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1. Introduction

Intersection types were developed in the late 1970s to dyfsems that are untypable with simple types;
they do this by providing a kind of finitary type polymorphisminere the usage of types is listed rather
than quantified over. They have been useful in reasoningtabesemantics of the-calculus, and have
been investigated for use in static program analyBpansionwas introduced at the end of the 1970s
as a crucial procedure for calculatiqgincipal typingsfor A-terms in type systems with intersection
types, enabling support for compositional type inferen€eppo, Dezani, and Venneri [4] introduced
the operation okxpansionon typings (pairs of a type environment and a result type) for calcotati
the possible typings of a term when using intersection types a simple example, thé-term M =
(Az.x(Ay.yz)) can be assigned the typidg = ((z : a) - (((a — b) — b) — ¢) — ¢), which happens
to be its principal typing. The term/ can also be assigned the typifhg = ((z : a1 Ma9) F (((a3 —

b1) — b1) M ((ag — by) — b2) — ¢) — ¢), and an expansion operation can obtkinfrom &, .

Because the early definitions of expansion were complic&edhriableswere introduced in order
to make the calculations easier to mechanize and reasomn &mexample, in System E [2], the typing
®, from above is replaced b$3 = ((z : ea) F (e((a — b) — b) — ¢) — ¢), which differs from®; by
the insertion of the E-variableat two places, and, can be obtained fronk; by substituting for the
expansion ternty = (a := ay,b := by) M (a := ag,b := by). Carlier and Wells [3] have surveyed the
history of expansion and also E-variables.

In many kinds of semantics, the meaning of a typis calculated by an expressiffi|, that takes two
parameters, the typgE and also a valuation that assigns to type variables the same kind of meanings that
are assigned to types. To extend this idea to types with ahlas, we would need to devise some space
of possible meanings for E-variables. Given that a tyfiecan be turned by expansion into a new type
S1(T) M So(T), whereS; and.S, are arbitrary substitutions (they can be arbitrary furtbepansions),
and that this can introduce an unbounded number of new Vesigboth E-variables and regular type
variables), the situation is complicated. Because it idaarchow to devise a space of meanings for
expansions and E-variables, we instead develop a space afimgs for types that is hierarchical in
the sense of having many degrees. We specifically avoidgriongive a semantics to the operation
of expansion, and instead treat only the E-variables. Alginothis idea is not perfect, it seems to go
quite far in giving an intuition for E-variables, namely tleach E-variable acts as a kind of capsule that
isolates parts of tha-term being analyzed by the typing.

In the open problems published in the proceedings of theuredtiotes in Computer Science sym-
posium held in 1975 [7], it is suggested that an arrow typeesges functionality. Following this idea, a
type’s semantics is given as a set of cloge@rms with behaviour related to the specification givenhey t
type. Hence, the semantic approach we use is realisalglihaatics. Atomic types (e.g., type variables)
are interpreted as sets afterms that aresaturated meaning that they are closed undeexpansion
(i.e., S-reduction in reverse). Arrow and intersection types aterpreted naturally by function spaces
and set intersection. Realisability allows shows@indnesin the sense that the meaning of a type
contains all closed-terms that can be assigné&tas their result type. This has been shown useful for
characterising the behaviour of typaeterms [14]. One also wants to show the converse of soundness
which is calledcompleteness.e., that every closed-term in the meaning df’ can be assigned as its
result type.

Hindley [9, 10, 11] was the first to study this notion of contpleess for a simple type system and he
showed that all the types of that system have the completgmeperty. Then, he generalised his com-
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pleteness proof for an intersection type system [8]. Usisgcbmpleteness theorem for the realisability
semantics based on the sets)ferms saturated byn-equivalence, Hindley has shown that simple
types are uniquely realised by theterms which are typable by these types. However, Hindlessilt
does not hold for his intersection type system and the caepéss theorems were established with the
sets of\-terms saturated bgn-equivalence. In this paper, our completeness result dispenly on the
weaker requirement gf-equivalence, and we have managed to make simpler prodfavba needing
n-reduction, Church-Rosser (a.k.a. confluence), or stramgalisation (SN) (although we do establish
both confluence and SN for bothand 37).

Other work on realizability we have consulted includes that abib-Sami [15], Farkh and Nour [6],
and Coquand [5], although none of this work deals with irgetion types or E-variables. Related work
on realisability that deals with intersection types indadhat by Kamareddine and Nour [12], which
gives a realisability semantics with soundness and coepdsts for an intersection type system. This
system is quite different from the three hierarchical systeve present in this paper. The main difference
being the hierarchies which did not exist in [12].

Initially, we aimed to give a realisability semantics foetbystem of expansions proposed by Carlier
and Wells in [3]. In order to simplify our study, we considére system with the expansion variables
but without the expansion rewriting rules. In essence, riéant that the syntax of terms 81 ::= z |
(M N) | (Az.M) wherez ranges over a countably infinite set of variablésthat the syntax of types
issTu=a | w | Ty —Ty | TINTy | eI wherea is a basic type ranging over a countably infinite
set of type variablest ande is an expansion variable ranging over a countably infiniteofexpansion
variablesf, and that the typing rules are:

z:((z:T)FT) var

w

M:{(()Fw)

M : (T, (z:Ty) Ty
Ae.M : (T'FTy — T3)

abs

M1:<F1|_T1—>T2> MQZ(FQI_T1>
My M21<F1|_|F2|_T2>

app

M:<P1|—T1> M(FQ}_T2>
M - <P1|—]P2}—T1|—]T2>

MTET)
M:{eTFer) © 0P

In order to give a realisability semantics for this systene, meeded to define the interpretation of
a type to be a set of terms having this type. We were obviousigefl to distinguish between the
interpretation ofl’ andeT". However, in the typing rule e-app, the teth is unchanged and this poses
difficulties. For this reason, we maodified slightly the abdype system by indexing the terms of the
A-calculus giving us the syntax of terms a&l := 2* | (M N) | (Az'.M) (wherei are natural
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numbers and wher&/ and N need to satisfy a certain condition befdre V) is allowed as a term) and
by slightly changing our type rules and in particular theeratapp:
M : (el ; eU) “rp

In this rule, M T is M where all the indices are increased by 1. Obviously thesegsdeeded a revision
of the B-reduction and of the typing rules in order to preserve trareble properties of the type system
and the realisability semantics. For this, we defined thelgeoms and the good types and showed that
these notions go hand in hand (e.g., a good type containgyooly terms). We developed a realisability
semantics where each use of an E-variable in a type corrdsgoran index at which evaluation occurs
in the A-term that is assigned the type. This is an elegant solutiah ¢aptures the intuition behind
E-variables. However, in order for this new type system tacfion well, it was necessary to consider
Al-terms only (removing a subterm froM also removes important information abaut) and to drop
w completely. This led us to the introduction df"N-calculus and our first type system for which we
developed a sound realisability semantics for E-variabléswever, although the first type system
is crucial to understand the intuition behind the indexing pvopose, the realisability semantics far
does not satisfy completeness (and neither subject rem)cti-or this reason, we modified our system
1 by considering a smaller set of types (where intersectioiisexpansions cannot occur directly to the
right of an arrow), and by adding subtyping rules. This nestesmt- has both soundness and subject
reduction. As for completeness, we needed to limit the ligxpansion variables to a single element
list. This problem of completeness fer comes from the fact that the indexes (the natural numbers) do
not permit us to differentiate between the typgg’ ande,T" for two different expansion variables
andes. So, again, we were forced to revise our type system. Fanilgésdecided to limit oun-terms by
indexing them by lists of natural numbers (where the natowahber: represents the expansion variable
e;). This way the rule exp above will allow us to distinguish theerpretations of the typesT ande; T
whene; # e;. Furthermore, this way, ou-terms are constructed in such a way thatreductions do
not limit the information on the starting terms (in fagkreduction is not always allowed). In order to
obtain completeness with therule, we should also consider indexed by lists. This means that the
new calculus becomes rather heavy but this is unavoidatienéeded to obtain a complete realisability
semantics where an arbitrary (possibly infinite) numbengamsion variables is allowed and where the
universal typew is present. The use of lists complicates matters and heeeglsrto be understood in
the context of the first semantics where indices are natunalbers rather than lists of natural numbers.
In addition to the above, we have considered three notiorsatifrations (in line with the literature)
illustrating that these notions behave well in our comptetdisability semantics.

Section 2 gives the syntax of the indexed calculi we consit#tis paper: the\I"-calculus, which
is the \I-calculus with each variable marked by a natural nundegree and the full\-calculus\“~-
calculus indexed with finite sequences of natural numbems skéw the confluence ¢f, 5n and weak
head reductiorh on our indexed\-calculi. Section 3 introduces the syntax and terminologytypes
used in both indexed calculi. Section 4 introduces our thregsection type systems with E-variables
fori € {1,2,3}, where in one, the syntax of types is not restricted (anddéenbject reduction fails) but
in the other two it is restricted but then extended with agpibg relation. In Section 5 we study the type
theoretical properties of our three type systems includinlgject reduction and expansion with respect
to our various reduction relationg (5n, h). In Section 6, we introduce our realisability semanticd an
show its soundness for all the three type systems we con@derfor all the reduction relations). In
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Section 7 we establish the challenges of showing complssefioe the realisability semantics of the first
two systems. We show that completeness does not hold forgteystem and that it also does not hold
for the second system if more than one expansion variableeid, but does hold for a restriction of this
system to one single E-variable. This is an important stadié semantics of intersection type systems
with expansion variables since a unique expansion var@bide used many times and can occur nested.
In Section 8 we establish the completeness:plby introducing a special interpretation. We conclude in
Section 9. Due to space limitations, we omit the details efgloofs. Full proofs however can be found
in the expanded version of this article (currently at [13Digh will always be available at the authors’
web pages.

2. The syntax of the indexed\-calculi

We assume that if a metavariahleanges over a s& thenw; for ¢ > 0 andv’, v”, etc. also range oves.
A binary relation is a set of pairs. Let! range over binary relations. Lébm(rel) = {x | (z,y) € rel}
andran(rel) = {y | (z,y) € rel}. Afunction is a binary relatiorfun such that if{ (x, y), (z, 2)} C fun
theny = z. Let fun range over functions. Let — s’ = {fun | dom(fun) C s A ran(fun) C s'}. We
sometimes writer : s instead ofr € s.

Definition 2.1. (Indices)
We have two kinds of indices: natural numbers for our first @etics (clause 1) and lists of natural
numbers for our second semantics (clauses 2..5). We letrange over indices.

1. Letn,m range over the set of natural numbeé¥s= {0,1,2,... }.

2. LetL, K, R range ovetly the set of finite sequences of natural numkerg;<;<;. We denote
the empty sequence of natural numbers.

3. If L = (ny)1<i<i, we usem :: L to denote the sequence;)<;<;+1 wherer; = m and for all
i€1{2,...,l+1}, 7 =n;—1. In particular,k :: © = (k).

4. If L = (n;)1<i<n @ndK = (m;)1<i<m, We useL :: K to denote the sequen¢e ) <;<n+n, Where
foralli € {1,...,n},r;, = n;andforalli € {n +1,...,n+m}, 7, = m;_,. In particular,
L:o=0:L=L.

5. We define orCy a binary relation< by:
Ly < Lo (Or Ly > L) if there existsLs € Ly such thatl.y = Ly :: L.

Lemma 2.1. < is an order relation o y.

We assume that, y, z range over a countably infinite set of variablés

We will define two indexed calculi: thaIN-calculus (whose set of terms is calldd; as well as
M, for notational reasons) and thé~-calculus (whose set of terms.sl3). As obvious, indices inJ™
are simple but only allow thé-part of the calculus.

We let M, N, P range overM; = M, (resp.M3) and use= for syntactic equality. We assume
the usual definition of subterms and the usual conventiopdoentheses and their omission (see Baren-
dregt [1] and Krivine [14]).
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The joinability M ¢ N of terms M and N ensures that in any term that contaihs and N, each
variable has a unique index (note that it is more accuratediude this as part of the simultaneous
inductions in Definitions 2.3 and 2.5, but for clarity, we kdbapart here).

Definition 2.2. (Joinability ©)
Leti € {1,2,3]}.

e Let M, N be terms ofAI"N (resp.\*") and letFV (M) andFV(N) be the corresponding free
variables. We say that/ and N are joinable and writd/ o N iff for all = € V, if 2/ € FV(M)
andz’ € FV(N) (wherel, J are indices irN (resp.Ly)), thenl = .J.

o If X C M, suchthatvM,N € X, M ¢ N, we write,oX.
e If X C M; andM € M, such thatvN € X', M ¢ N, we write, M o X.

Now we give the syntax okI", an indexed version of th&/-calculus where indices (which range
over the set of natural numbei§ help categorise thgood termsvhere the degree of a function is never
larger than that of its argument. This amounts to having tileXf/-calculus at each index and creating
new \/-terms through a mixing recipe.

Definition 2.3. (The set of termsM; (also called.Ms))
The set of terms\; = M, the set of free variableBV (M) of M € M, and the degree(d/) of a
term M, are defined by simultaneous induction:

o If x € V,n € N, thenz” € My, FV(2") = {z"}, and dz") = n.

o If M, N € M such thatM ¢ N (see Definition 2.2), thed/ N € My, FV(M N) =FV (M) U
FV(N)and dM N) = min(d(M),d(N)) (wheremin is the minimum)

o If M € Myandz" € FV(M), then\z".M € My, FV(Az".M) = FV(M) \ {«"}, and
d((Az™.My)) = d(M7).

Note that a subterm o/ € M is also inMs.
Here is now the syntax of good terms in th&"-calculus.

Definition 2.4. (The set of good term§vl C M)
1. The set of good terniel C M, is defined by:

o If x € V,n € N, thenz" € M,
o If M,N €M, MoNanddM) <d(N)thenM N € M.
o If M € Mandz™ € FV(M), then\z™. M € M.

Note that a subterm a¥/ € M is also inM.

2. Foreaclmh ¢ N,welet: o M" =Mn M5y

Lemma?2.2. 1. (M isgoodand™ € FV(M)) iff \z".M is good.
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2. (M andMs are good My ¢ Ms and dM;) < d(Ms)) iff My M- is good.

Now, we give the syntax oA“". Note that in M3, an applicationV/ N is only allowed when
d(M) = d(N). This restriction was not made in/". Furthermore, we only allow the abstraction
Azl M in \*v L = d(M) which is also the case iRI" since there, we only consider thecalculus.
The elegance okI" is the ability to give the syntax of good terms, which is notiobis in A,

Definition 2.5. (The set of termsM3)
The set of terms\ 13, the set of free variableBV (M) of M € M3 and the degree function:dM3z —
L are defined by simultaneous induction:

o If x € VandL € Ly, thenzt € M3, FV(2l) = {z*} and dz!) = L.

o If M,N € M3,d(M) <d(N)andM < N (see Definition 2.2), thed! N € M3, FV(MN) =
FV(M)UFV(N)anddM N) =d(M).

e lfz €V, M e MzandL = d(M), then\z". M € Mz, FV(\zZ.M) = FV(M) \ {z"} and
d(\zl. M) = d(M).

Note that every subterm dff € Msj is also inMs.

As expansions change the degree of a term, indexes in a texthto@ncrease/decrease. The next
definitions turn terms of degreeinto terms of higher degrees and alsa, if> 0, they can be turned into
terms of lower degrees. Note thatand — are well behaved operations with respect to all that matters
(free variables, reduction, joinability, substitutionc ¢.

Definition 2.6. 1. Foreachm € N,welet: e My ={M € My | d(M) =n}
o M5 = M5 0 M5" = {M € My | d(M) > n}

2. We define" : My — My and™ : M5° — M, by:
° (g:n)Jr — :C’Nri’l ° (Ml M2)+ — M1+ M2+ ° ()\xn‘M)Jr _ )\anrl‘MJr
o (z")" =2l o (My My)"=M; My e(Xx". M)~ =Xz""L. M~

3. LetAX C M. If VM € X,d(M) > 0, we write dX') > 0. We define:
e XT={M"T|MeX} o lfd(X) >0, X" ={M | Me X}

4. We defineM " by induction on M) > n > 0. If n = 0thenM ™" = M and ifn > 0 then
M~H) = (M)~

Definition 2.7. Let: € NandM e Ms.

1. Foreachl € Ly, welet: e ML ={Mc M3|d(M) =L}
e Mz" ={M e M3 |dM) = L}

2. We defineM * by:
o(al)yt = ol o(My My)t =M M e(AxF M) = gl M

3. Ifd(M) =i :: L, we defineM ~* by: o(z )71 = oK
o(My My)~ = M{" My" o A\z# K M7= N M



1008 Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

4. LetX C Ms. We definex™ = {M*" | M € X}.
Note that(X N V)™ = x+iny+e.

Definition 2.8. (Substitution, alpha conversion, compatibity, reduction)
e Letm > 0,1 < i < m, M,N; be terms ofAIN (resp.A\’¥) and; € N (resp.Ly). M|(z! :=

7

N;)i<i<m] (0Or simply M[(:z:fi := N;)m]), the simultaneous substitution 6f; for all free occur-
rences ofr!’ in M only matters when:

— oX whereX = {M}U{N; |1 <i<m}.
— Vi such thatl < i < m, we haved(N;) = ;.

We restrict substitution to incorporate these conditiath X as aboveM [(z!? := N;),,] is only
defined wher X and whend(N;) = I; for everyi.! We may writez!' := Ny, ..., zlm .= N,
instead of(z/" := N;),,. We also writeM[(z!" := N;)1<i<1] asM [z := Ny].

e In \IY (resp.\“v), we take terms modula-conversiongiven by: Az’ .M = Ayl .(M [z := y])
where V.J,y7 ¢ FV(M) (wherel, J € N (resp.Ly)). We use the Barendregt convention (BC)
where the names of bound variables differ from the free ondsahere we rewrite terms so that
not bothAz! and Az’ co-occur when' # J.

e Leti € {1,2,3}. Arelation R on M; is compatibleiff for all M, N, P € M;:

— If (M,N) € Rand\z! .M, \z!.N € M; then(\z! .M, \z!.N) € R.
- If (M,N) e RandMP,NP € M, then(MP,NP) € R.
— If (M,N) € R,andPM, PN € M;then(PM, PN) € R.

e Leti € {1,2,3}. The reduction relation>g on M; is defined as the least compatible relation
closed under the rulgAz! . M)N >3 M[z! := N]ifd(N) = I.

e Leti € {1,2,3}. The reduction relatiom>, on M; is defined as the least compatible relation
closed under the rulexz!.(M 1) >, M if 27 ¢ FV(M)

o Leti € {1,2,3}. The weak head reductian;, on M; is defined by:
(Ax!.M)NN;y...N, >, M[z! :== N]N;...N, wheren >0

o We let>g, = >g Uy,

e For areduction relation-,., we denote by-* the reflexive and transitive closure of.. We denote
by ~, the equivalence relation induced by .

The next theorem states that reductions preserve the fresbles and the degree of a term.
Theorem 2.1. Leti € {1,2,3}. Let M € M; andr € {§3, 3n, h}.
1. If M > N, thenFV(N) = FV(M) and d M) = d(N).

"We can prove the following lemma: Lét = {M} U {N; | 1 < j < m}. We have:oX andV1 < j < m, d(N;) = I, iff
M((z} := Nj)m] € M; wherei € {1,2,3}.
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2. Ifi=3andM >} N, thenFV(N) CFV(M)and dM) = d(N).
3. Ifi#3andM >} N thenFV (M) = FV(NV), d(M) = d(IN) and M is good iff V is good.

Proof:

1. By induction onM >} N.

2. Caser = (. By induction onM >7 N.
Caser = fn, by the andr cases.
Caser = h, by the case.

3. By induction onM >5 N.

Normal forms are defined as usual.

Definition 2.9. Leti € {1, 2, 3}.

1. M € M;isin - (resp.8n-, h-) normal form if there is naV € M; such thatM >3 N (resp.
M >g, N, M >, N).

2. M € M; is g-normalising (respgn-normalising,h-normalising) if there is atV € M, such that
M>iN (resp.M >g, N, M >;, N) andN is in g-normal form (respsn-normal form,h-normal
form).

Finally, 3, #n andh reductions are confluent on the indexed lambda calculi:

Theorem 2.2. (Confluence)
Leti € {1,2,3}. Let M, My, My € M, andr € {3, Bn, h}.

1. If M > My andM >} M,, then there isV/’ such thatM; >F M" and M, > M.

2. M ~, M, iff there is a termM such thatV/; > M and My > M.

Proof:
We establish the confluence using the standard parallectiedumethod. Full details can be found
in [13]. O

3. The types of the indexed calculi

We assume thad, b range over a countably infinite set of type variablés and thate ranges over
a countably infinite set of expansion variables= {ep,e;,...}. We denoteg;, ...€;, by €., or
alternatively byéey, where K = (i1,...,i,). In all our type systems, we quotient types by taking
to be commutative (i.el/; M Uy = Uy M Uy), associative (i.eU; M (Us M Us) = (Uy M Us) M Us)
and idempotent (i.,elU T U = U), by assuming the distributivity of expansion variablegmw (i.e.
ei(Ul 1 UQ) =e; U1 N eiUg). We denotd/,, I Un+1 N U, by I—]?;nUZ (Whenn < m)
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For AIY, we study two type systems (none of which has ¢heype). In the first, there are no
restrictions on where the arrow occurs. In the second,set#ions and expansions cannot occur directly
to the right of an arrow.

Definition 3.1. (Types, good types and degree of a type fo)

1. The sets of type¥y C Uy C U; are defined byyy; == A | U; — U; | U; Uy | EU; and
Uy :=TUy MUy | EU, | Ty where Ty := A | Uy — To. We letT, U, V, W (resp.T, resp.
U, V, W) range ovefU; (resp.Ts, resp.Us).

2. We define a function dU; — N by (hence d is also defined @h):
ed(a) =0 e d(U — T) =min(d(U),d(T))
ed(elU)=dU)+1 e d(UMV)=min(d(U),d(V)).

3. We define the good types @h by (this also defines good types 0On):
elf a € A, thenais good e If U isgood ana: € &, theneU is good

o If U, T are good and@) > d(7"), thenU — T'is good
o If U,V are good and@) = d(V), thenU mnV is good

The next lemma states when arrow, intersection and expangies are good.

Lemma3.1. 1. OnU; (hence orlJ;), we have the following:

(@) U, T are good and@) > d(7")) iff U — T is good.
(b) (U,V are good and@) = d(V)) iff U 11V is good.
(c) Uis good iffeU is good.

2. OnUs,, we have in addition the following:

(@) IfT € Ty, thendT) = 0.

(b) fd(U) = nthenU = Mk, &.,,)V; wherek > 1 and3i.V; € To.

(c) If Uis good and dJ) = n, thenU = ﬂleéi(m)Ti wherek > 1andv 1 <i<k,T; €Ts.
(d) U andT are good iffU — T is good.

For \“n, we study a type system (with the universal type In this type system, in order to get
subject reduction and hence completeness, intersectiothsex@ansions cannot occur directly to the
right of an arrow (sedJ; below). Note that our sefg; and T3 are far more restricted here than for the
MN-calculus and that we do not have the luxury of giving a syritaxa so-called good types. Note

also that the definitions of degrees and types are simulten@mlike forU, and T, where types were
defined without any reference to degrees).

Definition 3.2. (Types and degrees fon“)
1. We define sets of type€B; C Us, and a function d U3 — Ly by simultaneous induction as
follows:

e If a € A, thena € T3 and da) = ©.
o If U € UsandT € T3, thenU — T € TsanddU — T) = ©.
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o If L € Ly, thenw” € Uz and dw”) = L.
e If U1,Uy € Uz and C{Ul) = d(Ug), thenU; MU, € Uz and C{Ul M Ug) = d(Ul) = d(Ug)
e U € Us andg; € &, theng;U € Us and de;U) =i :: d(U).

Note that d remembers the number of the expansion variablesorder to keep a trace of them.

2. We letT range ovefTs, andU, V, W range oveflJs. We quotient types further by having” as a
neutral (i.ew” MU = U). We also assume that for a@l>> 0 andK € Ly, gw™ = W™K,

All our type systems use the following definition (of coursithin the corresponding calculus, with
the corresponding indices and types):

Definition 3.3. (Environments)

1. Letk € {1,2,3}. A type environment foilUy is a set{a:l{l 2 Uy, .zl 2 U, | no> 0,91 <
1,j < n,U; € Ug,and ifa:fi = a:f' thenU; = U;}. We denote such environment (callli} by
o Uy, el s U, or simply by (22 : U),, and definglom(T') = {22 | 1 <i < n}. We let
Enwy, be the set of type environments foy,. If dom(I';) N dom(I'y) = 0, we writeI';, 'y for
I'y UT,. LetT', A range over environments and [gtbe the empty environment.

2. IfT = (z' : U;), andz’ ¢ dom(T), then we writel’, 7 : U for the type environment.! :
Ul,...,xf;” cUp,z? 2 U.

3. We say that'; is joinable withI'y and writel'; o T iff
forall z € V, if 2! € dom(I';) andz”’ € dom(I'y), thenI = .J.

4. \We say that a type environmets OK (and writeOK (T")) iff forall 2/ : U € T, d(U) = I.

5. Letly = (z) : U;),, T, Ty = (a1 : UY),, Ty wheredom () N dom () = () andv1 < i < n,
d(U;) = d(U}). We denotd’; M T’y the type environment
(zli . U;nUY),, T, T Note thaidom(T',MTy) = dom(T'; )Udom(T'y) and that, on environments,
Mis commutative, associative and idempotent.

6. InAIN (i.e., onEnvy, and Envy,), we define fol® = (27 : U;),.:

e ['is good iff , for everyl < i < n, U; is good.
e d(I') > 0iff forevery 1 < i <n, d(U;) > 0andn; > 0.
o ¢l = (.1‘7-“—’—1 : eUz)n SOe(I‘1 M Fg) =el'y Mels.

1
7. In X% (i.e., onEnwy,), we define:
o If M € MzandFV(M) = {z1",... 2k}, letenv¥, be the type environmerf i : wli),,.
o Letl' = (a;ZLZ :Ui)n ande; € £.

- We denot@jf = (l‘g::Li : EjUi)n- Note thate(F1 1 PQ) =el'1 Mels.
— d(T") = Lifand onlyif foralli € {1,...,n}, d(U;) > L.

As we did for terms, we decrease the indexes of types andeemaints.
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Definition 3.4. (Degree decreasing inI)
1. Ifd(U) > 0, we inductively define the type — by:
o (UyNUy)~ =U; MUy o(elU)” =U
Ifd(U) > n > 0, we inductively define the typg " by:
if n=0thenU~" = U and ifn. > 0 thenU~("*1) = (U—")~.

2. If T = (27 : U;), and dT') > 0, then we lef"~ = (27! : U),.
Ifd(T") > n > 0, then,
if n =0then ™ =TI"and ifn > 0 then'~(*+1) = (=)~

Definition 3.5. (Degree decreasing in“)
1. Ifd(U) = L, thenif L = @ thenU~* = U elseL = i :: K and we inductively define the type
U~ as follows:
(Ul M UQ)—i::K — Ufi::K M U;ZK (EiU)—i::K — U—K

We write U~ instead oft/ —(®).

2. IfT = (2% : U;),, and dT") = L, then for alli € {1,...,k}, L; = L :: L} andI'""~ denote
(zi : U k-
We write '~ instead off"~(*),

4. The type systems-; and -, for AN and 5 for A“»

In this section we introduce our three type systémfor ; € {1, 2, 3}, our intersection type systems with
expansion variables. The systems(which uses types ift);) ands (which uses types ;) are for
AN, 3 (which uses types iftVs) is for \“¥. In I, types are not restricted and Subject Reduction (SR)
fails. Ints, the syntax of types is restricted (sBg), and in order to guarantee SR for this type system
(and hence completeness later on), we introduce a subtygiation which will allow intersection type
elimination (something not available in the first type sgste In -3, the syntax of types is restricted
further (sedUs) so that completeness will hold with an arbitrary numbergiansion variables.

We follow [3] and write type judgements d¢ : (I' - U) instead o' - M : U.

Definition 4.1. (The type systems)
Leti € {1,2,3}. The type syster; uses the sétl; of definitions 3.1 and 3.2. The typing rules'of
andr are given on the left of Figure 1 (recall that when usedHforU andT range over all ofU;, and
when used fok5, U ranges ovelJ, andT ranges only ovel's). The typing rules of-5 are given on the
left of Figure 2. In the last clause, the binary relations defined orilU; andUs by the rules on the right
hand side of Figures 1 and 2 respectively. fFer {2, 3}, we let® denote types ifiJ;, or environments
I or j-typings(I' ; U). When® C &', then® and®’ belong to the same sét/{/ Enuvy,/j-typings).
e We say thal" is -;-legal iff there areM, U such thatM : (T ; U).
e Letk € {1,2}. We say that

e (I' F4 U) is good iff " andU are good.

od((I' F, U)) > 0iffd(I") > 0and dU) > 0.
e We say that &T" -3 U)) = Lifand only if dI') = L and dU) > L.

To illustrate how our indexed type system works, we give amgxe:
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Leti € {1,2}
Int, U andT range over all ofU;.
In 4, U ranges ovel), andT' ranges only ovel,

Tgood d7T)=n
(2" T) L T)

(ax)

T good
20 {2 T) 2 T)

(az)

M :(T,(z":U) = T)

MU STy 1)

M12<F1|—Z‘U—>T> M2<P2|_¢U> F1<>P2 (

—)E)
MiMs : <F1 R T>

M : <P1 I_l U1> M : <P2 I_l U2>

M : <F1 [l FQ "1 U1 [l U2> (I_ll)
M (el el P
M:TrU) (T U)T (I U

(©)

M : (I U

C is defined on:
Us, Envy, and2-typings.

(I)E(I) (T@f)

O C Dy q’zECI)s( )
o, C oy "

Us good dUp) =d(Us) (Mg)

U nU;, C Uy

UCVE U, EV,

U nUs CVinV, (I_l)

U, CU TV ETY

(=)
Ui —-T\EU; =T

Ui E U,
— = (C
€U1 C 6U2 (_emp)

U1 E UQ yn ¢ dom(F) (E )

Ly :U) ET, (y": Us)

UiCU;, T'hyCIy
(T 2 Up) T (g o Us)

(Eg)

Figure 1. Typing rules / Subtyping rules feg and--

Example4.l.Letl1 =3: 0 <Ly=3:2:0<L3=3:2:

and leta, b, c,d € A. ConsiderM, M', U as follows:
M = \zP2 Ayl (y
M = Xz? b (yt (22 2B ot (u? (vi o))
U= 53(52(51((5()[) — C) (60(& M (a — b

)) € Ma.
) —

in the derivation ofM : (() F

foranyk > 0):
o V9?2 :<v?:aM(a—0b)t3b>
o V050900 1< 050 Ey(a M (a — b)) 3 b >
o U2 :<u9 b — chksegh — c>
° u®(vo“®vo“®) < u®

° )\vo:@.u@(vO::@vO“@) < u®

(xl2 \uls, )\UL4 ( Ls (pla ple)))) € M.

¢)) = d)
We invite the reader to check thaf : (() 3 U) and M’ :
U) (note that the derivation af/’ :
derivation of M : (() i3 U) by replacing everywheres by o and any listng :: ng- -+ :: ny

l:o<Ly=3:=:2:1

— (((€2d — a) Mb) — a)).
(() F2 U). We simply give some steps
(() F2 U) only differs from the
tobyk

1 egb — ¢, 000 . ep(aM(a— b)) Fgec>

:eb—chseg(an(a—0b) —c>
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M12<F1 }_3U—>T>

U ranges ovelJ; andT ranges only ovefs

@ T T Y

(w)

M- d(]\/[)>

(envi F3 w

M (T, (" U)Fs T)
el M : (T U —T)

(—1)

M:(Tk3T) z® ¢ dom(T)
el Mo (D ks w® = T)

MQZ(FQ }_3 U> F1<>F2 (

—E)

My M- : <F1 MI's b3 T>

M:(F}_g U1> M(F"g U2>
M : (T b3 Uy N Us)

(Mr)

M <F|_3 U>
M1 . <€jF F3 5jU>

(e)

M : (T ks U) T ks UY (I ks U')

M:(F/ "3 Ul>

©)

C is defined on:
Us, Enwvy, and3-typing.

aco el

O C Py P C D3
&, C P3

(tr)

d(Ur) = d(Uz)
U, nU; C U, ( E)

UuCVi U2 C Ve d(Ur) =d(Us)

UinUs CViMVa

U2CU T1 CTy (
Uy —-Th EU2— T3

—)

Ui C U ()
ey Cely —°

Ui CU, y* ¢dom(T)
F,yL :Uh EF,yL :Us

(Co)

UyCU; T2CIN
(1 F3 Up) C (T2 3 Ua)

(o)

()

Figure 2. Typing rules / Subtyping rules fog

)\u®.)\v0”®.u®(’UO:@UO”@) < () k3 (€pb — ¢) — (ep(aM(a — b)) —¢) >

)\U1::®.)\7)1::0::®.Ul::®(’01::0::®’01::0::®)

< () Fze((@b —¢) = (@(am(a—b) =) >

9 :< 29 1 e ((eob — ¢) — (ep(am (a — b)) — ¢)) — d
F3 €1((eob — ¢) — (eo(aM(a — b)) —¢)) —d >

l‘®()\’LL1“®.)\7)1::0::®.U1::®(7)1::0::®’01::0::®))

<29 :e1((egh — ¢) — (ep(aT (a — b)) —¢)) = dbgd>

132::@(AUZ:L:®.A’02::1::0::®.u2::1::®(’1)2::1::0::®’l)2::1::0::®))

< 3210 . EQ(EI((éOb N C) — (Eo(a M (a — b)) — C)) — d) F3 €d >

y®(l‘2::®(AUZ:L:@.A’U&:L:O::@.UQ::1::®(7)2::1::0::®7)2::1::0::®)))

< 2%9 ey (e1((@ob — ¢) — (Bo(a M (a — b)) = ¢)) — d),

y? :(ead — a)Mblkga>

)\y®‘(y®(12::@()\UZ::L:@‘)\,UQ::L:O::@'u2::1::®(,02::1::0::®U2::1::0::@)))) .
< 2%9 : gy(e1((Bgb — ¢) — (€o(al (a — b)) — ¢)) — d),
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F3 ((Egd—>a)|_|b)—>a>

° )\.TQ..@ )\y ( @( ()\u2“1::®.)\v2“1“0“®.u2“1“®(v2“1“0“®v2“1“0“®)))) .
< () F3 e 61((60b —¢) — (eg(aM(a— b)) — ) — d),
— (((€2d — a) Mb) — a) >

o Axl2 vyl (yFr (zh2 (Auls Aol uls (vFapte))))
< () ks es(E(e1((eob — ¢) — (@o(a (a — b)) — c)) — d),
— (((€2d — a) M b) — a)) >

Definition 4.2. 1. InXIN,if U € Uy andI" € Enwy, such that @) > 0 and dU) > 0, then we let
(T U)” = (I 2 U7)).

2. In M\ if U € Uz andT' € Enwy, such that @) = K and dU) = K, then we denote
(0 3 U)K = (K 5 UK).

Next we show how ordering propagates to environments aatesetlegrees:
Lemma4.l. 1. T CTI',UC U andz! ¢ dom(T) thenT, (z! : U) C T, (2 : U").
2.TCIViff D= (2] : Up)p, I' = («] : U}), and foralli € {1,...,n},U; C U

3. Letj e {2,3}. (' U)C{I"H; U)iff I"CTandU C U".

4. Cis well defined orlU;, Envy, and onj-typings, forj € {2,3, }.
5. If Uy C Us thend(U;) = d(Uz) andU; is good iff Us is good.

6. If Iy C Iy thend(T';) = Liff d(T'y) = L.

Proof:

1. and 2. By induction on the derivatidhC I".

3. By induction on the derivatiofl" -; U) C (I" +; U").

4. By induction on the derivatiof; C $o

5. By induction on the derivatiofV; C Us.

6. By induction on the derivatiohy C I's. O

The next theorem states that typings are well defined, ththiwa typing, degrees are well behaved
and that we do not allow weakening.

Theorem 4.1. Letj € {1,2,3}. We have:
1. +; is well defined onM; x Envy,; x Uj.
2. Letl = (z}' : U;), andM : (' ; U). Then:

(@) d(M) =d(U) andVl < i <n,dU;) = L.
(b) If j =3thendT) = d(U).



1016 Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

(c) If j # 3thenU andM are good and' 1 < i < n, d(U;) > d(M) andU; is good.
3. LetM : (I'+; U). Then:

(@) dom(I') = FV(M).
(b) If j #3and dU) > kthenM % : (I7F -, UF).
(c) If j=3and dU) = K thenM K . (1=K |3 U—K),

Proof:
We prove 1 and 2 simultaneously by induction on the derivafi6 : (I' -; U) using Lemma 4.1. We
prove 3 by induction on the derivatial : (I' -; U). 0

Here are some derivable typing rules.

Remark 4.1. Letj € {2,3}.
M:(Flf_jUﬁ M:<F2|_jU2>

r’; is derivable.
M:<P1|—]F2|—jU1|_|U2> !

1. The rule

Uisgood dU)=n . .
2. Therule az’ is derivable.
x?: ((z U)o U)
3. Therule az” is derivable.
2d@) . <(a:d(U) :U) B3 U)
4. The ruleid w is derivable.
Cw (U)

Lemma4.2. Leti € {1,2,3}.
1. If M :(I' k3 U) thenI' T envy,
2. If dom(T') = FV(M), andvz! : U € T, d(U) = L thenM : (T -3 w™ ™)),
3. If My : (' U) andMy : (T'g F; U) thenI'y o Iy iff My o M.

Proof:
1. Letl’ = (a:ZL : Uj)n WhereFV (M) = {a:1 ,a:2 ,...,wkn} by Theorem 4.1.3a. Since by Re-
mark 4.1.4 resp. Theorem 4.1\2, < i < n, U; C w®Y) resp.d(U;) = L;, then by Lemma 4.1.2,
I' € envy,.
2. LetD = (z¥ : U;), whereFV(M) = {z* 22 . 2k }and\ﬂ <i < dU) = L

M : (env§, 3 w??)), we have byC andC, M - (T b3 wdD)y,

3. If) Let 2/ € dom(T';) andz’ € dom(T';) then by Theorem 4.1.3a;’ ¢ FV(M;) andz”’ ¢
FV(M;) soTy o T'y. Only if) Let 2! € FV(M;) andz’ € FV(Ms) then by Theorem 4.1.3a,

z! € dom(T'y) andz’ € dom(T'y) SOM; o M.
O
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5. Subject reduction and expansion properties
Now we list the generation lemmas for the three type systéonpfoofs see [13]).

Lemma 5.1. (Generation fort-;)
1. Ifz": (' T), thenl = (2™ : T).

2. If Xa™. M : <F F 17 — T2>, then)M : (F,an :Th T2>

3. If MN <F Fq T> then' = TNy, T = I_I?Zlej»(l:mi)ﬂ-, n>1m; >0, M : <F1 Fq
M1 €iimy) (] — T3)) and N = (T by T €5 1m, ) T7)-
Lemma 5.2. (Generation fork-5)
1. Ifz": (' ko U), thenl’ = (z™ : V) whereV C U.
2. If X\z".M : (T 5 U) and dU) = m, thenU = M¥_,&1.,,)(V; — T;) wherek > 1 and
Vi<i<k,M: <P7xn : é;Z(lm)vvl F2 é'z(lm)irl>
Lemma 5.3. (Generation fort-3)
1. If 2l (T k3 U), thenl' = (2 : V) andV C U.

2. If Xab. M : (T b3 U), 2% € FV(M) and dU) = K, thenU = w® orU = m?_,éx (V; — T;)
wherep > 1and foralli € {1,...,p}, M : (T, 2" : exV; b3 éxT3).

3. XM (T 3 U), 2k ¢ FV(M) and dU) = K, thenU = w® orU = M_ ex(V; — T;)
wherep > 1 and foralli € {1,...,p}, M : (I 3 €xT5).

4, 1f M 2% : (T, (z* : U) =3 T) andz” ¢ FV(M), thenM : (T' -3 U — T).

Proof:
1. By induction on the derivation” : (I" -3 U). 2. By induction on the derivatioAz”. M : (I 3 U).
3. Same proof as that of 2. 4. By induction on the derivafién” : (I', 2% : U -3 T). O

We also show that ng-redexes are blocked in a typable term.

Lemma 5.4. (Nog-redexes are blocked in typable terms)
Let: € {1,2} andM : (I' F; U). If (Az".M;)M, is a subterm of\/, then dM,) = n and hence

()\ngl)MQ >3 My [.Tn = MQ]

Lemma 5.5. (Substitution forts and F3)
Leti € {2,3}. f M : (D,z! :UF; V), N:(AF; UyandM o N thenM[z! := N]: (TN A F; V).

Proof:
By induction on the derivatiod/ : (I',z! : U I-; V). O

Lemma 5.6. (Substitution and Subject3-reduction fails for 1)
Leta, b, ¢ be different elements ofl. We have:

1. (A22.2%29)(y°2°) > (4°2°)(y°2")
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2. A%.2%29) (402 : (40 b — ((a — ¢) Ma), 2’ : by c).
3. 290 : (2% : (a —c)Matyc).

4. Itis not possible that

(02N (2% : (b — ((a — c)Ma), 2% : by c).
Hence, the substitution and subjgtteduction lemmas fail folr-.

Proof:
1..3 are easy. For 4, assuf2%)(y°2%) : (4 : b — ((a — ¢)Ma), 2" : by ¢). By lemma 5.1.3 twice
using lemmas 4.1 and 5.1.1:

e 4020 (40 :b— ((a—c)Ma), 2 by M (T — o).
e ' : (4 :b— ((a—c)Ma)l1b— (a—c)Ma).
o 2V (20 : by b).
o ML, (T; —c)=(a—c)Ma.
Hencea = T; — ¢ for someT;. Absurd. O

Nevertheless, we show that SR and subject expansiofi Gsingt-5 holds. This will be used in the
proof of completeness (more specifically in lemma 7.2 whéchasic for the completeness theorem 7.1).

Lemma 5.7. (Subject reduction and expansion fog and +-5)
1. 1M : (T U)andM >3 N, thenN : (' 5 U).

2. If N+ (k2 Uy andM % N thenM : (I' - U).

Sincel-3 does not allow weakening, we need the next definition sincawvetterm is reduced, it may
lose some of its free variables and hence will need to be tirpadmaller environment.

Definition 5.1. If T" is a type environment ard C dom(T"), then we writel" [y, for the restriction ofl"
on the variables oi. If i/ = FV (M) for atermM, we writeI" [, instead off" [py ().

Now we are ready to prove the main result of this section:

Theorem 5.1. (Subject reduction fort-3)
If M : (I =3 U) andM >3, N, thenN : (' [nt3 U).

Proof:
By induction on the derivatiod/ : (I" -3 U). 0

Corollary 5.1. 1. If M : (I' -3 U) andM >3 N, thenN : (' [nb3 U).
2. If M : (T3 Uy andM >5 N, thenN : (T [yt3 U).

The next lemma is needed for expansion.
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Lemma5.8. If M[z¥ := N]: (I k3 U), d(N) = L andz” € FV(M) then there exist a typ& and
two type environment$';, I'; such that V') = L and:
M :(Iy, 2l Vi3 U) N :(Tg k3 V) L=T1MT,

Proof:
By induction on the derivatiod/ [z* := N] : (T 3 U). O

Since more free variables might appear in thexpansion of a term, the next definition gives a
possible enlargement of an environment.

Definition 5.2. Let m > n, ' = (z : U;), andd = {z,... zLm}. We write ¥ for 21
Up,..., ok Un,xﬁ_ﬁl cwhnr gl ol I dom(I) € FV(M), we write T'T instead of

We are now ready to establish that subject expansion hotds foext theorem) and that it fails for
n (Lemma5.9).

Theorem 5.2. (Subject expansion fof3)
If N:(I'k3 U)andM > N, thenM : (UM 13 U).

Proof:
By induction on the length of the derivatial/ % N using the fact that it'V(P) C FV(Q), then
(D7) =119, 0

Corollary 5.2. If N : (I' b3 U) andM >} N, thenM : (1M 15 U).

Lemma 5.9. (Subject expansion fails for)
Leta be an element ofl. We have:

1. Ay@Az%.y%2% >, Ay©.y?
2. 299 {() F3a — a).

3. ltis not possible that\y© \z?.y%z? : (() F3 a — a).
Hence, the subjecat-expansion lemmas fail fors.

Proof:

1. and 2. are easy. For 3., assum& \z?.y?z? : () F3 a — a).

By Lemma 5.3.2 29 .4%z? : ((y : a) F3— a). Again, by Lemma 5.3.23 = w? or there exists > 1
such thatw = 1}, (U; — T;), absurd. 0

6. Realisability

Crucial to a realisability semantics is the notion of a saikenl set:

Definition 6.1. (Saturated sets)
Leti € {1,2,3} andX, Y C M,.
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. We useP(X) to denote the powerset éf, i.e.{) | Y C X'}.
. We define¥ ~ Y ={M e M; |VYNeX.MoN = MN € )}
. We say thatt' Y iffforall M € X ~ ), there existV € X such thatM ¢ N.

Forr € {8, Bn, h}, we say thatt is r-saturated if whenevel! > N andN € X, thenM € X.

Saturation is closed under intersection, lifting and asow

Lemma6.1l. 1. If X, arer-saturated sets, theti N ) is r-saturated.

2

© ©® N o a0 &> »w

If X C Mj is r-saturated, thed ** is r-saturated.

If ¥ C M, isr-saturated, the®@' ™ is r-saturated.

LetX, Y C M, (resp.Msj). If Y is r-saturated, then, for every s&t X' ~ ) is r-saturated.
If X,Y C My then(X ~ V)T C Xt~ yt.

If X, C Msthen(X ~ Y)* C xTi~ pri,

LetX,Y C Mo If XT YT, thenX¥t ~ YT C (X ~ V)*.

LetX, Y C Ms. If XxT Y thenX+i ~ Y+ C (X ~ Y)*T.

For everyn € N, the setVM[" is saturated.

The interpretations and meanings of types are crucial talgsebility semantics:

Definition 6.2. (Interpretations and meaning of types)
LetY = V; UV, whereV; N Vs = andVy, )V, are both countably infinite. Leéte {1,2, 3}.

1.
2.

Letz € V; and! an index. We defind/! = {z! Ni...N, € M; | k > 0}.
INAIY, letr = gandly = 0. In \°Y, letr € {3, Bn, h} andIy = ©.

(&) Anr;-interpretationz : A — P(Mfo) is a function such that for afl € A:
e Z(a) isr-saturated e In AN, Z(a) CM? e Vz eV, NloCZ(a).

(b) Let anr;-interpretationZ : A — P(Mfo). We extendZ (to U; in case ofA/" and toUs in
case of\“1) as follows:

o Z(U; N U,) = T(Uh) NI(U7) ¢ I(U - T) = Z(U) ~ I(T)
In ATY: e Z(elU)=TI(U)"
In \ev: e Z(wh) = ME e I(gU) =Z(U)*"

Because is commutative, associative, idempotgi@,N))* = XNyt and(xXNY)* =
Xtin Yyt 7 is well defined.
Letr;-int = {Z | Z is anr;-interpretatior}.
(c) LetU € U;. Letr € {3, On, h}. Define[U],,, ther;-interpretation ofU by:
(U], ={M € M; | M is closed and/ € (7, _int Z(U)}
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It is easy to show that in ™, if " Ni..N, € NP thenV 1 < i < k, d(N;) > n. Hence, in\I",
we haveN! = {2 N;...N, € M | k > 0}.
Type interpretations are saturated and interpretatiorgmoll types contain only good terms.

Lemma 6.2. Letr € {5, On, h}. Leti € {2,3}.

1. (a) Forany € U; andZ € r-int, we haveZ (U) is r-saturated.
(b) 1fd(U) = L andZ € r3-int, then for allz € Vi, NV C Z(U) € M¥E.
(c) If U is a good type such that) = n andZ is anry-interpretation, thez € Vy, 2" €
NIFMCTI(U)C M.
2. Letr € {,0n,h}. f T € ri<intandU C V, thenZ(U) C Z(V).

Proof:

la . By induction orU using lemma 6.1.

1b. We provevx € Vi. NF' C Z(U) € M¥ by induction onlJ.

1c. Obviouslyz™ € N. We proveN C Z(U) C M™ by induction onlU good.

2. By induction of the derivatiof/ C V. O

Corollary 6.1. (Meanings of good types consist of good terms
OnU; (hence also ofV;) we have: IfU is a good type such tha{ll) = n then[U]z, € M".

Proof:
Simply note that by lemma 6.2, for any interpretatibiZ (U/) C M"™. O

Lemma 6.3. (Soundness df/Fa/F3)
Leti € {1,2,3},r € {B,0n,h}, T € ry-int. Let M : <(ij :Uj)p i Uy andvl < j < n, N; € Z(Uj).

J
If o{M, Ny, Ny, ..., Ny}, thenM[(z} := N;),] € Z(U).

Proof:
By induction on the derivatiod/ : ((acﬁj :Uj)n B3 U). 0

Corollary 6.2. Letr € {8,8n,h} andi € {1,2,3}. If M : {() F; U), thenM € [U],..

Proof:
By Lemma 6.3,M € Z(U) for any r;-interpretationZ. By Lemma 4.2FV (M) = dom(()) = 0 and
henceM is closed. Thereforel! € [U],,. O

Lemma 6.4. (The meaning of types is closed under type operatis)
Letr € {3, 08n,h} andj € {1,2,3}. The following hold:
1. [eU],, = [U]F and ifk € {1,2} then[eU],, = [U]}

Tk

2. [UnV), =0,

J

A V],

J

3. IfU — T € Us then for any interpretatio, Z(U) 1 Z(T').
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4. If U — T is good then for any interpretatiah, Z(U) 1 Z(T').

5. OnU; only (sinceeU — eT ¢ Us), we have:
If U — T'is good, therje(U — T)]g, = [eU — €T,

Proof:
1. and 2. are easy.

3. LetdU) =L, M € Z(U) ~ Z(T) andz € V; such that for allK’, z* ¢ FV (M), henceM o z*
and by lemma 6.2;* € Z(U).

4. LetdU) =nandM € Z(U) ~ Z(T). Takex € V; such thatvp € N, 2P ¢ FV(M). Hence,
M o z™. By lemma 3.1]J is good and by lemma 6.2 € Z(U).

5. SinceU — T'is good, then, by lemma 3.1/, 7" are good and @) > d(7"). Again by lemma 3.1,
eU, eT are good, @eU) > d(eT') andeU — €T is good. Hence by 3. abov&(U)™ 1 Z(T)™.
Thus, by lemma 6.1.5, for any interpretatidrwe haveZ (e(U — T)) = Z(eU — €T).

O

The next definition and lemma put the realisability semariticuse.

Definition 6.3. (Examples)
Leta,b € Awherea # b. We define:

e Idy=a— a,Idy =ei(a — a)andld] = eja — eja.
e D= (aM(a—10b))—0b.

e Naty = (a — a) — (a — a), Nat; = e1((a — a) — (a — a)),
andNat(, = (eja — a) — (eja — a).

Moreover, if M, N are terms and. € N, we define(M)" N by induction onn: (M)° N = N and
(M)"™ 1 N =M ((M)™ N).

Lemma6.5. 1. [(aMb) —als ={M e M’ | M}y "}
2. Itis not possible thaky.4° : () k1 (aMb) — a).
3. 0% () k2 (@M b) — a).
4. [Idolg, = {M e M3 | M >5 Ay“y“}.

5. [Idi]g, = [Idh]5 = {M € M) | M 52y 5D}, (Note thatld] ¢ Us.)

6. [D]g, ={M e M3 | M >7% A\y@.yy@ L.

7. [Natolg, = {M € M3 | M >3 AfO.f€ or M >4 AP Ny2.(f9)"y? wheren > 1}.

8. [Nat1]s, = {M € MY | M5 Af0. 1O or M 5 AfO A (fO)y1) wheren > 1}.
9. [Natylg, = {M € M | M >3 Af2.f2 or M >% A f2 xyM foyh1,
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7. The challenges of completeness v/

In this paper we are concerned with two realisability senecandf E-variables. These semantics are
based on a hierarchy of types and terms. Considering hownsigras can introduce new substitutions,
new expansions and an unbounded number of new variables Eevariables), it became clear that to
give meanings to expansions, we needed to use a hierarctypes &nd terms. At first, one thinks of
labeling types and terms with a natural number and this iigv@rchy we used in/™. When assigning
meanings to types, we ensured that each use of E-varialhgdysthanges the labels and that each E-
variable acted as a kind of capsule that isolates parts ofteem being analyzed by the typing. This
captured accurately the intuition behind E-variables. Ewsy, this indexing poses two problems: it
imposes that the type should have all possible indexes (which is impossible amtéeve eliminated

w from the type systems faM) and it implies that the realisability semantics can onlycbenplete
when a unique E-variable is used (as we will see in this sectilm order to understand the challenges
of the semantics of E-variables witlhand to understand the idea behind the hierarchy, we firstestud
the AI-calculus typed with two representative intersection tgpstems. The restriction to/ (where in
every(Ax.M) the variabler must appear free in/) was motivated by not knowing how to support the
w type while preserving the intuitive levels made of singleunal numbers. Fok, the first of these
type systems (the most natural), we showed that subjecttieduand hence completeness do not hold.

Remark 7.1. (Failure of completeness fot-)

Items 1, 2 and 3 of Lemma 6.5 show that we can not have a compkdt@esult (a converse of lemma 6.3
for closed terms) fof-;. To type the term\y°.5° by the type(a I1b) — a, we need an elimination rule
for M which we do not have if.

Note that failure of completeness for is related to the failure of its subject reduction. So, onghni
think that since-,, the second type system faf, has subject reduction, its semantics is complete. This
is not the case.

Remark 7.2. (Failure of completeness af if more than one E-variable is used)
Leta € A ej,e2 € €, €1 # ez andNat = (eja — a) — (e2a — a). Then:
1) A fO.f% € [Nat)] and 2) Itis not possible thatfY. f0 : (() ko Natf).
Hence\fC.f0 € [Natfj] but A f°. 0 is not typable byNat{] and we do not have completeness in the
presence of more than one expansion variable.

However, we will see that we have completeness-fpif only one expansion variable is used.

7.1. Completeness df, with one expansion variable

The problem shown in remark 7.2 comes from the fact that feréalisability semantics that we consid-
ered fort-5, we identify all expansion variables. In order to give a ctetgness theorem fot,, we will
in what follows restrict our system to only one expansiorialae. In the rest of this section, we assume
that the se€ contains only one expansion variafle

The need of one single expansion variable is clear in part Bnoma 7.1 which would falil if we use
more than one expansion variable. For example; i es then(eja)™ = a = (eza)” buteja # esa.
This lemma is crucial for the rest of this section and henngle expansion variable is also crucial.
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Lemma7.1l. LetU,V e Usand dU) =d(V) > 0. 1)e;U~ =U and 2) IfU- =V, thenU = V.

Despite the difference of the number of expansion variabked in this completeness proof and
that of the next section, there are a number of similaritiebaih proofs. We still write these two
proofs independently to illustrate the method and espgdaice the proof for this section is far simpler.
Furthermore, we only show the semantics in this sectionpfaeduction (although the semantics works
for all our notions of reductions as we show in the next segtio

The first step of the proof is to dividgy™ | y € V»} disjointly amongst types of order.

Definition 7.1. Let U € U,. We define the set of variablég;; by induction on dU). If d(U) = 0,
then: Vy; is an infinite set of variables of degrée if v° € Vi, theny € Vs, and if U # V and
d(U) =d(V) =0, thenVy NVy = 0. Ifd(U) = n + 1, then we pulvy = {y"* | y" € V- .

Our partition ofV, allows useful infinite sets which contain type environmehg will play a crucial
role in one particular type interpretation. These sets anit@nments are given in the next definition.

Definition 7.2. 1. Letn € N. We letG" = {(y" : U) | U € Uq, d(U) = n andy™ € Vy} and
H" =J G™. Note thatG™ andH" are not type environments because they are infinite sets.

m>n

2. Letn € N, M € My andU € Us, we write M : (H" 5 U) iff there is a type environment
I' c H" whereM : (I' ko U)

Now, for everyn, we define the set of the good terms of ordewhich contain some free variabié
wherex € V; andi > n.

Definition 7.3. Letn € NandO" = {M € M" | z* € FV(M) wherez € V; andi > n}. Obviously,
if n € Nandz € Vy, thenN* C O™

Here is the cruciab,-interpretationl for the proof of completeness:

Definition 7.4. LetI be thegs-interpretation defined by:
for all type variables:, I(a) = O° U{M € MY | M : (H° -5 a)}.

I'is indeed a3;-interpretation and the interpretation of a type of ordezontains the good terms of
ordern which are typable in the special environments which aresparthe infinite sets of definition 7.2:

Lemma7.2. 1. Tisafy-interpretation. l.eYa € A, I(a) is B-saturated antlz € Vi, N? C I(a) C
MPO.

2. IfU € Uyisgood and (IU) = n, thenl(U) = O"U{M e M" | M : (H" o U)}.
I'is used to prove completeness (the proof is on the authorgpagss).

Theorem 7.1. (Completeness)
LetU € U, be good such that(@) = n. The following hold:

1 Ulg,={MecM" | M:{()FU)}.
2. [U]g, is stable by reduction: i.e., #/ € [U], andM >3 N, thenN € [U],.

3. [U]g, is stable by expansion: i.e.,N € [U]s, andM >} N, thenM € [U]g,.
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8. Completeness im“"

Having understood the challenges of E-variables and tHeuwliy of representing the type using
natural numbers as indices for the hierarchy, we moved tgthsentation of indices as sequences of
natural numbers and we provided our third type systgimWe developed a realizability semantics where
we allow the full A-calculus, an arbitrary (possibly infinite) number of expian variables and whete
is present, and we showed its soundness. Now, we show itsletaness.

We need the following partition of the set of variablgg” | y € V»}.

Definiton 8.1. 1. LetL € Ly. We definéUL = {U € U | d(U) = L} andVl = {zL | z € Wo}.
2. LetU € Us. We inductively define a set of variabl&g; as follows:
e Ifd(U) = @ then:
— Vy is an infinite set of variables of degree
—fU#VanddU) =d(V) = @, thenVy NVy = 0.
- UUGU? Vy =Ve.
e Ifd(U) = L, thenwe putvy = {y" | y© € V-.}.
Lemmag8.l. 1. 1fd(U),d(V) = LandU~* = VL thenU = V.
2. 1fd(U) = L, thenVy, is an infinite subset op”.
3. fU#VanddU) =d(V) = L, thenVy N Vy = .
5. If y* € Vi, theny™l € Vg 1.
6. If yi::L € Vy, thenyL € Vy-i.

Proof:

1.If L = (n;)m, we havell =&, ...¢,, U andV =¢&,, ...¢,, V. ThenU=L =U’, V-t = V' and
U =V'. ThusU = V.

2., 3. and 4. By induction oh and using 1.

5. Becausée;U) ' = U.

6. By definition. O

Our partition of the seV; as above will enable us to give in the next definition useftihite sets
which will contain type environments that will play a crulciale in one particular type interpretation.

Definition 8.2. 1. LetL € Ly. We denoteG* = {(y* : U) | U € U% andy* € Vy} and
H" = g G*. Note thatG" andH" are not type environments because they are infinite sets.

2. LetL € Ly, M € M3 andU € Us, we write:
e M : (H” I-3 U) if there is a type environmerit ¢ H* whereM : (I' -3 U)



1026 Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

o M:(H"F;U)if M3 NandN : (H" 3 U)

Lemmas8.2. 1. IfI' ¢ H" thenOK(I).
2. If I' ¢ H” theng;I' C H¥E,
3. If T ¢ H* thenl'~* c HE.
4. IfTy c HY, T'y ¢ HX andL < K thenI'; NI’y C HE.

Proof:

1. Letz® : U € T'thenU € UX and so dU) = K. 2. and 3. are by lemma 8.1. 4. First note that by 1.,
'y M Ty is well defined. HX C HY. Let (z¥ : Uy N Uy) € I'y Ty where(z? : Uy) € Ty ¢ H and
(xF . Uy) € Ty ¢ HE C HEY, then dU;) = d(Us) = R andz* € Vi, N Vy,. Hence, by lemma 8.1,
Uy =Usandl'y NIy =Ty Uy C HL. O

For everyL € Ly, we define the set of terms of degrBevhich contain some free variahié where
x € VyandK > L.

Definition 8.3. For everyL € Ly, letOF = {M € M} | 25 € FV(M), » € V; andK = L}. ltis
easy to see that, for evely € Ly andz € Vi, N} € OF.

Lemmag8.3. 1. (O)*i =0l
2. If y € Vo and(MyX) € OF, thenM € OF
3. IfMecOF MoNandL < K =d(N), thenMN € OF.
4. fdM)=L,L <K, MoN andN € OK, thenM N € O".

The crucial interpretatiofi for the proof of completeness is given as follows:

Definition 8.4. 1. Letls, be thegn-interpretation defined by: for all type variables Ig,(a) =
O2U{M € M | M : (H? F; a)}.

2. Letls be theg-interpretation defined by: for all type variableslz(a) = 02 U{M € M3 | M :
(H® 3 a)}.

3. Letl,;, be theh-interpretation defined by: for all type variablesly,(a) = O? U {M € MY |
M : (H? 3 a)}.

The next crucial lemma shows thais an interpretation and that the interpretation of a typerder
L contains terms of orddt which are typable in these special environments which aits péthe infinite
sets of Definition 8.2.

Lemma 8.4. Letr € {fn, 3,h} andr’ € {3, h}

1. If I, € r-int anda € A thenl, (a) is r-saturated and for alt € V;, N2 C I.(a).



Kamareddine, Nour, Rahli, Wells / semantics of expansioiabies 1027

2. IfU € Usand dU) = L, thenl, (U) = OF U{M € M¥ | M : (H" 5 U)}.
3. fU € Usand dU) = L, thenl,,(U) = O U{M € ME¥ | M : (H! -5 U)}.
Now, we use this crucidl to establish completeness of our semantics.

Theorem 8.1. (Completeness of3)
LetU € Us suchthat dU) = L.

1. [U)pys = {M € M% | M closed,M >3, N andN : (() -3 U)}.
2. [Ulgy = [Ulpy ={M € MF | M - {() s U)}.
3. [U]gys, is stable by reduction. L.e., i/ € [U]g,, andM >3, N thenN € [U]gy,.

Proof:
Letr € {3,h,Bn}.

1. Let M € [Ulg,,.- ThenM is a closed term and/ € Ig,(U). Hence, by Lemma 8.4}/ <
OFU{M e M| M : (H' 5 U)}. SinceM is closed,M ¢ OF. Hence,M € {M € M¥ |
M : (H* +5 U) and so,M %, N andN : (T -3 U) wherel' C H". By Theorem 2.1\ is
closed and, by Lemma 4.1.3%,: (() k3 U).

Conversely, takél/ closed such that/ >7% N andN : (() k-3 U). LetT € $-int. By Lemma 6.3,
N eZ(U). By Lemma 6.2.17(U) is Bn-saturated. Hencéy/ € Z(U). ThusM € [U]g,,.

2. Let M € [Ulg,. ThenM is a closed term and/ < I3(U). Hence, by Lemma 8.4)/ <
OFU{M € MY | M : (H* -3 U)}. SinceM is closed,M ¢ OF. Hence,M € {M € ML |
M : (H" -3 U)} and so,M : (" -3 U) wherel' ¢ H”. By Lemma 4.1.3aN : (() 3 U).

Conversely, také// such thatM : (() -3 U). By Lemma 4.1.3a)1 is closed. LefZ € g-int. By
Lemma6.3M € Z(U). ThusM € [Ulg,.

It is easy to see that/]z, = [U],.

3. LetM € [Ulgy, such thatM >3 N. By 1, M is closed, M >3 P andP : (() k3 U). By
confluence Theorem 2.2, there @k such thatP D*ﬁn Q and N D*ﬁn Q). By subject reduction
Theorem 5.1() : (() k3 U). By Theorem 2.1)V is closed and, by 1V € [U]g,,.

O

9. Conclusion

Expansion may be viewed to work like a multi-layered sinm#taus substitution. Moreover, expansion
is a crucial part of a procedure for calculating principglitygs and helps support compositional type in-
ference. Because the early definitions of expansion wergbcated, expansion variables (E-variables)
were introduced to simplify and mechanize expansion. The @fi this paper is to give a complete
semantics for intersection type systems with expansioialvkes.

We studied first the\IN-calculus, an indexed version of thé-calculus. This indexed version was
typed using first a basic intersection type system with egjganvariables but without an intersection



1028 Kamareddine, Nour, Rahli, Wells / semantics of expansioiabkes

elimination rule, and then using an intersection type sgstgth expansion variables and an elimination
rule.

We gave a realisability semantics for both type systems sigpthat the first type system is not
complete in the sense that there are types whose semantiingeés not the set oAI"-terms having
this type. In particular, we showed that".y° is in the semantic meaning ¢ 1) — a but it is
not possible to give\y”.y" the type(a M b) — a. The main reason for the failure of completeness
in the first system is associated with the failure of the stthjeduction property for this first system.
Hence, we moved to the second system which we showed to hawdetirable properties of subject
reduction and expansion and strong normalisation. Howéwethis second system, we showed again
that completeness fails if we use more than one expansidablaibut that completeness succeeds if we
restrict the system to one single expansion variable.

In order to overcome the problems of completeness, we cldaagerealisability semantics from
one which uses indices as natural number to one that usesditves as lists of natural numbers. The
new semantics is more complex and we lose the elegance ofshéepecially in being able to define
the so-called good terms and good types). However, we shatmhis second semantics has all the
desirable properties of a type systems and it handles alhefambda calculus (not simply thel-
calculus). We also show that this second semantics is céenpleen any number (including infinite)
of expansion variables is used. As far as we know, our worlstitutes the first study of a denotational
semantics of intersection type systems with E-variablss@urealizability or any other approach) and
of the difficulties involved.

In this article we are not interested in a denotational seitsor at least we are not interested in
an extensional lambda model interpreting the terms of thgpaa lambda-calculus. Instead, we are
interested in building a realisability semantics by defingets of realisers (functions/programs satisfy-
ing the requirements of some specification) of types. Suclv@etwvould help to highlight the relation
between typable terms of the untyped lambda-calculus grekty.r.t. a type system. Moreover, inter-
preting types in a model helps to understand the meaning ybea (v.r.t. the model) which is defined
as a purely syntactic form and is clearly used as a meanimgfulession (as the integer type, whatever
its notation is, which is always used as the type of each amjed\n arrow type expresses functionality.
In that way, models based on lambda-models have been huilitérsection type systems [8]. In these
works, intersection types (introduced to be able to typearnerms than in the Simply Typed Lambda
Calculus) are interpreted by set-theoretical intersacibmeanings. Even if expansion variables have
been introduced to give a simple formalisation of the exjmmmechanism, i.e. as a syntactic object,
we are interested in the meaning of such a syntactic objeetald/particularly interested in answering a
number of questions which include:

1. What does an expansion variable applied to a type stafd for
2. What are the realisers of such a type?
3. How can the relation between terms and types be describbgdantype system?

4. How can we extend models such as the one given in [12] toeagygtem with expansion?
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