M 2. If xL 2 FV (M 0
1) then by lemma 5.2.2,

M 0
1 : h� 1; xL : U ` 3 Ti . By lemma 5.5,M 0

1[xL := M 2] : h� 1 u � 2 ` 3 Ti . If xL 62FV (M 0
1) then

by lemma 5.3.3,M 0
1[xL := M 2] = M 0

1 : h� 1 ` 3 Ti and byv , N : h(� 1 u � 2) � N ` 3 Ti .

� Caseu I is by IH.

� If
M : h� ` 3 Ui

M + i : hei � ` 3 ei Ui
andM + i � � N , then by lemma A.5.9, there isP 2 M 3 such thatP+ i = N

andM � � P. By IH, P : h� � P ` 3 Ui and bye and lemma A.18.3,N : h(ei �) � N ` 3 ei Ui .

� If
M : h� ` 3 Ui h� ` 3 Ui v h � 0 ` 3 U0i

M : h� 0 ` 3 U0i
then by IH, lemma 4.1.3 andv , N : h� 0 � N ` 3 U0i .

ut

Theorem A.2. If M : h� ` 3 Ui andM � � N , thenN : h� ` 3 Ui .

Proof:
By induction on the derivationM : h� ` 3 Ui .

� If
M : henv!

M ` 3 ! d(M ) i
then by lemma 2.1.1, d(M ) = d(N ) andFV( M ) = FV( N ) and by! ,

N : henv!
M ` 3 ! d(M ) i .

� If
M : h� ; (xL : U) ` 3 Ti
�x L :M : h� ` 3 U ! Ti

then we have two cases:

– M = Nx L and so by lemma 5.3.4,N : h� ` 3 U ! Ti .

– N = �x L :N 0andM � � N 0. By IH, N 0 : h� ; (xL : U) ` 3 Ti and by! I , N : h� ` 3 U ! Ti .

� if
M : h� ` 3 Ti xL 62dom(�)

�x L :M : h� ` 3 ! L ! T i
thenN = �x L :N 0andM � � N 0. By IH, N 0 : h� ` 3 Ti and by

! 0
I , N : h� ` 3 ! L ! T i .
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� If
M 1 : h� 1 ` 3 U ! Ti M 2 : h� 2 ` 3 Ui � 1 � � 2

M 1M 2 : h� 1 u � 2 ` 3 Ti
, then we have two cases:

– M 1 � � N1 andN = N1M 2. By IH N1 : h� 1 ` 3 U ! Ti and by! E , N : h� 1 u � 2 ` 3 Ti .

– M 2 � � N2 andN = M 1N2. By IH N2 : h� 2 ` 3 Ui and by! E , N : h� 1 u � 2 ` 3 Ti .

� Caseu I is by IH andu I .

� If
M : h� ` 3 Ui

M + i : hei � ` 3 ei Ui
then by lemma A.5.9, there isP 2 M 3 such thatP+ i = N andM � � P.

By IH, P : h� ` 3 Ui and bye, N : hei � ` 3 ei Ui .

� If
M : h� ` 3 Ui h� ` 3 Ui v h � 0 ` 3 U0i

M : h� 0 ` 3 U0i
then by IH, lemma 4.1.3 andv , N : h� 0 ` 3 U0i .

ut

The next auxiliary lemma is needed in proofs.

Lemma A.19. Let i 2 f 1; 2g andM : h� ` 3 Ui . We have:

1. If (xL : U1) 2 � and(yK : U2) 2 � , then:

(a) If (xL : U1) 6= ( yK : U2), thenxL 6= yK .

(b) If x = y, thenL = K andU1 = U2.

2. If (xL : U1) 2 � and(yK : U2) 2 � and(xL : U1) 6= ( yK : U2), thenx 6= y andxL 6= yK .

Proof:
1. If xL = Y K then by de�nitionU1 = U2, so(xL : U1) = ( yK : U2). By lemma 4.2.3a,xL ; yK 2
FV( M ). By lemma A.1.1,M � M . So, if x = y thenL = K and by de�nitionU1 = U2.
2. Corollary of 1. 2 ut

Proof:
[Of theorem 5.1] Proofs are by induction on derivations using theorem A.1 and theorem A.2. ut

Proof:
[Of lemma 5.8] By lemma 4.1.2,M [xL := N ] 2 M 3, so by de�nition,M; N 2 M 3 andM � N and
d(N ) = L . By induction on the derivationM [xL := N ] : h� ` 3 Ui .

� If
y� : h(y� : T) ` 3 Ti

thenM = x � andN = y� . By ax, x � : h(x � : T) ` 3 Ti .

� If
M [xL := N ] : henv!

M [xL := N ] ` 3 ! d(M [xL := N ]) i
then by lemma A.1.6b, d(M ) = d(M [xL :=

N ]). By ! , M : henv!
FV( M )nf xL g; (xL : ! L ) ` 3 ! d(M ) i andN : henv!

N ` 3 ! L i and because

FV( M [xL := N ]) = (FV( M ) n f xL g) [ FV( N ), env!
FV( M )nf xL g u env!

N = env!
M [xL := N ].
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� If
M [xL := N ] : h� ; (yK : W ) ` 3 Ti
�y K :M [xL := N ] : h� ` 3 W ! Ti

whereyK 62FV( N ) [ f xL g. By IH, 9 V and9 � 1; � 2

type environments such thatM : h� 1; xL : V ` 3 Ti , N : h� 2 ` 3 V i and� ; yK : W = � 1 u � 2.
By lemma 4.2.3a,FV( N ) = dom(� 2) andFV( M ) = dom(� 1) [ f yK g. SinceyK 2 FV( M )
andyK 62FV( N ), � 1 = � 1; yK : W . HenceM : h� 1; yK : W; xL : V ` 3 Ti . By rule ! I ,
�y K :M : h� 1; xL : V ` 3 W ! Ti . Finally � = � 1 u � 2.

� If
M [xL := N ] : h� ` 3 Ti yK 62dom(�)

�y K :M [xL := N ] : h� ` 3 ! K ! T i
whereyK 62FV( N ) [ f xL g. By IH, 9 V type and

9 � 1; � 2 type environments such thatM : h� 1; xL : V ` 3 Ti , N : h� 2 ` 3 V i and� = � 1 u � 2.
SinceyK 6= xL , �y K :M : h� 1; xL : V ` 3 ! K ! T i .

� If
M 1[xL := N ] : h� 1 ` 3 W ! Ti M 2[xL := N ] : h� 2 ` 3 W i � 1 � � 2

M 1[xL := N ] M 2[xL := N ] : h� 1 u � 2 ` 3 Ti
whereM = M 1M 2,

then we have three cases:

– If xL 2 FV( M 1) \ FV( M 2) then by IH,9 V1; V2 types and9 � 1, � 2, � 0
1, � 0

2 type en-
vironments such thatM 1 : h� 1; (xL : V1) ` 3 W ! Ti , M 2 : h� 0

1; (xL : V2) ` 3 W i ,
N : h� 2 ` 3 V1i , N : h� 0

2 ` 3 V2i , � 1 = � 1 u � 2 and� 2 = � 0
1 u � 0

2. Because� 1 � � 2,
then � 1 � � 0

1 and � 2 � � 0
2 and because� 1; (xL : V1) and � 0

1; (xL : V2) are type envi-
ronments, by lemma A.19,(� 1; (xL : V1)) � (� 0

1; (xL : V2)) . Then, by rulesu I and! E ,
M 1M 2 : h� 1 u � 0

1; (xL : V1 u V2) ` 3 Ti and byu0
I , N : h� 2 u � 0

2 ` 3 V1 u V2i . Finally,
� 1 u � 2 = (� 1 u � 2) u (� 0

1 u � 0
2).

– If xL 2 FV( M 1) n FV( M 2) then by IH,9 V types and9 � 1, � 1 type environments such
thatM 1 : h� 1; (xL : V ) ` 3 W ! Ti , N : h� 2 ` 3 V i and� 1 = � 1 u � 2. Since� 1 � � 2,
� 1 � � 2 and since� 1 u � 2 is a type environment, by lemma A.19,(� 1; (xL : V )) � � 2. By
! E , M 1M 2 : h� 1 u � 2; (xL : V ) ` 3 Ti and� 1 u � 2 = (� 1 u � 2) u � 2.

– If xL 2 FV( M 2) n FV( M 1) then by IH,9 V types and9 � 1, � 2 type environments such
thatM 2 : h� 1; (xL : V ) ` 3 W i , N : h� 2 ` 3 V i and� 2 = � 1 u � 2. Since� 1 � � 2, � 1 � � 1

and since� 1 u � 2 is a type environment, by lemma A.19,(� 1; (xL : V )) � � 1. By ! E ,
M 1M 2 : h� 1 u � 1; (xL : V ) ` 3 Ti and� 1 u � 2 = � 1 u (� 1 u � 2).

� Let
M [xL := N ] : h� ` 3 U1i M [xL := N ] : h� ` 3 U2i

M [xL := N ] : h� ` 3 U1 u U2i
. By IH, 9 V1; V2 types and9 � 1, � 2,

� 0
1, � 0

2 type environments such thatM : h� 1; xL : V1 ` 3 U1i , M : h� 0
1; xL : V2 ` 3 U2i ,

N : h� 2 ` 3 V1i , N : h� 0
2 ` 3 V2i , � = � 1 u � 2 and � = � 0

1 u � 0
2. Then, by ruleu0

I ,
M : h� 1 u � 0

1; xL : V1 u V2 ` 3 U1 u U2i and N : h� 2 u � 0
2 ` 3 V1 u V2i . Finally, � =

(� 1 u � 2) u (� 0
1 u � 0

2).

� If
M [xL := N ] : h� ` 3 Ui

M + j [x j ::L := N + j ] : hej � ` 3 ej Ui
then by IH,9 V type and9 � 1; � 2 type environments such

thatM : h� 1; xL : V ` 3 Ui , N : h� 2 ` 3 V i and� = � 1 u � 2.
So bye, M + j : hej � 1; x j ::L : ej V ` 3 ej Ui , N : hej � 2 ` 3 ej V i andej � = ej � 1 u ej � 2.

� If
M [xL := N ] : h� 0 ` 3 U0i h� 0 ` 3 U0i v h � ` 3 Ui

M [xL := N ] : h� ` 3 Ui
then by lemma 4.1.2,� v � 0andU0 v U.
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By IH, 9 V type and9 � 1; � 2 type environments such thatM : h� 0
1; xL : V ` 3 U0i , N : h� 0

2 ` 3 V i
and� 0 = � 0

1 u � 0
2. Then by lemma A.11.5,� = � 1 u � 2 and� 1 v � 0

1 and� 2 v � 0
2. So byv ,

M : h� 1; xL : V ` 3 Ui andN : h� 2 ` 3 V i .
ut

The next lemma is basic for the proof of subject expansion for� .

Lemma A.20. If M [xL := N ] : h� ` 3 Ui , d(U) = K andL � d(M ), U = FV(( �x L :M )N ), then
(�x L :M )N : h� " U ` 3 Ui .

Proof:
By lemma 4.1.2,M [xL := N ] 2 M 3, so M; N 2 M 3 andM � N and d(N ) = L . By de�nition
(�x L :M )N 2 M 3. By lemma A.1.6b and theorem 4.1.2, d(�) � d(U) = K = d(M [xL := N ]) =
d(M ) = d(( �x L :M )N ). SoL � K and there existsK 0such thatL = K :: K 0. We have two cases:

� If xL 2 FV( M ), then, by lemma 5.8,9 V type and9 � 1; � 2 type environments such thatM :
h� 1; xL : V ` 3 Ui , N : h� 2 ` 3 V i and� = � 1 u � 2. By lemma 4.1.2,OK(� 1) andOK(� 2).
By lemma 4.1.6,OK(� 1 u � 2). So, it is easy to prove, using lemma 4.1.1, thatOK(� " U). By
lemma 4.2.3,� 1; xL : V � � 2, so � 1 � � 2. By lemma 4.1.2, d(� 1) � d(M ) = d(U) = K and
L = d(N ) = d(V ) � d(� 2). By lemma A.11, we have two cases :

– If U = ! K , then by lemma 4.2.2,(�x L :M )N : h� " U ` 3 Ui .

– If U = ~eK up
i =1 Ti wherep � 1 and 8 1 � i � p, Ti 2 T, then by theorem 4.1.3,

M � K : h� � K
1 ; xK 0

: V � K ` 3 up
i =1 Ti i . By v , 8 1 � i � p, M � K : h� � K

1 ; xK 0
:

V � K ` 3 Ti i , so by! I , �x K 0
:M � K : h� � K

1 ` 3 V � K ! Ti i . Again by theorem 4.1.3,
N � K : h� � K

2 ` 3 V � K i and since� 1 � � 2, by lemma 4.1.3,� � K
1 � � � K

2 , so by ! E ,
8 1 � i � p, (�x K 0

:M � K )N � K : h� � K
1 u � � K

2 ` 3 Ti i . Finally byu I ande, (�x L :M )N :
h� 1 u � 2 ` 3 Ui , so(�x L :M )N : h� " U ` 3 Ui .

� If xL 62FV( M ), thenM : h� ` 3 Ui . By lemma 4.1.2,OK(�) . So, it is easy to prove, using
lemma 4.1.1, thatOK(� " U). By lemma A.11, we have two cases :

– If U = ! K , then by lemma 4.2.2,(�x L :M )N : h� " U ` 3 Ui .

– If U = ~eK up
i =1 Ti wherep � 1 and 8 1 � i � p, Ti 2 T, then by theorem 4.1.3,

M � K : h� � K ` 3 up
i =1 Ti i . By v , 8 1 � i � p, M � K : h� � K ` 3 Ti i . Using lemma A.5

and by induction onK , we can prove thatxK 0
62FV( M � K ). So by lemma 4.2.3a,xK 0

62
dom(� � K ). So by! 0

I , �x K 0
:M � K : h� � K ` 3 ! K 0

! Ti i . By (! ), N � K : henv!
N � K ` 3

! K 0
i andN : henv!

N ` 3 ! L i . By theorem 4.1.2, d(env!
N ) � d(N ) = L . By lemma 4.2.3,� �

env!
N . By lemma 4.1.3,� � K � env!

N � K . By ! E , 8 1 � i � p, (�x K 0
:M � K )N � K : h� � K u

env!
N � K ` 3 Ti i . Finally by u I ande, (�x L :M )N : h� u env!

N ` 3 Ui , so (�x L :M )N :
h� " U ` 3 Ui .

ut

Next, we give the main block for the proof of subject expansion for � .

Theorem A.3. If N : h� ` 3 Ui andM � � N , thenM : h� " M ` 3 Ui .
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Proof:
By induction on the derivationN : h� ` 3 Ui .

� If
x � : h(x � : T) ` 3 Ti

andM � � x � , thenM = ( �y K :M 1)M 2 andx � = M 1[yK := M 2].

BecauseM 2 M 3 thenK � d(M 1). By lemma A.20,M : h(x � : T)" M ` 3 Ti .

� If
N : henv!

N ` 3 ! d(N ) i
and M � � N , then since by theorem 2.1.2,FV( N ) � FV( M ) and

d(M ) = d(N ), (env!
N )" M = env!

M . By ! , M : henv!
M ` 3 ! d(M ) i . Hence,M : h(envN

! )" M ` 3

! d(N ) i .

� If
N : h� ; xL : U ` 3 Ti

�x L :N : h� ` 3 U ! Ti
andM � � �x L :N , then we have two cases:

– If M = �x:M 0 whereM 0 � � N , then by IH,M 0 : h(� ; (xL : U))" M 0
` 3 Ti . Since

by theorem 2.1.2 and lemma 4.2.3a,xL 2 FV( N ) � FV( M 0), then we have(� ; (xL :
U))" FV( M 0) = � " FV( M 0)nf xL g; (xL : U) and � " FV( M 0)nf xL g = � " �x L :M 0

. Hence,M 0 :
h� " �x L :M 0

; (xL : U) ` 3 Ti and �nally, by ! I , �x L :M 0 : h� " �x L :M 0
` 3 U ! Ti .

– If M = ( �y K :M 1)M 2 whereyK 62FV( M 2) and�x L :N = M 1[yK := M 2], then, because
M 2 M 3 thenK � d(M 1) and by lemma A.20, BecauseM 1[yK := M 2] : h� ` 3 U ! Ti ,
we have(�y K :M 1)M 2 : h� " (�y K :M 1)M 2 ` 3 U ! Ti .

� If
N : h� ` 3 Ti xL 62dom(�)

�x L :N : h� ` 3 ! L ! T i
andM � � N then similar to the above case.

� If
N1 : h� 1 ` 3 U ! Ti N2 : h� 2 ` 3 Ui � 1 � � 2

N1 N2 : h� 1 u � 2 ` 3 Ti
andM � � N1N2, we have three cases:

– M = M 1N2 whereM 1 � � N1 andM 1 � N2. By IH, M 1 : h� 1" M 1 ` 3 U ! Ti . It is easy
to show that(� 1 u � 2)" M 1N2 = � 1" M 1 u � 2. SinceM 1 � N2, by lemma 4.2.3,� 1" M 1 � � 2,
hence use! E .

– M = N1M 2 whereM 2 � � N2. Similar to the above case.

– If M = ( �x L :M 1)M 2 andN1N2 = M 1[xL := M 2] then, becauseM 2 M 3 thenL �
d(M 1) and by lemma A.20,(�x L :M 1)M 2 : h(� 1 u � 2)" (�x L :M 1)M 2 ` 3 Ti .

� If
N : h� ` 3 U1i N : h� ` 3 U2i

N : h� ` 3 U1 u U2i
andM � � N then use IH.

� If
N : h� ` 3 Ui

N + j : hej � ` 3 ej Ui
then by lemma A.5.8 then there isP 2 M 3 such thatM = P+ j and

P � � N . By IH, P : h� " P ` 3 Ui and bye, M : h(ej �) " M ` 3 ej Ui .

� If
N : h� ` 3 Ui h� ` 3 Ui v h � 0 ` 3 U0i

N : h� 0 ` 3 U0i
andM � � N . By lemma 4.1.3,� 0 v � andU v U0.

It is easy to show that� 0" M v � " M and hence by lemma 4.1.3,h� " M ` 3 Ui v h � 0" M ` 3 U0i .
By IH, M " M : h� ` 3 Ui . Hence, byv hi, we haveM : h� 0" M ` 3 U0i . 2
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ut

Proof:
[Of theorem 5.2] By induction on the length of the derivationM � �

� N using theorem A.3 and the fact
that if FV( P) � FV( Q), then(� " P )" Q = � " Q . ut

A.6. Realisability

Proof:
[Of lemma 6.1]

1. easy.

2. If M � �
r N + i whereN 2 X , then, by lemma 2.1.1, lemma A.5.7 and lemma A.5.8,M = P+ i

such thatP 2 M 3 andP � r N . As X is r -saturated,P 2 X and soP+ i = M 2 X + i .

3. If M � �
r N + whereN 2 X , then, by lemma 2.1.1, lemma A.3.1 and lemma A.4.3,M = P+ and

P � � N . As X is saturated,P 2 X and soP+ = M 2 X + .

4. Let i 2 f 2; 3g, M 2 X ; Y andN � �
r M . If P 2 X such thatP � N , then by lemma A.2.1,

P � M . So, by de�nition,MP 2 Y . BecauseY � M i , thenMP 2 M i . Hence, d(M ) � d(P).
By lemma 2.1, d(M ) = d(N ). SoNP 2 M i andNP � �

r MP . BecauseMP 2 Y andY is
r -saturated, thenNP 2 Y . Hence,N 2 X ; Y.

5. Let M 2 (X ; Y)+ , thenM = N + andN 2 X ; Y. If P 2 X + such thatM � P, then
P = Q+ , Q 2 X andMP = N + Q+ = ( NQ)+ . By lemma A.3.1(c)i,N � Q and henceNQ 2 Y
andMP 2 Y + . ThusM 2 X + ; Y+ .

6. LetM 2 (X ; Y)+ i , thenM = N + i andN 2 X ; Y. Let P 2 X + i such thatM � P. Then
P = Q+ i such thatQ 2 X . BecauseM � P then by lemma A.5.2,N � Q. SoNQ 2 Y . Because
Y � M 3 thenNQ 2 M 3. Because(NQ)+ i = N + i Q+ i = MP thenMP 2 Y + i . Hence,
M 2 X + i ; Y+ i .

7. letM 2 X + ; Y+ . There isN 2 X + such thatM � N . We haveMN 2 Y + , thenMN = P+

whereP 2 Y . Hence,M = M +
1 . Let N1 2 X such thatM 1 � N1. By lemma A.3.1(c)i,

M � N +
1 and we have(M 1N1)+ = M +

1 N +
1 2 Y + . HenceM 1N1 2 Y . ThusM 1 2 X ; Y and

M = M +
1 2 (X ; Y)+ .

8. Let M 2 X + i ; Y+ i such thatX + i o Y+ i . By hypothesis, there existsP 2 X + i such that
M � P. ThenMP 2 Y + i . HenceMP = Q+ i such thatQ 2 Y . BecauseY � M 3 then
Q 2 M 3 and by lemma A.5.1,MP 2 M 3. Hence by de�nitionM 2 M 3 and by lemma A.5.1,
d(M ) = d(Q+ i ) = i :: d(Q). So by lemma A.5.7, there existsM 1 2 M 3 such thatM = M + i

1 .
Let N1 2 X such thatM 1 � N1. By de�nition N + i

1 2 X + i and by lemma A.5.2,M � N +
1 . So,

MN + i
1 2 Y + i . So MN + i

1 = M 0+ i such thatM 0 2 Y . BecauseY � M 3 thenM 0 2 M 3.
By lemma A.5.1,MN + i

1 2 M 3. SoM + i
1 � N + i

1 and d(M + i
1 ) � d(N + i

1 ). By lemma A.5.1 and
lemma A.5.2,M 1 � N1 and d(M 1) � d(N1). SoM 1N1 2 M 3 and(M 1N1)+ i = M + i

1 N + i
1 2 Y + i .

HenceM 1N1 2 Y . Thus,M 1 2 X ; Y andM = M + i
1 2 (X ; Y)+ i .
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9. If M � �
� N andN 2 M \ M n

2 then by lemma 2.1.2,M 2 M \ M n
2 .

ut

Proof:
[Of lemma 6.2]

1. 1a. By induction onU using lemma 6.1 and lemma 2.1.

1b. We prove8x 2 V1; N L
x � I (U) � M L

3 by induction onU. CaseU = a: by de�nition.
CaseU = ! L : We have8x 2 V1; N L

x � M L
3 � M L

3 . CaseU = U1 u U2 (resp.U = ei V ):
use IH since d(U1) = d(U2) (resp. d(U) = i :: d(V ), 8x 2 V1; (N K

x )+ i = N i ::K
x and

(M K
3 )+ i = M i ::K

3 ). CaseU = V ! T: by de�nition, K = d(V ) � d(T) = � .

� Let x 2 V1, N1; :::; Nk such that8 1 � i � k, d(N i ) � � and�f x � ; N1; : : : ; Nkg and
let N 2 I (V ) such that(x � N1:::Nk ) � N . By IH, d(N ) = K � � . Again, by IH,
x � N1:::NkN 2 I (T). Thusx � N1:::Nk 2 I (V ! T).

� Let M 2 I (V ! T). Let x 2 V1 such that8L; x L 62FV( M ). By IH, xK 2 I (V ),
thenMx K 2 I (T) and, by IH, d(Mx K ) = � . Thus d(M ) = � .

1c Obviously,xn 2 N n
x . We proveN n

x � I (U) � Mn by induction onU good. Case
U = a: by de�nition. CaseU = U u V (resp.U = eU0): use IH sinceU; V are good and
d(U) = d(V ) (resp.U0 is good, d(U) = d(U0)+1 , (N n

x )+ = N n+1
x and(M n

2 )+ = M n+1
2 ).

CaseU = U ! T: by de�nition, U; T are good andm = d(U) � d(T) = n.

� Let N1; :::; Nk such thatxnN1:::Nk 2 M (note that d(xnN1:::Nk ) = n) and letN 2
I (U) such that(xnN1:::Nk ) � N (hencexnN1:::NkN 2 M 2). By IH, d(N ) =
m � n andN 2 M. Hence,xnN1:::NkN 2 M andxnN1:::NkN 2 N n

x . By IH,
xnN1:::NkN 2 I (T). ThusxnN1:::Nk 2 I (U ! T).

� Let M 2 I (U ! T). Let x 2 V1 such that8 p 2 N, xp 62FV (M ). Hence,M � xm .
By IH, xm 2 I (U). ThenM x m 2 I (T), and so by IHM x m 2 Mn . By lemma 2.2,
M is good and d(M ) � m. Since d(M x m ) = min( d(M ); m) = n, d(M ) = n and so
M 2 Mn .

2. By induction of the derivationU v V .
ut

Proof:
[of Lemma 6.3]

� Casè 1 = ` 2: Let i 2 f 1; 2g. By induction on the derivation ofM : h(xn i
i : Ui )n ` i Ui . First

note, by lemma 4.1,81 � i � n, Ui is good andN i 2 M 2.

– If
T good d(T) = n
xn : h(xn : T) ` i Ti

andN 2 I (T), thenxn [xn := N ] = N 2 I (T).

– Let
M : h(xn i

i : Ui )n ; (xm : U) ` i Ti
�x m :M : h(xn i

i : Ui )n ` i U ! Ti
and81 � i � n, N i 2 I (Ui ) where(�x m :M )[(xn i

i :=

N i )n ] 2 M 2. Let N 2 I (U) where(�x m :M )[(xn i
i := N i )n ] � N . Since(�x m :M [(xn i

i :=
N i )n ]) � N , by lemma A.1,M [(xn i

i := N i )n ] � N and M [(xn i
i := N i )n ][xm := N ] =



1064 Kamareddine, Nour, Rahli, Wells / semantics of expansion variables

M [(xn i
i := N i )n ; xm := N ] 2 M 2. Hence, by IH,M [(xn i

i := N i )n ; xm := N ] 2 I (T). By
lemma 4.1,U; T are good and d(U) = m. By lemma 1, d(N ) = m and(�x m :M [(xn1

1 :=
N1)n ])N � � M [(xn i

i := N i )n ; xm := N ] 2 I (T). Since, by lemma 1I (T) is saturated,
then (�x m :M [(xn1

1 := N1)n ])N 2 I (T) and hence�x m :M [(xn i
i := N i )n ] 2 I (U) ;

I (T) = I (U ! T).

– Let
M 1 : h� 1 ` i U ! Ti M 2 : h� 2 ` i Ui � 1 � � 2

M 1 M 2 : h� 1 u � 2 ` i Ti
where

� 1 = ( xn i
i : Ui )n ; (ym j

j : Vj )m , � 2 = ( xn i
i : U0

i )n ; (zr k
k : Wk )r and

� 1 u � 2 = ( xn i
i : Ui u U0

i )n ; (ym j
j : Vj )m ; (zr k

k : Wk )r .

Let 8 1 � i � n; Pi 2 I (Ui u U0
i ), 8 1 � j � m; Q j 2 I (Vj ) and8 1 � k � r; R k 2 I (Wk)

where
(M 1M 2)[(xn i

i := Pi )n ; (ym j
j := Qj )m ; (zr k

k := Rk)r ] 2 M 2.
Let A = M 1[(xn i

i := Pi )n ; (ym j
j := Qj )m ] and

B = M 2[(xn i
i := Pi )n ; (zr k

k := Rk )r ].

By lemma A.14,FV (M 1) = dom(� 1) andFV (M 2) = dom(� 2). Hence,
(M 1M 2)[(xn i

i := Pi )n ; (ym j
j := Qj )m ; (zr k

k := Rk)r ] = AB .
By lemma A.1,A 2 M 2, B 2 M 2, andA � B .
By IH, A 2 I (U) ; I (T) andB 2 I (U).
Hence,AB = ( M 1M 2)[(xn i

i := Pi )n ; (ym j
j := Qj )m ; (zr k

k := Rk)r ] 2 I (T).

– Let
M : h(xn i

i : Ui )n ` i Ui M : h(xn i
i : Vi )n ` i V i

M : h(xn i
i : Ui u Vi )n ` i U u V i

(note lemma A.14.4) and8 1 � i � n,

N i 2 I (Ui u Vi ) = I (Ui ) \ I (Vi ) whereM [(xn i
i := N i )n ] 2 M 2. By IH, M [(xn i

i :=
N i )n ] 2 I (U) andM [(xn i

i := N i )n ] 2 I (V ). Hence,M [(xn i
i := N i )n ] 2 I (U u V).

– Let
M : h(xn i

i : Ti )n ` i Ui

M + : h(xn i +1
i : eTi )n ` i eUi

and 8 1 � i � n, N i 2 I (eTi ) = I (Ti )+ where

M + [(xn i +1
i := N i )n ] 2 M 2. Then8 1 � i � n, N i = P+

i wherePi 2 I (Ti ). By lem-
mas A.1 and A.3.1(c)i,�f M + ; N1; : : : ; Nng and�f M; P1; : : : ; Pn g. Then, by lemma A.1,
M [(xn i

i := Pi )n ] 2 M 2 and, by IH,M [(xn i
i := Pi )n ] 2 I (U). Hence, by lemma A.5.5,

M + [(xn i +1
i := P+

i )n ] = ( M [(xn i
i := Pi )n ])+ 2 I (U)+ = I (eU).

– Let
M : � � v � 0

M : � 0 where� 0 = h(xn i
i : Ui )n ` 2 Ui . By lemma 4.1, we have� = h(xn i

i :

U0
i )n ` 2 U0i , where for every1 � i � m, Ui v U0

i andU0 v U. By lemma 2,N i 2 I (U0
i ),

then, by IH,M [(xn i
i := N i )n ] 2 I (U0) and, by lemma 2,M [(xn i

i := N i )n ] 2 I (U).

� Casè 3: By induction on the derivationM : h(xL j
j : Uj )n ` 3 Ui .

– If
x � : h(x � : T) ` 3 Ti

andN 2 I (T), thenx � [x � := N ] = N 2 I (T).

– If
M : henv!

M ` 3 ! d(M ) i
. Let env!

M = ( xL j
j : Uj )n so FV( M ) = f xL 1

1 ; : : : ; xL n
n g. Be-

cause, by lemma 4.1.2, for allj 2 f 1; : : : ; ng, d(Uj ) = L j by lemma 6.2.1,I (Uj ) � M L j
3 ,

hence, d(N j ) = L j . BecauseM [(xL j
j := N j )n ] 2 M 3, then�f M g[ f N i j i 2 f 1; : : : ; ngg.
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Then, by lemma A.1.6, d(M [(xL j
j := N j )n ]) = d(M ) andM [(xL j

j := N j )n ] 2 M d(M )
3 =

I (! d(M ) ).

– If
M : h(xL j

j : Uj )n ; (xK : V ) ` 3 Ti

�x K :M : h(xL j
j : Uj )n ` 3 V ! T i

, 81 � j � n, N j 2 I (Uj ) andN 2 I (V ) such that

(�x K :M )[(xL j
j := N j )n ] � N . By lemma 4.1.2, d(V ) = K . We have,(�x K :M )[(xL j

j :=

N j )n ] = �x K :M [(xL j
j := N j )n ], where81 � j � n; yK 62FV( N j ) [ f xL j

j g. SinceN 2
I (V ) and by lemma 6.2.1,I (V ) � M K

3 , d(N ) = K . By lemma A.1.3 and lemma A.1.6,
M [(xL j

j := N j )n ] � N and M [(xL j
j := N j )n ][xK := N ] = M [(xL j

j := N j )n ; xK :=

N ] 2 M 3. Hence,(�x K :M [(xL j
j := N j )n ])N 2 M 3 and(�x K :M [(xL j

j := N j )n ])N � r

M [(xL j
j := N j )n ; (xK := N )]. By IH, M [(xL j

j := N j )n ; (xK := N )] 2 I (T). Since,

by lemma 6.2.1I (T) is r -saturated, then(�x K :M [(xL j
j := N j )n ])N 2 I (T) and so

�x K :M [(xL j
j := N j )n ] 2 I (V) ; I (T) = I (V ! T).

– If
M : h(xL j

j : Uj )n ` 3 Ti xK 62dom((xL j
j : Uj )n )

�x K :M : h(xL j
j : Uj )n ` 3 ! K ! T i

, 81 � j � n, N j 2 I (Uj ) and

N 2 I (! K ) such that(�x K :M )[(xL j
j := N j )n ] � N . By lemma 4.2.3a,xK 62FV( M ).

We have,(�x K :M )[(xL j
j := N j )n ] = �x K :M [(xL j

j := N j )n ], where81 � j � n; xK 62

FV( N j ) [ f xL j
j g. SinceN 2 I (! K ) and by lemma 6.2.1,I (! K ) = M K

3 then d(N ) = K .

By lemma A.1.3 and lemma A.1.6,M [(xL j
j := N j )n ] � N andM [(xL j

j := N j )n ][xK :=

N ] = M [(xL j
j := N j )n ; xK := N ] = M [(xL j

j := N j )n ] 2 M 3. Hence,(�x K :M [(xL j
j :=

N j )n ])N 2 M 3 and (�x K :M [(xL j
j := N j )n ])N � r M [(xL j

j := N j )n ; (xK := N )].

By IH, M [(xL j
j := N j )n ] 2 I (T). Since, by lemma 6.2.1I (T) is r -saturated, then

(�x K :M [(xL j
j := N j )n ])N 2 I (T) and so�x K :M [(xL j

j := N j )n ] 2 I (! K ) ; I (T) =
I (! K ! T).

– Let
M 1 : h� 1 ` 3 V ! T i M 2 : h� 2 ` 3 V i � 1 � � 2

M 1 M 2 : h� 1 u � 2 ` 3 Ti
where � 1 = ( xL j

j : Uj )n ; (yK j
j :

Vj )m , � 2 = ( xL j
j : U0

j )n ; (zSj
j : Wj )p such thatf yK 1

1 ; : : : ; yK m
m g \ f zS1

1 ; : : : ; zSp
p g = ;

and� 1 u � 2 = ( xL j
j : Uj u U0

j )n ; (yK j
j : Vj )m ; (zSj

j : Wj )p.
Let 8 1 � j � n; Pj 2 I (Uj u U0

j ), 8 1 � j � m; Q j 2 I (Vj ) and 8 1 � j �
p; Rj 2 I (Wj ). So, for all j 2 f 1; : : : ; ng, Pj 2 I (Uj ) and Pj 2 I (U0

j ). By hypoth-

esis,(M 1M 2)[(xL j
j := Pj )n ; (yK j

j := Qj )m ; (zSj
j := Rj )p] = AB 2 M 3 where using

lemma 4.2.3a,A = M 1[(xL j
j := Pj )n ; (yK j

j := Qj )m ] 2 M 3 and B = M 2[(xL j
j :=

Pj )n ; (zSj
j := Rj )p] 2 M 3 andA � B .

By IH, A 2 I (V ) ; I (T) andB 2 I (V ). Hence,AB 2 I (T).

– Let
M : h(xL j

j : Uj )n ` 3 V1i M : h(xL j
j : Uj )n ` 3 V2i

M : h(xL j
j : Uj )n ` 3 V1 u V2i

. By IH, M [(xL j
j := N j )n ] 2 I (V1)
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andM [(xL j
j := N j )n ] 2 I (V2). Hence,M [(xL j

j := N j )n ] 2 I (V1 u V2).

– Let
M : h(xL k

k : Uk)n ` 3 Ui

M + j : h(x j ::L k
k : ej Uk )n ` 3 ej Ui

and8 1 � k � n, Nk 2 I (ej Uk) = I (Uk )+ j . Then

8 1 � k � n, Nk = P+ j
k wherePk 2 I (Uk ). By lemma 6.2.1b, for allk 2 f 1; : : : ; ng,

Pk 2 M L k
3 . By the de�nition of the substitution,�f M + j g [ f Nk j k 2 f 1; : : : ; ngg. By

lemma A.5.3,�f M g [ f Pk j k 2 f 1; : : : ; ngg. By lemma A.1.6,M [(xL k
k := Pk )n ] 2 M 3.

By IH, M [(xL k
k := Pk )n ] 2 I (T). Hence, by lemma A.5,M + j [(x j ::L k

k := Nk )n ] =
(M [(xL k

k := Pk )n ])+ j 2 I (U)+ j = I (ej U).

– Let
M : � � v � 0

M : � 0 where� 0 = h(xL j
j : Uj )n ` 3 Ui . By lemma 4.1, we have� = h(xL j

j :

U0
j )n ` 3 U0i , where for every1 � j � n, Uj v U0

j and U0 v U. By lemma 6.2.2,

N j 2 I (U0
j ), then, by IH,M [(xL j

j := N j )n ] 2 I (U0) and, by lemma 6.2.2,M [(xL j
j :=

N j )n ] 2 I (U).
ut

Next we give a lemma that will be used in the rest of the article.

Lemma A.21. 1. If M [yn := xn ] � � N thenM � � N 0whereN = N 0[yn := xn ].

2. If M [yn := xn ] has a� -normal form thenM has a� -normal form.

3. Letk � 1. If Mx n1
1 :::xnk

k is normalizing, thenM is normalizing.

4. Letk � 1, 1 � i � k, l � 0, xn i
i N1:::N l be in normal form andM be closed. IfMx n1

1 :::xnk
k � �

�
xn i

i N1:::N l , then for somem � i andn � l , M � �
� �x n1

1 ::::�x nm
m :xn i

i M 1:::M n wheren + k =
m + l, M j ' � N j for every1 � j � n andNn+ j ' � xnm + j

m+ j for every1 � j � k � m.

Proof:

1. By induction onM [yn := xn ] � � N .

2. M [yn := xn ] � �
� P whereP is in � -normal form. The proof is by induction onM [yn := xn ] � �

� P
using 1.

3. By induction onk � 1. We only prove the basic case. The proof is by cases.

– If M x n1
1 � �

� M 0xn1
1 whereM 0xn1

1 is in � -normal form andM � �
� M 0thenM 0is in � -normal

form andM is � -normalising.

– If M x n1
1 � �

� (�y n1 :N ) xn1
1 � � N [yn1 := xn1

1 ] � �
� P whereP is in � -normal form and

M � �
� �y n1 :N then by 2,N has a� -normal form and so,�y n1 :N has a� -normal form.

Hence,M has a� -normal form.
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4. By 3,M is normalizing, and, sinceM is closed, its normal form is
�x n1

1 ::::�x nm
m :zr M 1:::M n for n; m � 0.

Since by theorem 2.2,xn i
i N1:::N l ' � (�x n1

1 ::::�x nm
m :zr M 1:::M n )xn1

1 :::xnk
k thenm � k, xn i

i N1:::N l ' �

zr M 1:::M n xnm +1
m+1 :::xnk

k . Hence,zr = xn i
i , n � l , i � m, l = n +( k � (m +1))+1 = n + k � m,

M j ' � N j for every1 � j � n andNn+ j ' � xnm + j
m+ j for every1 � j � k � m.

ut

Proof:

1. Let y 2 V2 and takeX = f M 2 M0 j M � �
� y0 or M � �

� x0N1:::Nk wherek � 0 and
x 2 V1g. X is saturated and8x 2 V1, N 0

x � X � M0. Let I be an� 1-interpretation such that
I (a) = I (b) = X . If M 2 [(au b) ! a]� 1 , thenM is closed andM 2 X ; X . SinceM y 0 2 X
(asy0 2 X andM � y0) andM is closed andx0 6= y0, by lemma 2.1.2,M y 0 � �

� y0. Hence, by
lemma A.21.4,M � �

� �y 0:y0. By lemma 2.1, d(M ) = d(�y 0:y0) = 0 andM 2 M0.

Conversely, letM 2 M0 be closed andM � �
� �y 0:y0. Let I be an� 1-interpretation andN 2

I (a u b) (henceM � N ). SinceI (a) is saturated,N 2 I (a) andMN � �
� N , thenMN 2 I (a)

and henceM 2 I (a u b) ; I (a). Hence,M 2 [(a u b) ! a]� 1 .

2 If �y 0:y0 : h() ` 1 (a u b) ! ai , then, by Lemma 5.1,y0 : h(y0 : a u b) ` 1 ai and again, by
Lemma 5.1,y0 : a = y0 : a u b. Hence,a = a u b. Absurd.

3. Easy.

4. Lety 2 V2 andX = f M 2 M �
3 j M � �

� x � N1:::Nk wherek � 0 andx 2 V1 or M � �
� y� g. X

is � -saturated and8x 2 V1; N �
x � X � M �

3 . Take a� 3-interpretationI such thatI (a) = X . If
M 2 [Id 0]� 3 , thenM is closed andM 2 X ; X . Sincey� 2 X andM � y� thenMy � 2 X and
My � � �

� x � N1:::Nk wherek � 0 andx 2 V1 or My � � �
� y� . SinceM is closed andx � 6= y� ,

by lemma 2.1.2,My � � �
� y� . Hence, by lemma A.21.4,M � �

� �y � :y� and, by lemma 2.1,
M 2 M �

3 .

Conversely, letM 2 M �
3 such thatM is closed andM � �

� �y � :y� . Let I be an� 3-interpretation
andN 2 I (a) such thatM � N . By lemma 6.2.1b,N 2 M �

3 , soMN 2 M �
3 . SinceI (a) is

� -saturated andMN � �
� N , MN 2 I (a) and henceM 2 I (a) ; I (a). Hence,M 2 [Id 0]� 3 .

5. By lemma 6.4 and lemma 6.1,[Id 0
1]� 3 = [ e1a ! e1a]� 3 = [ e1(a ! a)]� 3 = [ Id 1] = [ a !

a]+1
� 3

= [ Id 0]+1
� 3

. By 1., [Id 0]+1
� 3

= f M 2 M (1)
3 j M � �

� �y (1) :y(1) g.

6. Let y 2 V2, X = f M 2 M �
3 j M � �

� y� or M � �
� x � N1:::Nk wherek � 0 andx 2 V1g

and Y = f M 2 M �
3 j M � �

� y� y� or M � �
� x � N1:::Nk or M � �

� y� (x � N1:::Nk ) where
k � 0 and x 2 V1g. X , Y are � -saturated and8x 2 V1; N �

x � X ; Y � M �
3 . Let I be a

� 3-interpretation such thatI (a) = X andI (b) = Y. If M 2 [D ]� 3 , thenM is closed (hence
M � y� ) andM 2 (X \ (X ; Y)) ; Y. Sincey� 2 X andy� 2 X ; Y, y� 2 X \ (X ; Y)
andMy � 2 Y . Sincex � 6= y� , by lemma 2.1.2,My � � �

� y� y� . Hence, by lemma A.21.4,
M � �

� �y � :y� y� and, by lemma 2.1, d(M ) = � andM 2 M �
3 .
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Conversely, letM 2 M �
3 such thatM is closed andM � �

� �y � :y� y� . Let I be an� 3-
interpretation andN 2 I (au (a ! b)) = I (a)\ (I (a) ; I (b)) such thatM � N . By lemma 6.2.1b
and lemma A.1.1,N 2 M �

3 and N � N . So NN; MN 2 M �
3 . SinceI (b) is � -saturated,

NN 2 I (b) andMN � �
� NN , we haveMN 2 I (b) and henceM 2 I (a u (a ! b)) ; I (b).

Therefore,M 2 [D ]� 3 .

7. Let f; y 2 V2 and takeX = f M 2 M �
3 j M � �

� (f � )n (x � N1:::Nk ) or M � �
� (f � )ny� where

k; n � 0 and x 2 V1g. X is � -saturated and8x 2 V1; N �
x � X � M �

3 . Let I be a� 3-
interpretation such thatI (a) = X . If M 2 [Nat 0]� 3 , thenM is closed andM 2 (X ; X ) ;
(X ; X ). We havef � 2 X ; X , y� 2 X and �f M; f � ; y� g then Mf � y� 2 X and
Mf � y� � �

� (f � )n (x � N1:::Nk ) or Mf � y� � �
� (f � )n y� wheren � 0 andx 2 V1. SinceM is

closed andf x � g \ f y� ; f � g = ; , by lemma 2.1.2,Mf � y� � �
� (f � )n y� wheren � 1. Hence,

by lemma A.21.4,M � �
� �f � :f � or M � �

� �f � :�y � :(f � )ny� wheren � 1. Moreover, by
lemma 2.1, d(M ) = � andM 2 M �

3 .

Conversely, letM 2 M �
3 such thatM is closed andM � �

� �f � :f � or M � �
� �f � :�y � :(f � )n y�

wheren � 1. Let I be an� 3-interpretation,N 2 I (a ! a) = I (a) ; I (a) andN 0 2 I (a) such
that �f M; N; N 0g. By lemma 6.2.1b,N; N 0 2 M �

3 , soMNN 0; (N )m N 0 2 M �
3 , wherem � 0.

We show, by induction onm � 0, that(N )m N 0 2 I (a). SinceMNN 0� �
� (N )m N 0wherem � 0

and(N )m N 0 2 I (a) which is� -saturated, thenMNN 0 2 I (a). Hence,M 2 (I (a) ; I (a)) !
(I (a) ; I (a)) andM 2 [Nat 0]� 3 .

8. By lemma 6.4,[Nat 1]� 3 = [ e1Nat 0]� 3 = [ Nat 0]+1
� 3

. By 7., [Nat 1]� 3 = [ Nat 0]+1
� 3

= f M 2

M (1)
3 j M � �

� �f (1) :f (1) or M � �
� �f (1) :�y (1) :(f (1) )n y(1) wheren � 1g.

9. Letf; y 2 V2 and takeX = f M 2 M �
3 j M � �

� x � P1:::Pl orM � �
� f � (x � Q1:::Qn ) orM � �

� y� or
M � �

� f � y(1) wherel; n � 0 and d(Qi ) � (1)g. X is � -saturated and8x 2 V1; N �
x � X � M �

3 .
Let I be a� 3-interpretation such thatI (a) = X . If M 2 [Nat 0

0]� 3 , then M is closed and
M 2 (X +1 ; X ) ; (X +1 ; X ). LetN 2 X +1 such thatN � f � . We haveN � �

� x(1) P+1
1 :::P+1

k

or N � �
� y(1) , thenf � N � �

� f � (x(1) P+1
1 :::P+1

k ) 2 X or N � �
� f � y(1) 2 X , thusf � 2 X +1 ; X .

We havef � 2 X +1 ; X , y(1) 2 X +1 and �f M; f � ; y(1) g, thenMf � y(1) 2 X . SinceM
is closed andf x � ; x(1) g \ f y(1) ; f � g = ; , by lemma 2.1.2,Mf � y(1) � �

� f � y(1) . Hence, by
lemma A.21.4,M � �

� �f � :f � or M � �
� �f � :�y (1) :f � y(1) . Moreover, by lemma 2.1, d(M ) = �

andM 2 M �
3 .

Conversely, letM 2 M �
3 suchM is closed andM � �

� �f � :f � or M � �
� �f � :�y (1) :f � y(1) .

Let I be an� -interpretation,N 2 I (e1a ! a) = I (a)+1 ; I (a) andN 0 2 I (a)+1 where
�f M; N; N 0g. By lemma 6.2.1b,N 2 M �

3 andN 0 2 M (1)
3 , so MNN 0; NN 0 2 M �

3 . Since
MNN 0 � �

� NN 0, NN 0 2 I (a) and I (a) is � -saturated, thenMNN 0 2 I (a). Hence,M 2
(I (a)+1 ; I (a)) ! (I (a)+1 ; I (a)) andM 2 [Nat 0

0].

ut
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A.7. Completeness

Proof:
[of Remark 7.2] 1) For every interpretationI , I (e1a ! a) = I (e2a ! a) = I (a)+ ; I (a).

2) If �f 0:f 0 : h() ` 2 Nat 00
0 i , by lemma 5.2.2 and 5.2.1,f 0 : hf 0 : e1a ! a ` 2 e2a ! ai and

e1a ! a v e2a ! a. Thus, by lemma A.10.4,e2a v e1a. Again, by lemma A.10.1,e1a = e2U where
a v U. This is impossible sincee1 6= e2. ut

Proof:
[of Lemma 7.1] 1) By induction onU.

2) If U � = V � thene1U � = e1V � and by 1.,U = V . ut

Lemma A.22. 1. If d(U) = n, thenVU is an in�nite set of variables of degreen and if yn 2 VU ,
theny 2 V2.

2. If U 6= V and d(U) = d(V ) = n, thenVU \ VV = ; .

3. If yn 2 VU , thenyn+1 2 VecU .

4. If yn+1 2 VU , thenyn 2 VU � .

Proof:
1. and 2. By induction onn and using lemma 7.1. 3. Because(ecU)� = U. 4. By de�nition. ut

Lemma A.23. 1. If � � Hn , thene� � Hn+1 .

2. If � � Hn+1 , then� � � Hn .

3. If � 1 � Hn , � 2 � Hm andm � n, then� 1 u � 2 � Hn .

Proof:
1. resp. 2. By lemma A.22.3 resp. A.22.4. 3. First note thatHm � Hn . Let (xp : U1 u U2) 2 � 1 u � 2

where(xp : U1) 2 � 1 � Hn and (xp : U2) 2 � 2 � Hm � Hn , then d(U1) = d(U2) = p and
xp 2 VU1 \ VU2 . Hence, by lemma A.22.2,U1 = U2 and� 1 u � 2 = � 1 [ � 2 � Hn . ut

Lemma A.24. 1. (Vn )+ = Vn+1 .

2. If y 2 V2 and(M y m ) 2 V n , thenM 2 V n .

3. If M 2 V n , M � N , N 2 M and d(N ) = m � n, thenMN 2 V n .

4. If d(M ) = n, m � n, M � N , M 2 M andN 2 V m , thenMN 2 V n .

Proof:
Easy. ut

Proof:
[of Lemma 7.2]
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1. First we show thatI (a) is saturated. LetM � �
� N andN 2 I(a).

� If N 2 V 0 then N 2 M0 and 9x i such thatx 2 V1, i � 0 and x i 2 FV (N ). By
lemma 6.1.9,M0 is saturated and so,M 2 M0. By lemma 2.1.2,FV (M ) = FV (N )
and so,x i 2 FV (M ). Hence,M 2 V 0

� If N 2 f M 2 M 0
2 j M : hH0 ` 2 aig then 9� � H0, such thatN : h� ` 2 ai . By

subject expansion corollary 5.7,M : h� ` 2 ai and by lemma 2.1.2, d(M ) = d(N ). Hence,
M 2 f M 2 M 0

2 j M : hH0 ` 2 aig.

Now we show that8x 2 V1, N 0
x � I (a) � M0.

� Let x 2 V1 andM 2 N 0
x . Hence,M = x0N1 : : : Nk 2 M0, andx0 2 FV (M ). Thus,

M 2 V 0.

� Let M 2 I(a). If M 2 V 0, thenM 2 M0. Else,9� � H0 whereM : h� ` 2 ai . Since by
lemma 4.1,M is good and d(M ) = d(a) = 0 , M 2 M0.

2. By induction onU good.

� U = a: By de�nition of I and by 1.

� U = ecV: d(V ) = n � 1 and, by lemma 3.1,V is good. By IH and lemma A.24.1,
I (ecV) = ( I (V ))+ = ( Vn� 1 [ f M 2 Mn� 1 j M : hHn� 1 ` 2 V ig)+ = Vn [ (f M 2
Mn� 1 j M : hHn� 1 ` 2 V ig)+ .

– If M 2 Mn� 1 andM : hHn� 1 ` 2 V i , thenM : h� ` 2 V i where� � Hn� 1. By
exp and lemma A.23.1,M + : hec� ` 2 ecV i andec� � Hn . Thus by lemma 4.1.2,
M + 2 Mn andM + : hHn ` 2 ecV i .

– If M 2 Mn and M : hHn ` 2 ecV i , thenM : h� ` 2 ecV i where� � Hn . By
lemmas 4.1.3, and A.23.2,M � : h� � ` 2 V i and� � � Hn� 1. Thus, by lemma A.3.(1b
and 1d),M = ( M � )+ andM � 2 Mn� 1. Hence,M � 2 f M 2 Mn� 1 j M : hHn� 1 ` 2

V ig.

Hence(f M 2 Mn� 1 j M : hHn� 1 ` 2 V ig)+ = f M 2 Mn j M : hHn ` 2 Uig and
I(U) = Vn [ f M 2 Mn j M : hHn ` 2 Uig.

� U = U1 u U2: By lemma 3.1,U1, U2 are good and d(U1) = d(U2) = n. By IH, I (U1 u U2) =
I (U1) \ I (U2) =
(Vn [ f M 2 Mn j M : hHn ` 2 U1ig) \ (Vn [ f M 2 Mn j M : hHn ` 2 U2ig) =
Vn [ (f M 2 Mn j M : hHn ` 2 U1ig \ f M 2 Mn j M : hHn ` 2 U2ig).

– If M 2 Mn , M : hHn ` 2 U1i and M : hHn ` 2 U2i , thenM : h� 1 ` 2 U1i and
M : h� 2 ` 2 U2i where� 1; � 2 � Hn . By remark 4.1,M : h� 1 u � 2 ` 2 U1 u U2i . Since
by lemma A.23.3,� 1 u � 2 � Hn , M : hHn ` 2 U1 u U2i .

– If M 2 Mn andM : hHn ` 2 U1 u U2i , thenM : h� ` 2 U1 u U2i where� � Hn . By
v , M : h� ` 2 U1i andM : h� ` 2 U2i . Hence,M : hHn ` 2 U1i andM : hHn ` 2 U2i .

We deduce thatI (U1 u U2) = Vn [ f M 2 Mn j M : hHn ` 2 U1 u U2ig .

� U = V ! T: By lemmas 3.1.2,V , T are good and letm = d(V ) � d(T) = 0 . By IH,
I (V ) = Vm [f M 2 Mm j M : hHm ` 2 V ig andI(T) = V0 [f M 2 M0 j M : hH0 ` 2 Tig.
Note thatI (V ! T) = I(V ) ; I (T).
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– Let M 2 I(V ) ; I (T) and by lemma A.22.1, letym 2 VV such thaty 2 V2, and
8n; yn 62FV (M ). Thenym � M . By remark 4.1,ym : h(ym : V ) ` 2 V i . Hence
ym : hHm ` 2 V i and soym 2 I(V ) andMy m 2 I(T).

� If My m 2 V 0, then sincey 2 V2, by lemma A.24.2,M 2 V 0.
� If My m 2 f M 2 M0 j M : hH0 ` 2 Tig thenMy m 2 M0 andMy m : hH0 ` 2 Ti .

So My m : h� ` 2 Ti where � � H0. Sinceym 2 FV (My m ) and since by
lemma A.14,dom(�) = FV (My m ), � = � 0; (ym : V 0) where by lemma 4.1.2,
d(V 0) = m. Since(ym : V 0) 2 H0, d(V 0) = m andym 2 VV 0, by lemma A.22.2,
V = V 0. SoMy m : h� 0; (ym : V ) ` 2 Ti and by lemma 5.2.1,M : h� 0 ` 2 V ! T i
and by lemma 4.1.2,M 2 M and d(M ) = 0 . Since� 0 � H0, M : hH0 ` 2 V ! T i .
And so,M 2 f M 2 M0 j M : hH0 ` 2 V ! T ig.

– Let M 2 V 0 [ f M 2 M0 j M : hH0 ` 2 V ! T ig andN 2 I(V ) = Vm [ f M 2 Mm j
M : hHm ` 2 V ig such thatM � N . Then, d(N ) = m.

� CaseM 2 V 0. SinceN 2 M, by lemma A.24.3,MN 2 V 0 � I (T).
� CaseM 2 f M 2 M0 j M : hH0 ` 2 V ! T ig, soM 2 M0.

� If N 2 V m , then, by lemma A.24.4,MN 2 V 0 � I (T).
� If N 2 f M 2 Mm j M : hHm ` 2 V ig, soM : h� 1 ` 2 V ! T i andN : h� 2 ` 2

V i where� 1 � H0 and� 2 � Hm . SinceM � N then by lemma A.14.4,� 1 � � 2.
So by! E , MN : h� 1 u � 2 ` 2 Ti . By lemma A.23.3,� 1 u � 2 � H0. Therefore
MN : hH0 ` 2 Ti . By lemma 4.1,MN 2 M0. Hence,MN 2 f M 2 M0 j M :
hH0 ` 2 Tig � I (T).

Hence,M 2 I(V ! T).

We deduce thatI (V ! T) = V0 [ f M 2 M0 j M : hH0 ` 2 V ! T ig.
ut

Proof:
[of Theorem 7.1] Recall:[U]� 2 = f M 2 M 2 j M is closed andM 2

T
I2 � 2-int I (U)g.

1. LetM 2 [U]� 2 . ThenM is a closed term andM 2 I(U). Hence, by lemma 7.2,M 2 V n [ f M 2
Mn j M : hHn ` 2 Uig. SinceM is closed,M 62 Vn . Hence,M 2 f M 2 Mn j M : hHn ` 2 Uig
and so,M : h� ` 2 Ui where� � Hn . SinceM is closed, by lemma A.14.1,� = () and
M : h() ` 2 Ui .

Conversely, letM 2 Mn whereM : h() ` 2 Ui . By lemma A.14.1,M is closed. LetI be a
� 2-interpretation. By soundness lemma 6.3,M 2 I (U). ThusM 2 [U]� 2 .

2. Let M 2 [U]� 2 such thatM � �
� N . By 1, M 2 Mn andM : h() ` 2 Ui . By subject reduction

corollary 5.7,N : h() ` 2 Ui . By lemma 2.1.2, d(N ) = d(M ) = n. By lemma 4.1.2,N 2 M.
Hence, by 1,N 2 [U]� 2 .

3. Let N 2 [U]� 2 such thatM � �
� N . By 1, N 2 Mn andN : h() ` 2 Ui . By subject expansion

corollary 5.7,M : h() ` 2 Ui . By lemma 2.1.2, d(N ) = d(M ) = n. By lemma 4.1.2,M 2 M.
Hence, by 1,M 2 [U]� 2 .

ut
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Proof:

1. We do two cases:
Caser = �� . It is easy to see that8x 2 V1; N �

x � O � � I �� (a). Now we show thatI �� (a) is
�� -saturated. LetM � �

�� N andN 2 I �� (a).

� If N 2 O � thenN 2 M �
3 and9L andx 2 V1 such thatxL 2 FV( N ). By theorem 2.1.2,

FV( N ) � FV( M ) and d(M ) = d(N ), hence,M 2 O �

� If N 2 f M 2 M �
3 j M : hH � ` � aig thenN � �

�� N 0and9� � H � , such thatN 0 : h� ` ai .
HenceM � �

�� N 0 and since by theorem 2.1.2, d(M ) = d(N 0), M 2 f M 2 M �
3 j M :

hH � ` � aig.

Caser = � . It is easy to see that8x 2 V1; N �
x � O � � I � (a). Now we show thatI � (a) is

� -saturated. LetM � �
� N andN 2 I � (a).

� If N 2 O � thenN 2 M �
3 and9L andx 2 V1 such thatxL 2 FV( N ). By theorem 2.1.2,

FV( N ) � FV( M ) and d(M ) = d(N ), hence,M 2 O �

� If N 2 f M 2 M �
3 j M : hH � ` aig then 9� � H � , such thatN : h� ` ai .

By theorem 5.2,M : h� " M ` ai . Since by theorem 2.1.2,FV( N ) � FV( M ), let
FV( N ) = f xL 1

1 ; : : : ; xL n
n g and FV( M ) = FV( N ) [ f xL n +1

n+1 ; : : : ; xL n + m
n+ m g. So � " M =

� ; (xL n +1
n+1 : ! L n +1 ; : : : ; xL n + m

n+ m : ! L n + m ). 8n + 1 � i � n + m, let Ui such thatxL i
i 2

VUi . Then� ; (xL n +1
n+1 : Un+1 ; : : : ; xL n + m

n+ m : Un+ m ) � H � and byv , M : h� ; (xL n +1
n+1 :

Un+1 ; : : : ; xL n + m
n+ m : Un+ m ) ` ai . Thus M : hH � ` ai and since by theorem 2.1.2,

d(M ) = d(N ), M 2 f M 2 M �
3 j M : hH � ` aig.

2. By induction onU.

� U = a: By de�nition of I �� .

� U = ! L : By de�nition, I �� (! L ) = M L
3 . Hence,OL [ f M 2 M L

3 j M : hHL ` � ! L ig �
I �� (! L ).
Let M 2 I �� (! L ) whereFV( M ) = f xL 1

1 ; : : : ; xL n
n g thenM 2 M L

3 . 8 1 � i � n, let Ui

the type such thatxL i
i 2 VUi . Then� = ( xL i

i : Ui )n � HL . By lemma 4.2.2 and lemma 8.2,
M : h� ` ! L i . HenceM : hHL ` ! L i . Therefore,I (! L ) � f M 2 M L

3 j M : hHL ` �

! L ig .

We deduceI �� (! L ) = OL [ f M 2 M L
3 j M : hHL ` � ! L ig .

� U = ei V: L = i :: K and d(V ) = K . By IH and lemma 8.3,I �� (ei V) = ( I �� (V ))+ i =
(OK [ f M 2 M K

3 j M : hHK ` � V ig)+ i =
OL [ (f M 2 M K

3 j M : hHK ` � V ig)+ i .

– If M 2 M K
3 andM : hHK ` � V i , thenM � �

�� N andN : h� ` V i where� � HK .
By e, lemmas A.5 and 8.2,N + i : hei � ` ei V i , M + i � �

�� N + i andei � � HL . Thus
M + i 2 M L

3 andM + i : hHL ` � Ui .
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– If M 2 M L
3 andM : hHL ` � Ui , thenM � �

�� N andN : h� ` Ui where� � HL . By
lemmas A.5, 4.1, and 8.2,M � i � �

�� N � i , N � i : h� � i ` V i and� � i � HK . Thus by
lemma A.5,M = ( M � i )+ i andM � i 2 f M 2 M K

3 j M : hHK ` � V ig.

Hence(f M 2 M K
3 j M : hHK ` � V ig)+ i = f M 2 M L

3 j M : hHL ` � Uig and
I �� (U) = OL [ f M 2 M L

3 j M : hHL ` � Uig.

� U = U1 u U2: By IH, I �� (U1 u U2) = I �� (U1) \ I �� (U2) = ( OL [ f M 2 M L
3 j M :

hHL ` � U1ig) \ (OL [ f M 2 M L
3 j M : hHL ` � U2ig) = OL [ (f M 2 M L

3 j M : hHL ` �

U1ig \ f M 2 M L
3 j M : hHL ` � U2ig).

– If M 2 M L
3 , M : hHL ` � U1i andM : hHL ` � U2i , thenM � �

�� N1, M � �
�� N2,

N1 : h� 1 ` U1i andN2 : h� 2 ` U2i where� 1; � 2 � HL . By con�uence theorem 2.2
and subject reduction theorem 5.1,9M 0 such thatM � �

�� M 0, M 0 : h� 1 � M 0` U1i
andM 0 : h� 2 � M 0` U2i . Hence by Remark 4.1 and lemma 2.1 and lemma 4.2.3a and
lemma A.18.2,M 0 : h(� 1 u � 2) � M 0` U1 u U2i and, by lemma 8.2,(� 1 u � 2) � M 0�
� 1 u � 2 � HL . ThusM : hHL ` � U1 u U2i .

– If M 2 M L
3 andM : hHL ` � U1 u U2i , thenM � �

�� N , N : h� ` U1 u U2i and
� � HL . By v , N : h� ` U1i andN : h� ` U2i .
Hence,M : hHL ` � U1i andM : hHL ` � U2i .

We deduce thatI �� (U1 u T2) = OL [ f M 2 M L
3 j M : hHL ` � U1 u U2ig .

� U = V ! T: Let d(T) = � � K = d(V ). By IH, I �� (V ) = OK [ f M 2 M K
3 j

M : hHK ` � V ig and I �� (T) = O� [ f M 2 M �
3 j M : hH � ` � Tig. Note that

I �� (V ! T) = I �� (V ) ; I �� (T).

– Let M 2 I �� (V ) ; I �� (T) and, by lemma 8.1, letyK 2 VV such that8K; y K 62
FV( M ). ThenM � yK . By remark 4.1,yK : h(yK : V ) ` � V i . HenceyK : hHK ` � V i .
Thus,yK 2 I �� (V ) andMy K 2 I �� (T).

� If My K 2 O � , then sincey 2 V2, by lemma 8.3,M 2 O � .
� If My K 2 f M 2 M �

3 j M : hH � ` � Tig thenMy K � �
�� N andN : h� ` T i

such that� � H � , hence,�y K :My K � �
�� �y K :N . We have two cases:

� If yK 2 dom(�) , then� = � ; (yK : V ) and by! I , �y K :N : h� ` V ! T i .
� If yK 62dom(�) , let � = � . By ! 0

I , �y K :N : h� ` ! K ! T i . By v , since
h� ` ! K ! T i v h � ` V ! T i , we have�y K :N : h� ` V ! T i .

Note that� � H � . Since�y K :My K � �
�� M and �y K :My K � �

�� �y K :N , by
theorem 2.2 and theorem 5.1, there isM 0 such thatM � �

�� M 0, �y K :N � �
�� M 0,

M 0 : h� � M 0` V ! T i . Since� � M 0� � � H � , M : hH � ` � V ! T i .
– Let M 2 O � [ f M 2 M �

3 j M : hH � ` � V ! T ig andN 2 I �� (V ) = OK [ f M 2
M K

3 j M : hHK ` � V ig such thatM � N . Then, d(N ) = K � � = d(M ).
� If M 2 O � , then, by lemma 8.3,MN 2 O � .
� If M 2 f M 2 M �

3 j M : hH � ` � V ! T ig, then
� If N 2 O K , then, by lemma 8.3,MN 2 O � .
� If N 2 f M 2 M K

3 j M : hHK ` � V ig thenM � �
�� M 1, N � �

�� N1, M 1 : h� 1 `
V ! T i andN1 : h� 2 ` V i where� 1 � H � and� 2 � HK . By lemma A.5 and
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theorem 2.1,MN � �
�� M 1N1 and, by! E and lemma 4.2.3,M 1N1 : h� 1 u � 2 `

T i . By lemma 8.2,� 1 u � 2 � H � . ThereforeMN : hH � ` � Ti .

We deduce thatI �� (V ! T) = O� [ f M 2 M �
3 j M : hH � ` � V ! T ig.

3. We only do the caser = � . By induction onU.

� U = a: By de�nition of I � .

� U = ! L : By de�nition, I � (! L ) = M L
3 . Hence,OL [ f M 2 M L

3 j M : hHL ` ! L ig �
I � (! L ).
Let M 2 I � (! L ) whereFV( M ) = f xL 1

1 ; : : : ; xL n
n g thenM 2 M L

3 . 8 1 � i � n, let Ui the
type such thatxL i

i 2 VUi . Then� = ( xL i
i : Ui )n � HL . By lemma 4.2.2 and lemma 8.2,

M : h� ` ! L i . HenceM : hHL ` ! L i . Therefore,I (! L ) � f M 2 M L
3 j M : hHL ` ! L ig .

We deduceI � (! L ) = OL [ f M 2 M L
3 j M : hHL ` ! L ig .

� U = ei V : L = i :: K and d(V ) = K . By IH and lemma 8.3,I � (ei V) = ( I � (V ))+ i =
(OK [ f M 2 M K

3 j M : hHK ` V ig)+ i =
OL [ (f M 2 M K

3 j M : hHK ` V ig)+ i .

– If M 2 M K
3 andM : hHK ` V i , thenM : h� ` V i where� � HK . By e and 8.2,

M + i : hei � ` ei V i andei � � HL . ThusM + i 2 M L
3 andM + i : hHL ` Ui .

– If M 2 M L
3 andM : hHL ` Ui , thenM : h� ` Ui where� � HL . By lemmas 4.1,

and 8.2,M � i : h� � i ` V i and� � i � HK . Thus by lemma A.5,M = ( M � i )+ i and
M � i 2 f M 2 M K

3 j M : hHK ` V ig.

Hence(f M 2 M K
3 j M : hHK ` V ig)+ i = f M 2 M L

3 j M : hHL ` Uig and
I � (U) = OL [ f M 2 M L

3 j M : hHL ` Uig.

� U = U1 u U2: By IH, I � (U1 u U2) = I � (U1) \ I � (U2) = ( OL [ f M 2 M L
3 j M : hHL `

U1ig) \ (OL [ f M 2 M L
3 j M : hHL ` U2ig) = OL [ (f M 2 M L

3 j M : hHL `
U1ig \ f M 2 M L

3 j M : hHL ` U2ig).

– If M 2 M L
3 , M : hHL ` U1i and M : hHL ` U2i , then M : h� 1 ` U1i and

M : h� 2 ` U2i where� 1; � 2 � HL . Hence by Remark 4.1,M : h� 1 u � 2 ` U1 u U2i
and, by lemma 8.2,� 1 u � 2 � HL . ThusM : hHL ` U1 u U2i .

– If M 2 M L
3 andM : hHL ` U1 u U2i , thenM : h� ` U1 u U2i and� � HL . By v ,

M : h� ` U1i andM : h� ` U2i . Hence,M : hHL ` U1i andM : hHL ` U2i .

We deduce thatI � (U1 u T2) = OL [ f M 2 M L
3 j M : hHL ` U1 u U2ig .

� U = V ! T: Let d(T) = � � K = d(V ). By IH, I � (V ) = OK [ f M 2 M K
3 j M :

hHK ` V ig andI � (T) = O� [ f M 2 M �
3 j M : hH � ` T ig. Note thatI � (V ! T) =

I � (V ) ; I � (T).

– Let M 2 I � (V ) ; I � (T) and, by lemma 8.1, letyK 2 VV such that8K; y K 62
FV( M ). ThenM � yK . By remark 4.1,yK : h(yK : V ) ` � V i . HenceyK : hHK ` V i .
Thus,yK 2 I � (V ) andMy K 2 I � (T).

� If My K 2 O � , then sincey 2 V2, by lemma 8.3,M 2 O � .
� If My K 2 f M 2 M �

3 j M : hH � ` T ig then My K : h� ` T i such that
� � H � . Since by lemma 4.2.3a,dom(�) = FV( My K ) andyK 2 FV( My K ),
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� = � ; (yK : V 0). Since(yK : V 0) 2 H � , by lemma 8.1,V = V 0. SoMy K :
h� ; (yK : V ) ` T i and by lemma 5.2M : h� ` V ! T i . Note that� � H � ,
henceM : hH � ` V ! T i .

– Let M 2 O � [ f M 2 M �
3 j M : hH � ` V ! T ig andN 2 I �� (V ) = OK [ f M 2

M K
3 j M : hHK ` V ig such thatM � N . Then, d(N ) = K � � = d(M ).

� If M 2 O � , then, by lemma 8.3,MN 2 O � .
� If M 2 f M 2 M �

3 j M : hH � ` V ! T ig, then
� If N 2 O K , then, by lemma 8.3,MN 2 O � .
� If N 2 f M 2 M K

3 j M : hHK ` V ig then M : h� 1 ` V ! T i and
N : h� 2 ` V i where � 1 � H � and � 2 � HK . By ! E and lemma 4.2.3,
MN : h� 1u � 2 ` T i . By lemma 8.2,� 1u � 2 � H � . ThereforeMN : hH � ` T i .

We deduce thatI � (V ! T) = O� [ f M 2 M �
3 j M : hH � ` V ! T ig.

ut


