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Reducibility proofs in the A-calculus

Fairouz Kamareddine, Vincent Rahli and J. B. Wells*

Abstract. Reducibility has been used to prove a number of properti¢iseof-calculus and is well
known to offer on one hand very general proofs which can béieghpo a number of instantiations,
and on the other hand, to be quite mysterious and inflexiblehis paper, we look at two related but
different results im-calculi with intersection types.

1. We show that one such result (which aims at giving redligijiroofs of Church-Rosser,
standardisation and weak normalisation for the untypezhlculus) faces serious problems
which break the reducibility method and then we provide gppsal to partially repair the
method.

2. Then, we consider a second result whose purpose is to diseibbdity for typed terms in order
to show the Church-Rosser gidevelopments for the untyped terms (and hence the Church-
Rosser ofs-reduction). In this second result, strong normalisat®nadt needed. We extend
the second result to encompass béfh and3rn-reduction rather than simpl§-reduction.
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1. Introduction

Based on realisability semantics [Kle45], the reducipititethod has been developed by Tait [Tai67] in
order to prove the normalisation of some functional theorigéhe idea is to interpret types by sets of
A-terms closed under some properties. Krivine [Kri90] usstucibility to prove the strong normalisa-
tion of systemD. Koletsos [Kol85] proves that the set of simply typkderms has the Church-Rosser
property. Gallier [Gal97, Gal03] uses some aspects of lKok$ method to prove a number of results
such as the strong normalisation of theéerms that are typable in systems liReor D2 [Kri90]. In par-
ticular, Gallier states some conditions a property needstisfy in order to be enjoyed by some typable
terms under some restrictions. Similarly, Ghilezan andalzédc [GL02] state some conditions a property
on \-terms has to satisfy in order to be held by &lterms that are typable under some restriction on
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types in a type system which is close§). Additionally Ghilezan and Likavec state a condition that
a property needs to satisfy in order to step from the statéfiaek-term typable under some restrictions
on types holds the property” to the statemeni*term of the untyped-calculus holds the property”. If
successful, the method designed by Ghilezan and Likavetdvpravide an attractive method for estab-
lishing properties like Church-Rosser for all the untypeterms, simply by showing easier conditions
on typed terms. However, we show in this paper that GhilerahlLékavec’s method fails for the typed
terms, and that also the step of passing from typed to untjgreds fails. We outline the obstacle we
faced when trying to repair the first result and explain homwfe have been able to go in our attempt to
repair this first result (we reach a similar result to oneadseobtained by Ghilezan and Likavec). The
second result seems unrepairable. Ghilezan and Likavegatsent a weaker version of their method
for a type system similar to syste, which allows using reducibility to prove properties of tteems
typable by this system, namely the strongly normalisabimse As far as we know, this portion of their
result is correct. (They do not actually apply this weakethrod to any sets of terms.)

In addition to the method proposed by Ghilezan and Likavdudwdoes not actually work for the
full untyped A-calculus), other steps of establishing properties likeilCh-Rosser (also called conflu-
ence) for typed\-terms and concluding the properties for all the untypeleérms have been successfully
exploited in the literature. Koletsos and Stavrinos [KS08% reducibility to state that theterms that
are typable in syster® hold the Church-Rosser property. Using this result togethigh a method
based onj-developments [Kl080, Kri90], they show thatdevelopments are Church-Rosser and this
in turn will imply the confluence of the untypektcalculus. Although Klop proves the confluence of
(-developments [BBKV76], his proof is based on strong noisagibn whereas the Koletsos and Stavri-
nos’s proof only uses an embedding®tievelopments in the reduction of typabléerms. In this paper,
we apply Koletsos and Stavrinos’s methodstbreduction and then generalise it/tg-reduction.

In section 2 we introduce the formal machinery and estalttistbasic needed lemmas. In section 3
we present the reducibility method used by Ghilezan andJve&and show that it fails at a number of
important propositions which makes it inapplicable to tb# @intyped \-calculus, although a version
of their method works for the strongly normalisable termse §iwe counterexamples which show that
all the conditions stated in Ghilezan and Likavec's papersatisfied, yet the claimed property does
not hold. In section 4 we give some indications on the limitshe method. We show how these
limits affect the salvation of the method, we partially saje it and we show that this can now be
correctly used to establish confluence, standardisatidmaak head normal forms but only for restricted
sets of lambda terms and types (that we believe to be equbkteet of strongly normalisable terms).
We also point out some links between the work done by GhilezahLikavec and the work done by
Gallier. In section 5, we introduce the reducibility senmesfor both57- andsn-reduction and establish
its soundness. Then, we show that all typable terms satighyfChurch-Rosser property. In section 6
we adapt the Church-Rosser proof of Koletsos and Stavrii8€8] to 57-reduction. In section 7 we
non-trivially generalise Koletsos and Stavrinos’'s methodandleSn-reduction. We formalisesn-
residuals an@n-developments in section 7.1. Then, we compare our notigimeakesiduals with those
of Curry and Feys [CF58] and Klop [KIo80] in section 7.2, édithing that we allow less residuals
than Klop but we believe more residuals than Curry and Feysallly, we establish in section 7.3 the
confluence ofgn-developments and hence @fi-reduction. We conclude in section 8. Due to space
limitations, proofs are mostly omitted but can be downlahftem the author’s web pages (in particular,
fromhttp://www.macs.hw.ac.uk/ fairouz/papers/drafts/long-fund-inf-cr.pdf).
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2. The Formal Machinery

In this section we provide some known formal machinery atduce new definitions and lemmas that
are necessary for the paper. ketn be metavariables which range over the set of natural nuniets
{0,1,2,...}. We take as convention that if a metavariableanges over a satthen the metavariables
v; such that > 0 and the metavariables, v”, etc. also range oves.

A binary relation is a set of pairs. Let! range over binary relations. Lébm(rel) = {z | (z,y) €
rel} andran(rel) = {y | (x,y) € rel}. Afunction is a binary relatiorfun such that if{ (x, y), (x, z)} C
fun theny = z. Let fun range over functions. Let — s’ = {fun | dom(fun) C s Aran(fun) C s'}.

Givenn setssy, ..., s,, Wheren > 2, 51 x -+ X s, stands for the set of all the tuples built on the
setssy, ..., sy If z € 51 x -+ x sy, thenx = (z1,...,x,) such thate; € s; foralli € {1,...,n}.

2.1. Familiar background on A-calculus

This section consists of one long definition of some fam{limostly standard) concepts of thecalculus
and one lemma which deals with the shape of reductions.

Definition 2.1. 1. letz,y, z, etc. range ovel/, a countable infinite set of-term variables. The set
of terms of the\-calculus is defined as follows:

MeA =z | (\e.M) | (M M)

We letM, N, P, Q, etc. range over\. We assume the usual definition of subterms: we w¥ite
M if N is a subterm of\/. We also assume the usual convention for parenthesis aridimae
when no confusion arises. In particular, we wilte N;...N,, instead of...(M Ni) Na...N,—1) N,,.

We take terms modula-conversion and use the Barendregt convention (BC) wheredmes of
bound variables differ from the free ones. When two tethhsand N are equal (modula), we
write M = N. We writefv (M) for the set of the free variables of teri.

2. Letn > 0. We defineM™(N), by induction onn, as follows: M°(N) = N and M"(N) =
M(M™(N)).

3. The set of paths is defined as follows:
pePath:=0]|1p|2p

We defineM |, by: M|y = M, (Az.M)|1., = M|,, (MN)|1, = M|, and(MN)|2, = N|,.
We define2”.p by induction onn > 0: 2°.p = p and2"tl.p = 27.2.p.

4. The setAl C A, of terms of the\l-calculus is defined by the following rules:

(@) Ifz € Vthenx € Al
(b) If z € fv(M) andM € Al then\z.M € Al
(c) If M, N € AlthenM N € Al
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5. We define as usual the substitutidhjx := N| of NV for all free occurrences of in M. We let
Mlz; :== N;,...,z, := N,| be the simultaneous substitution &f for all free occurrences of;
in M forl <i<n.

6. We define the following four common relations:
e Beta ::= (A\z.M )N, M[z := NJ).
e Betal ::= ((A\x.M)N, M|z := NJ), wherez € fv(M).
e Eta ::= (A\z.Mx, M), wherex & fv(M).
e BetaEta = Beta U Eta.

Let (r, s) € {(Beta, 3), (Betal, 8I), (Eta, n), (BetaEta, 5n)}. We defineR*® to be{L | (L, R) €
r}. If (L, R) € r then we callL a s-redex andR the s-contractum ofL (or the L s-contractum).
We define the ternary relation; as follows:
o M L, M'if (M, M) € r.
o o.M =2, Ao M if M B M.
o MN 2, M'Nif M L, M.
o« NM 22, NM'if M 2, M.
We define the binary relation-; (we use the same name as for the just defined ternary relation

—, to simplify the notations) as followsd — M’ if there existsp such that\ 2, M’. We
defineR3, = {p | M|, € R*}.

7. LetM e AandF CA. FIM={N|Ne€FANCM}.

8. —ngii= (Ax1....xn.(Ax.Mo) My ... My, Axy. ... 2y Moz := M;i|Ms ... My,), wheren > 0
andm > 1.

If (L,R) €—ppthenl = Axy....x,.(Ax.My)M; ... M, wheren > 0 andm > 1 and
(A\x.My)M; is called the3-head redex of..

We define the binary relatior;3 as—g \ — 3.

9. Letr € {—3,—y, —py, —p1, —hs, —ig}- We use— to denote the reflexive transitive closure
of —,.. We let~,. denote the equivalence relation induced-by. If the r-reduction fromA/ to N
is in k steps, we write/ —F N.

10. Letr € {BI,pn} andn > 0. A term (Az.M')N[N7i... N} is a directr-reduct of a term
(Az.M)NoNj ... N, iff M —* M’ andVi € {0,...,n}. N; —* N/

11. NFg = {)\Zlfl AT, 2oNT ... Ny, ‘ n,m>0,Ny,...,Ny, € NFg}
12, WNy = {M € A | 3N € NFg, M —% N}.

13. Letr € {3, 81, Bn}.
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e We say that\/ has the Church-Rosser property fofhasr-CR) if wheneverM —* M; and
M —7 M, then there is aid/3 such thatV; — Mz and My — Ms.

e CR" = {M | M hasr-CR}.
e CRy={zM;... M, |n>0ANzeVANe{l,...,n},M; € CR")}.
e We useCR to denoteCR” andCRy, to denoteCRY.

e A term is a weak head normal form if it is &abstraction (a term of the formz.M) or
if it starts with a variable (a term of the formM/; - -- M,,). A term is weakly head nor-
malising if it reduces to a weak head normal form. Mt = {M € A |3In > 0,3z €
V,3P,Py,...,P, € A,M —* \z.PorM —* zP; ... P,}. We useéW to denotew”,

We say thafl/ has the standardisation property if whenefér—7 N then there is ad/ "'such
thatM —; M’ andM’ —* N. LetS = {M € A | M has the standardisation propgtty

The next lemma deals with the shape of reductions.

Lemma 2.1.
1. M L, M'iff (M L M or M 2, M),
2. If z € fv(M;) thenfv((Ax. M) M) = fv(M;[z := M>]) and
if ()\ale)Mg € Al thean[a: = MQ] € Al
3. If M —p, M'thentv(M') C fv(M).
4. If M —75; M' thenfv(M) = fv(M') and if M € Al thenM' € Al.
5. Ax.M By, Piff either (p = 1./, P = Ao.M’ andM 5, M’y or (p = 0, M = Pz and

x & tv(P)).

. Letr € {BI,Bn},n >0, Pisnotadirect-reduct of \z. M) Ny ... N, and(\z.M)Ny . .. N,, —F

P. Then the following holds:

(@ k>1,andifk = 1thenP = M[z := Ny|N; ... N,,.

(b) There exists a direetreduct(\x. M) NjN7 ... N}, of (\x.M)Ny ... N, such that
M'[z .= N{]N{...N], —* P.

. Letr € {BI,06n}, n > 0 and(Az.M)NoN; ... N, —* P. There exists”’ such that? —* P’

and if (- = pI andx € fv(M)) orr = BnthenM [z := No|N; ... N,, —F P’

. There exists\’ such thatV/ 2, M’ iff p € R},

ML My andM L, M, thenMy = M,
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2.2. Formalising the background on developments

In this section we go through some needed background froi®(QKon developments and we precisely
formalise and establish all the necessary properties. ugtrout the paper, we takeo be a metavariable
ranging over). As far as we know, this is the first precise formalisation e¥elopments.

The next definition adaptd. of [Kri90] to deal with 31- and Gn-reduction. BasicallyAl,. is A,
where in the abstraction construction rule (R1).2, we igsaibstraction to\ /. In An. we introduce the
new rule (R4) and replace the abstraction rulé\gby (R1).3 and (R1).4.

Definition 2.2. (A7, Al )

1. We letM, range over\n,, Al. defined as follows (note thatl. C Al):

(R1) If x is a variable distinct frona then
1. ze M..
2. If M € Al,andz € fv(M) thenz.M € Al..
3. If M € An. then\z. Mz := c¢(cx)] € Ane.
4. If Nz € An. such that: € fv(N) andN # cthen\z. Nz € An,.
(R2) If M,N € M_.thencMN e M..
(R3) If M, N € M. andM is a\-abstraction thed/ N € M..
(R4) If M € An.thencM € An..

Here is a lemma related to terms.®f...

Lemma 2.2. (Generation)

Mz = c¢(cx)] # x and for anyN, M [z := c(cx)] # Nuz.

Letz & fv(M). Then,M|y := c(cx)] # = and for anyN, M|y := c(cx)] # Nuz.
If M € M.thenM # c.

If M,N € M.thenM |z := N] # c.

L

LetMN € M.. ThenN € M_ and either

e M = cM’' whereM'’ € M, or
e M =candM, = An.or
e M = Xz.Pisin M,

6. If (M) € M.thenM € M..
7. If M € An. andn > 0 thenc™ (M) € An.

8. If \xz.P € An. thenz # c and either
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e P = NxwhereN, Nx € An. wherex ¢ fv(N) andN # cor
e P = N[z :=c(czx))] whereN € An,

9. If \x.P € Al.thenx # ¢, z € fv(P) andP € Al..
10. If M, N € M. andz # cthenM [z := N] € M..

11. Lety & {z,c}. Then:

o if M[z:=c(cx)] =ythenM =y,
o if M[z :=c(cx)] = PythenM = NyandP = Nz := ¢(cx)],
o if M[z :=c(cx)] = Ay.PthenM = \y.N andP = N[z := c¢(cx)].

o if Mz := c(cx)] = PQ then eitherM = z, P = cand@ = cx or M = P'Q’ and
P = P'lz := ¢(cx)] andQ = Q'[x := ¢(cx)).

o if Mz := c(cx)] = (\y.P)Q thenM = (\y.P)Q" andP = P'[x := ¢(cx)] and@Q =
Q'[x = c(cx)].

12. LetM € An..

(@) If M = Ax.PthenP € An..
(b) If M = Ax.PxthenPx, P € An., x ¢ fv(P)U {c} andP # c.

13. (a) Letr # c. M[z := c(ca)] Lp, M'iff M' = N[z := c(cz)] andM 5, N.
(b) Letn > 0. If ¢*(M) Lo, M’ thenp = 27.p’ and there exist&V € A7, such thatM’ =
¢(N) andM %5, N.
Here is a lemma about the set and paths of redexes in a term:
Lemma 2.3. Letr € {5I, Bn} andF C R),.
o If M € VthenR), = g andF = @.
o If M =Xz.NthenF ={p|1lpe F} C R} and:

—if M e R"thenR}, = {0} U{l.p|peRy}andF\ {0} ={l.p|peF'}.
—else Ry, ={lp|peRy}tandF ={l.p |p e F'}.

o If M =PQthenF ={p|[lpeF} CRp Fo={p|2p€F}CRGand

— if M e R"thenR}, = {0} U{l.p |[p e Rp}U{2.p | p e RGtandF \ {0} = {1l.p|p €
Fiyu{2p|peFa}
—else Ry, ={lp|peRp}tU{2.p|peRGtandF ={1.p |p € Fi}U{2.p|p € Fo}.

The next lemma shows the role of redexes w.r.t. substitstiovolving c.

Lemma 2.4. Letr € {(n,5I}. andz # c.
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1. M € RAiff Mz := c(cx)] € RPN

2. Ifp e R%] thenM [z := c(cx)]|, = M|,z = c(cx)].
B i _ B
3.pe R/\Z.M[ﬁ:dm)} iff p=1.p" andp’ € RJ\/?[%:C(%H.
B _ b
4. R]\;[a:::c(ca:)] o Rl\g

5. R0y = {270 [ p € RAT}.

The next lemma shows that any elemént.P)Q of Al. (resp.An.) is a SI- (resp.5n-) redex,
that Al. (resp.An.) contains all the3/-redexes (respin-redexes) of all its terms and generalises a
lemma given in [Kri90] (and used in [KS08]) stating th&t. and Al. are closed under- g, - resp.

— gr-reduction.

Lemma25. 1. Let(M,,r) € {(Al.,BI),(An., Bn)} andM € M..

(@ If M =(A\z.P)QthenM € R".
(b) If p € R}, thenM|, € M..

2. (a) IfM € An.andM —g, M’ thenM’ € A,.
(b) If M € Al.andM —p; M'thenM’ € Al..

The next definition, taken from [Kri90], erases all #tig from an M_-term. We extend it to paths.

Definition 2.3. (| — |)
We define| M |© and|(M, p)|¢ inductively as follows:

o|z|¢==x o [\z.N|¢ = Az.|N|¢ if z # ¢
e |cP|° = |P|° o |[INP|° = |N|¢|P|°if N # ¢
o [(M,0)[°=0 o [((\x.M,1.p)|¢=1.{(M,p)|° ifx #c
o [(cM,2.p)[* = [(M, p)[* o [(NM,2.p)|* = 2,|(M, p)|*if N #c

o [(MN,1.p)|* = 1.[(M, p)|°
Let F C Path then we define(M, F)|© = {|(M, p)|° | p € F}.

Now, ¢ is indeed erased froa™ (M )|¢ and from|c™(N)|¢ for any ¢ (N') subterm ofM/.
Lemma2.6. 1. Letn > 0then|c"(M)|¢ = |M]|.

2. [(e" (M), R )| = (ML RED

3. [{¢"(M),2".p)|* = (M, p)|°.

4. Let|M|=P.

e If P € Vthen3n > 0 such thatV/ = ¢"(P).
o If P = \z.QQ thendn > 0 such thatM = ¢"(A\z.N) and|N|¢ = Q.
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o If P= PP thendn >0 such thatM/ = Cn(MlMg), My 75 C, |M1|C =P and|M2|c =P.

Furthermore, if the=-erasure of two paths ¥/ are equal, then these paths are also equal and inside
a term, substituting: by ¢(cz) is undone bye-erasurec is definitely erased from the free variables of
|M|¢, erasure propagates through substitutions@edhsing aml.-term returns an\l-term.

Lemma?2.7. 1. Letr € {8I,0n}. If p,p’ € Ry, and|(M, p)|® = [(M, p')|¢ thenp = p’.
2. Letx # c. Then,|M[z := c¢(cx)]|¢ = |M]°.
3. Letx # candp € Rg/r[] Then,|(M [z := c(cz)], p)|® = (M, p)|°.
4. If M € M, thenfv(M)\ {c} = tv(|M][°).
5 If M,N € M.andz # cthen|M |z := N||® = |M|°[z := |N|9].
6. If M € Al.then|M|¢ € Al
7. Let(M,,r) € {(Al., BI), (An., Sn)} and M, My, Ny, My, Ny € M..

(@) If p € Ry, andM %, M’ then|M|e 2, |M'|° such thay' = |(M, p)|°.

(b) Letx # ¢, [(My, Ry, )| © [(Mz, Ry, )| (N1, Ry ) € [(Na, Ry, )% [Ma|© = [ My

and|Ny [ = [No|°. Then,[(My[z == NiJ, Ry, 1w, )|° € [(Malor = NoJ, Ry o yhe

(©) Let|(My, Ry, )| € [(Ma, Ry, )| and [My|© = [My|°. If My 5, M{, My 2, Mj such
that[(My, pr)|© = [(Ma, p2)|° then[ (M7, R} )[ € [(M, Rl )|

2.3. Background on Types and Type Systems

In this section we give the background necessary for the gypems used in this paper.

Definition 2.4. Let:i € {1,2}.

1. LetA be a countably infinite set of type variables, detange overd and let2 ¢ A be a constant
type. The sets of typeB/pe! ¢ Type? are defined as follows:

o € Type! t=a| oy — oy | o Noy
reType’ i=a|m —n |7 Nn|Q

2. Weletl' € B = {{z1 : 01,...,2p : 00} | Vi,j € {1,...,n}. 2y = 2; = 0; = 0;} and
DA€ B ={{x1:71iyeoyan t T} | Vi, € {1,...,n}. 2; = z; = 7, = 7;}. We define
dom(I') = {z |z : 0 € T'}. Whendom(I'1) N dom(I'2) = @, we writeI';, I'; for I'y U Ty, We
write ',z : o for I', {x : 0} andz : o for {z : c}. We denotd” = z,, : oy, ..., 2z, : 0, Where
n>m > 0,by(z; : o;)p. If m =1, we simply denoté&’ by (z; : 0;)y,.

If Ty = (25 Ti)n, (Yi - 7))p @ndly = (x; : 7)), (2i : 7)) g Wherexy, . .., z,, are the only shared

(A
variables, thed's M Ty = (z; : 7% N T)n, (Vi = 77 )ps (2i 2 T7)g-
Let X C V. We definel’ | X =TI C I" wheredom(I'") = dom(I") N X.
Let C be the reflexive transitive closure of the axioms 7, C 7 andr N E 7. If T' = (x5 :

7i)p andl” = (z; : 7)), thenT' C IV iff forall i € {1,...,n},, C 7/
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(ref) TST ) T <0

(tr) (Mm<mAn<m)=>7m<17 (Q-lazy) T—-0<Q—-Q
(inr) T1NTe <71 (idem) T<TNT

(ing) 71N T2 < T2 (©2-n) N<0—-Q
(—-N) (m—m)N(mn—"m) <1 —(2NT3) (Q-lazy) 1T <0 — 0
(mon) (M<nmAT<T)=>n<7NT3

(mon) (M<HAR<ST) =N 1N

(=) METHARSR) =17 =TT =T

Figure 1. The ordering axioms on types

w
°
|

LetV, = {(Tef)v (tT), (inL)v (inR)v (_) -ﬁ), (mon,)v (mon), (_> '77)}-
LetVy = Vi U{(Q), (¥ —lazy)}.

LetVp = {(inr), (ing)}.
LetVp, =VpU {(Zdem)}
TypeVt = TypeV? = Type
— TypeV? = Type?.

— Let V be a set of axioms from Figure 1. The relatial is defined on type3ype" and
axiomsV. We use<! instead of<V! and<? instead of<V2.

— The equivalence relation is defined by: ~Y 7 <= 7 <V m A1 <V 71. We use
~!instead of~V! and~? instead of~V2.

Vo,

= Type'.

— LetAN! be the type system built ok, Type! andH! such that-! is the type derivability
relation onB', A and Type' generated using the following typing rules of Figure 2:
(az), (= g), (—1), (N7) and(<h)).

— Let A\n? be the type system built ok, Type? and-2 such that-2 is the type derivability
relation on32, A and Type? generated using the following typing rules of Figure 2:
(az), (—E), (1), (01), (£?) and Q).

— Let D be the type system built of, Type! and-?" wheret-9" is the type derivability
relation onB', A and Type! generated using the following typing rules of Figure 2:
(az), (—E), (1), (N1) , (NE1) and O g2)-

— Let D; be the type system built o, Type! and-?! wheret-#/ is the type derivability
relation onB!, A and Type! generated using the following typing rule of Figure 2:
(az!), (= g1), (1), (N1), (NE1) and Oz2). Moreover, in this type system, we assume
thatoc No = 0.

3. Problems of Ghilezan and Likavec's reducibility method [GL02]

In this section we introduce the reducibility method of [&}@nd show where exactly it fails. Through-
out, we let® = \z.xx.
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Figure 2. The typing rules

Definition 3.1. (Type systems and reducibility of [GL02])
Leti € {1,2}. LetP range ovep?’.

1. The type interpretatiofi-]* € Type® — 2 — 27 is defined by:

° [[Oé]]%; =P.
o [rnnlp=[n]pN[rlp.
° [[Q]]% = A.

[o1 — o2]p = {M | VN € [o1]p.MN € [o2]5}
[ — 7'2]]% ={M e P|VN ¢ [[Tl]]%,MN € [[TQ]]%}

2. Avaluation of term variables in is a functionv € V — A. We writev(x := M) for the function
v wherev'(z) = M andv/(y) = v(y) if y # .

3. letv be a valuation of term variables i Then[—], € A — A is defined by:
[M], = Mzy :=v(z1),...,2x, = v(z,)], WhereFV (M) = {z1,...,x,}.
4. e vEL M:Tiff [M], € [r]%
e v ELTIff V(z:7) €. v(z) € [r]5
e ITELM:Tiff weV s AvELT=vEL,M: 7
5. LetX C A. Let us recall the variable, saturation, closure and iawvare under abstraction predi-
cates defined by Ghilezan and Likavec:
e VAR (P,X) <= VCAX.

o SATHP,X) +—
(VM e AVx e V.YN € P.M[z:==N]e X = (Ax.M)N € X).
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e SAT*(P,X) +—
(VM,N e A.Vx e V. M[z:=N]e X = (Ax.M)N € X).
o CLOYP. X) <= (VM eAVzeV. Mz ec X = MEcTP).
e CLO*(P,X) <= CLO(P,X) =
(VM e A VzeV. M e X = \x.M €P).
e VAR(P,X) <— (Vz €V.Yn e N.VNy,...,N, € P.zN;... N, € X).

o SAT(P,X) < (VM,N € A.Vz € V.¥neN.VYNy,...,N, € P.
Mz := N]N;...N, € X = (Az.M)NN; ... N, € X).

e INV(P) <= (VM €A VzeV. M ecP < Ix.MeP).
ForR € {VAR!,SAT!, CLO'}, let R(P) <= Vr € Type'. R(P, [7]}).

Lemma 3.1. (Basic lemmas proved in [GLOZ2])

1.

o o M w

7.

(@ [[M]]l/(a:::]\f) = [[M]]V($Z:$) [z := N]
(b) [MN], = [M].[N].
(C) [[)\a:M]]l, = )‘x[[M]]u(x:x)

. If VAR (P) andCLO! (P) then

(a) forallo € Type', [o]h C P.
(b) if SAT*(P) andl’ ! M : o thenT =L M : o andM € P

ForallT € Type?, if 7 #% Q then[r]% C P
If 1 SQ T2 then[[n]]% - [[7—2]]%.
If VAR?(P), SAT?(P) andCLO?*(P) thenI' -2 M : 7 impliesT" =% M : 7

If VAR%(P), SAT?(P) and CLO?(P) then for allT € Type?, if 7 £ Q andT' -2 M : 7 then
M eP

CLO(P,P) = V7 € Type®. 7 #* Q = CLO*(P, [7]3).

Proof:
We only prove 5. By induction off -2 M : 7. (az) and(Q2) are easy(N;) (resp.(—g) resp.(<?)) is
by IH (resp. IH and 1, resp. IH and 4).

(—7) ByIH, I,z : 7y % M : 7. Letv =% T'andN € [r]%. Thenv(z := N) % I since

z ¢ dom(T') andv(z := N) % z : 7y sinceN € [ri]%. Thereforev(z := N) =% M : 7,
i.e.[M], =N € [r2]%. Hence, by lemma 3.1.IM],,.—p [z := N] € [r2]3. By SAT?*(P),
we get(Az.[N],(:=s))N € [r]%. Again by lemma 3.1.1([Az.M],)N € [r]}. Hence
[Nz.M], € {M |VN € [11]%. MN € [r]5.

By VAR?(P), z € [r1]%, hence by the same argument as above we obtefy, ,.—,) € [2]%.

So byCLO?(P), Az [M],(2:—y) € P and by lemma 3.1.1\z.M], € P. Hence, we conclude
that[Az.M], € [r1 — ]%.
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O

Ghilezan and Likavec claim that@LO' (P), VAR (P) andSAT' (P) are true theilBNg C P (note
that this result does not make any use of the type systeh.

After giving the above definitions and lemmas, [GLO02] statest since the predicaté¥AR'(P),
SAT!(P) and CLO*(P) for i € {1,2} have been shown to be sufficient to develop the reducibility
method, and since in order to prove these predicates onesredgmhger induction hypotheses which
are easier to prove, the paper sets out to show that thesgstroonditions whem = 2 are the three
predicatesVAR(P, P), SAT(P,P) and CLO(P,P). However, as we show below, this attempt fails.
They do not develop the necessary stronger induction hgsethfor the case whén= 1, and\n'! can
only anyway type strongly normalisable terms, so we will cotsider the case= 1 further.

Definition 3.2 and lemma 3.2 are necessary to establish thdtseof this section (the failure of the
method of [GL02]). In definition 3.2, we use the fact that tiedinked preorder relation is commutative,
associative and idempotent:

Remark 3.1. Commutativity, associativity and idempotence w.r.t. thegoder relation are given by the
axioms(iny), (ing), (mon'), (tr) and(ref) listed in figure 1.

Definition 3.2. Let to € TypeOmega ::= 2 | to1 N tos.

LetinInter(r,7") be true iffr = 7/ or 7/ = 71 N 75 and {ulnter(r, 71) or inlnter (7, 72)).

By commutativity and associativity we writg N --- N 7,,, wheren > 1, for any typer such that
(inlnter (7o, 7) iff there existsi € {1,...,n} such thaty = 7;).

Lemma3.2. 1. Ifr, < 7 andr € TypeOmegathenr, € TypeOmega.
2. If 7 <@ 7 and7’ 2 Qthent %2 Q.
3. Ifrn7 A2 Qthent £2 Qorr’ %2 Q.

4. If 7' ~2 Qthenr <% 7N+

5. If 7 < 7/ andinlnter(ty — 7o, 7') andmy %2 Q then there exist. > 1 andr{, 7/, ... 7\, 7/
such that for al € {1,...,n}, inlnter(r; — 7/,7) and7 %% Qandr/N--- N7’ < 7.
Moreover, ifr; ~? Qthen foralli € {1,...,n}, 7/ ~2 Q.

6. Forallr,7 e Type?, o« = Q — 7/ £2Q — 7
Proof:
1. By induction on the size derivation of <‘ 7, and then by case on the last rule of the derivation.

2. Letr <% 7. Assumer ~2 Q. ThenQ <% 7 and by transitivityQ < 7’. Moreover, by (),
7 <2 Q. Sor’ ~2 Q.

3By @), 7N <% Q. lett ~2 Qandr’ ~? Q,s00 < randQ <? 7/ and by (mon’),
Q<2rn7r.



14 Kamareddine, Rahli, Wells / Reducibility proofs in thealculus

4. By (Q), 7 < Q and by transitivity,r < 7’ becausé€) < 7’. By (ref), 7 < 7 and by(mon’),
r<%rnr.

5. By induction on the size derivation of<** 7’ and then by case on the last rule of the derivation.

6. let7’ e Type?®. First we prove thaf) — 7/ %2 Q. Assume) — 7/ %% Q thenQ < Q — 7/. By
lemma 3.2.1Q2 — 7' € TypeOmega which is false.

Lett ~2 Q. Assumea — Q — 7/ ~2Q — 7thenQ — 7 <% a — Q — 7. By lemma 3.2.5,
T <% Q — 7/ which is false.

LetT % Q. Assumeny — Q — 7/ ~2 Q — 7 thena — Q — 7 < Q — 7. By lemma 3.2.5,
a ~? Q becausé) ~2 Q, which is false.
|

The next lemma establishes the failure of a basic lemma o0ORREL

Lemma 3.3. (Lemma 3.16 of [GLO2] is false)
Lemma 3.16 of [GLOZ2] stated below is false:

VAR(P, P) = V7 € Type®. (V7' € Type®. (1 #% Q — 1) = VAR(P, [7]%)).

Proof:

To show that the above statement is false, we give the fatigwounterexample. Note theAR (P, [7]%) =
V C [7]%. Letz € V, 7 bea — Q — a.andP beWNg. By lemma 3.2.6, foralt’ € Type?, 7 £ Q —

7/ andVAR(P, P) is true. AsSUm&/AR(P, [7]%), thenz € [7]%. Thenz € [a — Q — a]% = [7]%
becauser € P = [a]%, andzz(®®) € [a]% = P becauses® € A = [Q]%. Butzz(®@®) € P is
false, SOVAR(P, [r]%) is false. O

The proof for Lemma 3.18 of [GL02] does not work (because ofeng use of an induction hypoth-
esis) but we have not yet proved or disproved that lemma:

Remark 3.2. (It is not clear that Lemma 3.18 of [GL02] holds)
It is not clear whether this lemma of [GL02] holdSAT(P, P) = Vr € Type?. (V7' € Type?. (1 42
Q — 7') = SAT(P, [7]3)).
The proof given in [GLO2] does not go through and we have eeitleen able to prove nor disprove
this lemma. It remains that this lemma is not yet proved amté@&annot be used in further proofs.

Then, Ghilezan and Likavec give a proposition (Proposi8a2il) which is the reducibility method
for typable terms. However, the proof of that propositiopeleds on two problematic lemmas (lemma
3.16 which we showed to fail in our lemma 3.3, and lemma 3.1Bkvhccording to remark 3.2 has not
been proved). First, here is a lemma:

Lemma 3.4. VAR(WN3, WN3), CLO(WN3, WN;), INV(WN ) andSAT(WN, WN;) hold.

Proof:

e VAR(WNg3, WNg) holds becausgxz € V,Vn > 0,VNy,..., N, € WNg, 2Ny ... N, € WNg.
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e CLO(WNg, WNg) holds, because iin, m > 0, 3z¢ € V, ANy, ..., N,, € NFz such that\/ —%
AT1. ... Axp.2oNy ... Ny, thenVy € V, Ady. M —% AYAT1. . AT 2N ... Ny, € NFg.

INV(WNjg) holds, because in,m > 0, 3zg € V, INy,..., N, € NFg such that\z. M —>E
AZ1. ... AZp.xo Ny ... Ny, thenzy = y and M —>Z, ATo. ... ATy ToNT ... Ny,

e SAT(WNg, WNg) holds, since ifM [z := N|N;...N, € WNg wheren > 0 andNy,..., N, €
WNg thendP € NF3 such that
Mz := N|Ny... N, =3 P.
Hence,(Az.M)NN; ... N, —3 M[z := N|N;...N, —>E P.

Lemma 3.5. (Proposition 3.21 of [GL02] fails)
AssumeVAR (P, P), SAT(P, P) andCLO(P, P). Itis not the case that/T € Type?. (1 £ QAYT €

Type?. (1 #2Q =7 )ATF2 M : 7= M € P).

Proof:

Let P be WN;. Note thath\y.A\2.@® ¢ WNg and@ F? Ay Az.8® : a — Q — Q is derivable,
wherea — Q — Q #2 Q and by lemma 3.2.6¢ — Q — Q «2 Q — 7/, for all 7 € Type®.
SinceVAR(WNj3, WN3), CLO(WNg, WNg) andSAT(WNg, WNj) hold, we get a counterexample for
Proposition 3.21 of [GLOZ2]. O

Finally, also Ghilezan and Likavec’s proof method for urggigerms fails.

Lemma 3.6. (Proposition 3.23 of [GL02] fails)
Proposition 3.23 of [GL02] which states that % C A is invariant under abstraction (i.dNV (P)),
VAR(P,P) andSAT (P, P) thenP = A” fails.

Proof:

The proof given in [GLO2] depends on Proposition 3.21 whitsf

As VAR(WNg, WNg), SAT(WNg, WNg3) andINV (WN3), we get a counterexample for Proposition 3.23.
0

4. How much of the reducibility method of [GL02] can we salvag?

In this section, we give some indications on the limits of thethod. We show how these limits affect
the salvation of the method, we partially salvage it and wensthat this can now be correctly used to
establish confluence, standardisation and weak head néwmad but only for restricted sets of lambda
terms and types (that we believe to be equal to the set of@yromrmalisable terms). We also point out
some links between the work done by Ghilezan and Likavec laaavbrk done by Gallier.

Because we proved that Proposition 3.23 of [GL02] is false kwow that the set of properties that
a set of termsP has to fulfil in order to be equal to the set of terms of the uetyp-calculus cannot
beINV(P), VAR(P,P) andSAT(P,P). So even if one works on the soundness result or on the type
interpretation (the set of realisers), to obtain the sarseltas the one claimed by Ghilezan and Likavec,
one should come up with a new set of properties.
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Proposition 3.23 of [GL02] states a set of properties charaing the set of terms of the untyped
A-calculus. The predicatéAR (A, A) states that the variables (and the terms of the fenil/; - - - M,,)
belong to the untyped-calculus. The predicatNV (A) states among other things that if a term is-a
term then the abstraction of a variable over this term Astarm too. To get a full characterisation of the
set of terms of the untypeal-calculus, a predicate, sayPP(P), stating that{\e.M)NM; --- M,, € P
if M, N,M,...,M, € P, needs to hold. Note that this predicate cannot be equivedethe sum of
propertiesVAR(P,P), SAT (P, P) andINV (P) since we saw that the Sé&tN satisfies these properties
but is not equal to tha-calculus. Hence, these properties are not enough to dbaszcthe\-calculus.

The problem with these properties is that if one tries toagdvGhilezan and Likavec’s reducibility
method, the propertie§¥AR(P,P) and CLO(P,P) will impose a restriction on the arrow types for
which the interpretation is if¥ (the realisers of arrow types). This can be seen in the ayp& tase of
the proofs of lemmas 4.1.5 and 4.2. We show at the end of thbitosethat even if the obtained result
when considering these restrictions is different from ¢me sens, is an improvement of) the one given
by Ghilezan and Likavec using the type syst&ém', we do not succeed in salvaging their method.

The use of the non-trivial types (we recall the definitiondwél introduced by Gallier [Gal03] are
not much help in this case, because of the precise restrigtiposed byWAR (P, P). One might also
want to consider the sets of properties (we do not recall threthis paper for lack of space) stated in
his work [Gal03], but which are unfortunately not easy toyaréor CR, because a proof af M € CR
for all M € A is required. Moreover, if one succeeds in proving that théattes are included in the
interpretation of a defined set of types containibg— «, wheref is interpreted ad anda asP, then
one has proved thatM/ € P, so that in the casf = CR, we haveM € CR.

It is worth pointing out that a part of the work done by Galli&al03] would still be valid if adapted
to the type systemn?. Gallier defines the non-trivial types as follows:

v € NonTrivial c=a |7 — ¢ | TNy |YNT

Types inType? are then interpreted as follow§a]p = P, [ N 7]p = [r NY]p = [7]p N [¢¥]P,
[r]» = Aif 7 € NonTrivial and[r — ¢]p = {M € P | VN € [r]p. MN € [¢]p}. We can
easily prove that if, <? 7 then[r]p C [r]p. Hence, considering the type systenn? instead of
the type syster®(2, the method of Gallier gets a set of predicates which whesfit by a set of terms
P implies that the set of terms typable in the systen? by a non-trivial type is a subset @f. Gallier
proved that the set of head-normalisixgerms satisfies each of the given predicates.

Using a method similar to Ghilezan and Likavec’s method|i&gbroved also that the set of weakly
head-normalising term&/() is equal to the set of terms typable by a weakly non-triwaktin the type
systemDS2. The set of weakly non-trivial types is defined as follows:

1 € WeaklyNonTrivial :=a |7 = ¢ | Q= Q| tNy |¢YvNT

As explained above, we can try and salvage Ghilezan and ed®wnethod by first restricting the
set of realisers when defining the interpretation of the $éymes inType®. The different restrictions
lead us to the definition ofype® and the following type interpretation:

Definition 4.1. p e Type® =:=a |7 —p|pN7|TNp.

° [[Oz]]% =P.
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° [[7‘1 N Tgﬂ% = [[Tl]]% N [[7—2]]%, if MmN € Type3.
o [7]% = A, if 7 & Type®.
o [t = nlp={MeP|VN c[n]}h MN € [n]}},if ri —m  Type’.

In order to prove the relation between the stronger indadtigpotheses\ AR, SAT andCLO, and
particularly the variable one) and the ones depending oa ityerpretations\(AR?, SAT? andCLO?),
and in order to be able to use these stronger induction hgpethin the soundness lemma, we have to
impose other restrictions.

Definition 4.2. We lety € Type® =:=a | Q| p— ¢ | N7 | TN

WeIetFeB3:{{:z:1 2g01,...,xn:g0n} |V2,j S {1,...,n}.xi=:cj :>90i:g0j}

Let -3 be the relation-2 where(azx) is replaced byaz’) and3? is replaced by33. Let A\n? be the
type system\n? where(ax) is replaced byaz’) andB8? is replaced by3®. Let =% be the relatior=2
where[r]% is replaced byjr]3.

Due to the saturation predicate and its uses, we could impose other restrictions on the type
system. Another alternative is to slightly modify this pieate (in order not to burden ourselves with
another notation for the saturation predicate, we keepdahesame):

Definition 4.3. SAT(P, X) <= (VM,N € A.Vz € V.¥n € N.YNy,..., N, € A.
Mlz := N]N; ... N, € X = (Ae.M)NNy ... N, € X).

We can prove that i € {CR, S, W} thenSAT(P, P) holds.
The next lemma is useful to prove soundness. Particulagfuliss the relation between the old and
the new induction hypothesis.

Lemma4d.l. 1. [r N7l =[n]dN[r]5.
2. [p]% CP.
3. If 1 <? m andm, € Type® thenr; € Type®.
4. If r; <? my then[r]% C [r2].
5. If VAR(P, P) then for allp € Type?, VAR(P, [¢]3).
6. If SAT(P,P) then for allr € Type®, SAT(P, [7]3).
Proof:

1. If 7, N7 € Type® then it is done by definition. Otherwise, 7» ¢ Type®.
Hence[r; N 7]% = A = ANA = [1]% N [m].

2. By induction on the structure of
3. By induction on the size of the derivationaf <? 7, and then by case on the last step.

4. By induction on the size of the derivationaf <? 7, and then by case on the last step.
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5. AssumeVAR(P,P). Letn > 0,z € Vand foralli € {1,...,n}, M; € P. By the hypothesis,
xMy --- M, € P. We prove thattM; --- M, € [[go]}i,’g by induction on the structure of.

6. AssumeSAT(P,P). Letn > 0,z € V, M,N € Aand foralli € {1,...,n},N; € A. We
prove that ifM [z := N|N; --- N, € [7]% then(A\z.M)NN; --- N, € [r]% by induction on the
structure ofr.

O

We now state the soundness lemma;
Lemma 4.2. If VAR(P, P), SAT(P,P), CLO(P,P) andl' -*> M : 7 thenl' =% M : 7

Proof:
By induction on the size of the derivation Bf3 M : 7 and then by case on the last rule used in the
derivation. Cases dealing with¢ Type® are trivial since[[T]}E,’g = A. So we only consider € Type®.

e (az): Letv L T,z : g thenv(z) € [o]%.
e (—g)ByIH, T > M: 7 — mandl =2 N : 7, so by lemma3.1.10 =% MN : 7, (because
if 7, € Type® thent; — 1 € Type?).

e (—r):ByIH,Iz:7m =5 M: 7. Letv =5 I'andN € [r]%. Thenv(z := N) =3 T since
z ¢ dom(T') andv(z := N) 3 z : 7y sinceN € [ri]%. Thereforev(z := N) =% M : 7,
i.e. [M],z.=n) € [m2]3. Hence, by lemma 3.1.1M], (,.— [z := N| € [m2]}. Hence by
applying SAT (P, P) and 4.1.6, we get\z.[M],(;.—,))N € [r]%. Again by lemma 3.1.1,
([Mz.M],)N € [12]3. Hence[Az.M], € {M | VN € [r1]}. MN € [n]%}.
Sincer; € Type®*, by VAR(P, P) and 4.1.5x € [r1]3, hence by the same argument as above
we obtain[M],(,.—y) € [r]3. Sincer; — m € Type® thenr, € Type®, so by CLO(P, P)
and 4.1.2\v.[M],(,.—,y € P and by lemma 3.1.1[A\z.M], € P. Hence, we conclude that
[Az.M], € [ — 12]%.

e (<3): We conclude by IH and 4.1.4

e (Q): This case is trivial because ¢ Type®.
0

The next lemma states that the set of terms satisfying thecGHrosser, the weak head normalisation
or the standardisation properties satisfies the variabteration and closure predicates.

Lemma 4.3. Let P € {CR,S,W}. ThenVAR(P, P), SAT(P,P) andCLO(P, P).
We obtain the following proof method.
Proposition 4.1. If T' -3 M : pthenM € CR, M € S, andM € W.

Proof:
By lemma 4.3, lemma 4.1.2 and lemma 4.2 O

However, we strongly believe that the set of terms typabletintype system with a typg is no
more than the set of strongly normalisable terms.
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5. Reducibility method for the CR proofs w.r.t. 57- and #n-reductions

In this section, we introduce the reducibility semantiastdoth 51- and grn-reduction and establish its
soundness (lemma 5.3). Then, we show that all typable teatisfysthe Church-Rosser property and
that all terms ofAl. (resp.An.) are typable in syster®; (resp.D).

We start by introducing a reducibility semantics for types:

Definition 5.1. 1. Letr € {31, 3n}. We define the type interpretatida-]” : Type! — 2% by:

e [a]" = CR", wherea € A.
o [ont]" =[] N[r]".
e [c—7]"={MeCR"|VN € [o]". MN € [r]"}.

2. AsetX C Alis saturated iff'n > 0. VM, N, M, ..., M, € A.Vr € V.
Mz := N]M;...M, € X = Dz.M)NM, ... M, € X

3. AsetX C Alis I-saturated iftyn > 0. VM, N, My, ..., M, € A.Vz € V.
xefv(M)= M[z:=N|M;...M, € X = (A.M)NM,...M, € X

Here is a background lemma which is familiar to many typeesyst
Lemma5.1. 1. fT'F°1 M :othenM € Al andfv(M) = dom(T").

2. Letl' 9" M : 0. Thenfy(M) C dom(T") and ifT" C T’ thenI’ 57 M : o.

3. Letr e {BI,0n}. T F" M : 0,0 C o’ andl” C T thenT” " M : o',

The next lemma states that the interpretations of types attgaged and only contain terms that
are Church-Rosser. Krivine [Kri90] proved a similar redoit » = 3 and whereCR{, and CR" were
replaced by the corresponding sets of strongly normaliggngs. Koletsos and Stavrinos [KS08] adapted
Krivine's lemma for Church-Rosser w.rf-reduction instead of strong normalisation. Here, we adapt
the result to37 and 3.

Lemmab5.2. Letr € {81, Gn}.
1. Vo € Type'. CR}, C [o]" € CR".
2. CR! is I-saturated.
3. CR""is saturated.
4. Yo € Type'. [¢]°! is I-saturated.
5. Vo € Type'. [0]?" is saturated.

Next we adapt the soundness lemma of [Kri90] to beth andH77.

Lemmab.3. Letr € {BI,0n}. If 21 1 01,...,2p :0p F" M : o andVi € {1,...,n}, N; € [o;]" then
M((z; == Np)f] € [o].
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Finally, we adapt a corollary from [KS08] to show that evezym of A typable in systenD; (resp.
D) has the3! (resp.n) Church-Rosser property.

Corollary 5.1. Letr € {BI,5n}. IfT'+" M : o thenM € CR".

Proof:
LetT' = (z; : 0;)n. Bylemma5.2¥i € {1,...,n},x; € [o;]", so by lemma 5.3 and again by
lemma 5.2 € [o]" C CR". O

To accommodat@ /- and sn-reduction, the next lemma generalises a lemma given irB[¥{rfand
used in [KS08]). This lemma states that every term\bf (resp.A7.) is typable in syster®; (resp.D).

Lemma5.4. Letfv(M) \ {c} = {z1,...,2,} C dom(I') wherec ¢ dom(T").
1. If M € Al thenforl! =T [ fv(M), 30,7 € Type' such that
if ¢ € fv(M)thenT’,c: o F3T M : 7, and ifc & fv(M) thenT’ H537 M - 7.
2. If M € An. theno, 7 € Type! such thaf,c: o F°7 M : 7.

6. Adapting the CR proof of Koletsos and Stavrinos [KS08] tg3/-reduction

Koletsos and Stavrinos [KS08] gave a proof of Church-Rokses-reduction for the intersection type
systemD of Definition 2.4 (studied in detail by Krivine in [Kri90]) ahshowed that this can be used
to establish confluence gkdevelopments without using strong normalisation. In ff@stion, we adapt
their proof to1. First, we adapt and formalise a number of definitions andieshgiven by Krivine in
[Kri90] in order to make them applicable (@/-developments. Then, we adapt [KS08] to establish the
confluence ofiI-developments and hence @f-reduction.

6.1. Formalising3/-developments

The next definition, taken from [Kri90] (and used in [KS08%ps the variableto destroy the3 I-redexes

of M which are not in the sef of j7-redex occurrences i/, and to neutralise applications so that they
cannot be transformed into redexes aftérreduction. For example, in(Az.z)y, c is used to destroy
the GI-redex(A\z.x)y.

Definition 6.1. (®¢(—, —))
Let M e Al, such that ¢ fv(M) andF C RS/

1. If M =z thenF = @ and®‘(z, F) ==

2. If M = Xx.N such thatr # candF = {p | 1.p € F} C R’Jg\,[ then ®¢(\z.N, F) =
Az.D(N, F')

3. M =NP,Fi={p|lpeF} CRY andF = {p | 2.p € F} C R} then

(N, F)O(P, Fy) if0¢F

(NP, F) =
( ) { OC(N, Fp)Pc(P,F2) otherwise
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The next lemma is an adapted version of a lemma which appef{$SD8] and which in turns adapts
a lemma from [Kri90].

Lemma6.1. 1. If M € Al, cgfv(M),andF C Rﬁj then
(@) tv(M) = tv(@°(M, F)) \ {c}.
(b) ®¢(M,F) € Al..
(©) |9°(M, F)|° = M.

(d) |(@°(M, F), Rk

e = I

2. LetM € Al..

(@) [(M, Ry € Ry andM = @(| M, [(M, RA[)[°).

(b) (|M|c, (M, RJQMC) is the one and only paitV, F) such thatV € Al, ¢ & fv(N), F C R]ﬁvl
and®¢(N,F) = M.

The next lemma is needed to defifie-developments.

Lemma 6.2. Let M € Al, such thate ¢ fv(M), F C R, p € FandM 5, M'. Then, there exists
a unique sef’ C R% such thatb®(M, F) ig[ O¢(M', F') and[(®°(M, F), p")|¢ = p.

We follow [Kri90] and define the set gi/-residuals of a set gf/-redexesF relative to a sequence
of 5I-redexes. First, we give the definition relative to one redex

Definition 6.2. Let M € Al, such that & fv(M), F C Rﬁj p e FandM ﬂm M'. By lemma 6.2,

there exists a uniqué” C R% such thatd¢(M, F) iﬁ] (M, F') and|[(@°(M, F),p')|c = p. We
call 7’ the set ofsI-residuals in M’ of the set of 31-redexesF in M relative to p.

Definition 6.3. (G1-development)
Let M € Al wherec ¢ fv(M) and F C Rﬁf A one-stepsI-development of M, F), denoted

(M, F) —gra (M',F'), is apI-reductionM ﬂm M’ wherep € F andF' is the set of3/-residuals in
M’ of the set of3I-redexesF in M relative top. A 3I-developmentis the transitive closure of a one-
step3I-development. We write alsb/ imd M,, for the 3I-development M, F) — 7, (M, Fn).

6.2. Confluence ofs/-developments, hence of/-reduction

The next lemma is informative about developments.

Lemma6.3. 1. LetM € Al suchthat ¢ fv(M)andF C Ry;. Then:(M, F) —¥,, (M, F')
(M, F) —%; (M, F').

2. LetM € Al, such thate ¢ fv(M) andF; C F, C Rﬁ. If (M,F1) —pra (M', F}) then there
existsF, C R’fé, such thatFy C F; and(M, Fa) —ara (M', Fy).

The next lemma adapts the main theorem in [KS08] where asfaedknow it first appeared.
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Lemma 6.4. (confluence of th@[-developfments) -
Let M € Al, such thate ¢ fv(M). If M =314 My andM 3574 Ma, then there exisfF, C R’ﬁl

fé - Rﬁ/g and M3 € Al such thatM; ﬁ[@]d M3 and My i%/gjd Ms.
We follow [Bar84] and [KS08] and define one reduction as folo

Notation 6.1. Let M, M’ € Al, such thate ¢ fv(M). We define one reduction bt/ —; M’ <
AF, F (M, F) —hq (M, F).

Before establishing the main result of this section we nbeddllowing lemma:

Lemma6.5. 1. Letc ¢ fv(M). Then,Rgﬁ(Mg) =0.
2. Letc ¢ fv(MN) andz # c. Then,R2. =o.

&< (M,2)[x:=0¢(N,2)]
3. Lete ¢ fv(M). If p € R5! and®“(M, {p}) —5; M’ thenR’!, = &.

4. LetM € Al such thate ¢ fv(M). If M 25 M’ then(M, {p}) —s14 (M', @).
S —=Er=—1r

Finally, we achieve what we started to do: the confluencgl/efeduction onAl.

Lemma 6.6. Al C CR?!,

7. Generalisation of the method to3n-reduction

In this section, we generalise the method of [KS08] to hapdleeduction. This generalisation is not
trivial since we needed to define developments involvjrrgduction and to establish the important result
of the closure undey-reduction of a defined set of frozen terms. These were tha reasons that led us
to extend the various definitions related to developments.ekkample, clause (R4) of the definition of
An. in Definition 2.2 aims to ensure closure undereduction. The definition oA in [Kri90] excluded
such a rule and hence we lose closure ungezduction as can be seen by the following example: Let
M = Mz.cNx € A, wherex & fv(IN) andN € A., thenM —, cN & A..

First, we formalisedn-residuals angin-developments in section 7.1. Then, we compare our notion
of pn-residuals with those of Curry and Feys [CF58] and Klop [KOp$ section 7.2, establishing
that we allow less residuals than Klop but we believe morgluads than Curry and Feys. Finally, we
establish in section 7.3 the confluencesgfdevelopments and hence @f-reduction.

7.1. Formalising 5n-developments

The next two definitions adapt definition 6.1 to deal wititreduction. The variable enables to destroy
the gn-redexes of\f which are not in the sef of Sn-redex occurrences if/; to neutralise applications
so that they cannot be transformed into redexes dftereduction; and to neutralise bound variables
so A-abstraction cannot be transformed into redexes dftereduction. For example, inz.y(c(cz))

(z # x), cis used to destroy the-redexAz.yzx.
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Definition 7.1. (U¢(—, —), ¥5(—, —))
Letc ¢ fv(M) andF C RY7.

(P1) If M € V\ {c} thenF =23 g and
VM, F)={c"(M)|n >0} U§(M,F)={M}

(P2) If M = \z.N andz # candF = {p | 1.p € F} C23 R :

We(M, F) = {"(A\z.Plz :=c(cz)]) |In>0AP e VN, F)} ifOogF
T {erOaN) [ n > 0A N € U§(N, F')} otherwise
WE(M, F) = {Az.N'[x :=c(cx)] | N' € U¢(N,F)} f0¢F
o {\z.N'" | N" € U§(N, F')} otherwise
(P3) IfM = NP, Fi ={p|1.pecF}C*3 R andF, = {p | 2.p € F} C** R then:
T, F) = {¢"(cN'P") |n>0AN € U¢(N,F) AP € U¢(P,F,)} f0¢F
’ {¢*(N'P") |n>0AN" € UE(N,F) AP € U¢(P,F,)} otherwise
VM. F) = {¢cN'P' | N' € U¢(N,Fi) AP € UE(P,Fy)} if0&F
O (NP N € WE(N, Fy) AP € US(P,F,)  otherwise

The next lemma is needed to defifie-developments.

Lemma7.1. 1. Letc ¢ fv(M)andF C Rﬁ? We have:

(a) WG(M, F) C We(M,F).

(b) VN € (M, F). fv(M) = fv(N) \ {c}.

(c) V¢(M,F) C Ane.

(d) LetM = Nz such thatr ¢ fv(N) U {c¢} and P € W§(M, F). Then,Ry" , = {0} U {1.p |
pE Rg”}.

(e) LetM = Nu. If Pz € ¥¢(Nx, F) thenPx € U§(Nx, F).

() VN € UC(M, F).Vn > 0. *(N) € Ue(M, F).

(@) VN € W¢(M, F). |N|c = M.

(h) YN € U¢(M, F). F = |(N, R

2. LetM € An.. We have:

(@) [(M,RAE € R andM € we(|Me, [(M, RT)[C).

(b) (|M|c, |(M, Rfj>|c> is the one and only paifN, F) such thatc ¢ fv(N), F C R?V” and
M e U¢(N, F).
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3. LetM € A, such that & fv(M), F C Rﬁ}, p e FandM iﬁn M'. Then, there exists a unique
setF' C Rf}, such that for allV € ¥¢(M, F) there existsV' € ¥¢(M', F') andp’ € R]ﬁ\,” such

that N =5, N’ and|(N, p)|° = p.

Definition 7.2. (6n-development)
1. LetM € A, F C Ry, p e FandM L5, M'. By lemma 7.1.3, there exists a uniq@é C R%7,,

such that for allvV € U¢(M, F), there existN' € w<(M', F') andp’ € Rf‘\,” such thatV iﬁn N’
and|(N, p")|¢ = p. We call 7’ the set ofsn-residuals in M’ of the set of fn-redexesF in M
relative to p.

2. Let M € A, wherec ¢ fv(M), andF C Rf} A one-stepgn-development of M, F), de-
noted (M, F) —gua (M',F'), is apn-reductionM %5, M’ wherep € F andF’ is the set of
Bn-residuals inM’ of the set ofgn-redexesF in M relative top. A (n-developmentis the tran-

sitive closure of a one-stepn-development. We write alsb/ ignd M’ for the 3n-development
<M7F> _>*ﬁ17d <M,7f,>'

7.2. Comparison with Curry and Feys [CF58] and Klop [Klo80]

A full common definition of agn-residual is given by Curry and Feys [CF58] (p. 117, 118). An-
other definition ofgn-residual (called\-residual) is presented by Klop [Klo80] (definition 2.4, 42.
Klop [Klo80] shows that each definition enables to proveeddht properties of developments. Fol-
lowing the definition of a3n-residual given by Curry and Feys [CF58] (and as pointed oJCF58,
Klo80, BBKV76)), if the n-redex A\x.(\y.M)x, wherexz ¢ fv(Ay.M), is reduced in the ternP =
(Az.(A\y.M)z)N to give the term@ = (A\y.M)N, then(@ is not afgn-residual of P in P (note that
following the definition of a\-residual given by Klop [Klo80]( is a A-residual of the redex\y.M )x

in P since the\ of the redexQ is the same as th& of the redex(A\y.M)x in P). Moreover, if the
(G-redex (\y.My)x, wherey ¢ fv(M), is reduced in the tern® = Az.(\y.My)x to give the term
Q = \x.Mz, then( is not agn-residual of P in P (note that following the definition of a-residual
given by Klop [Kl080],Q is aA-residual of the redeX® in P since the\ of the redex? is the same as
the \ of the redexP in P). Our definition 7.2.1 differs from the common one stated lyr¢and Feys
[CF58] by these cases as we illustrate in the following eXemp®((Az.(\y.M)x)N, {1,1.0,1.1.0}) =
{*"((Az.(\y.Ply == c(cy)))z)Q) | n > 0A P € ¥¢(M,2) ANQ € VN, D)}, wherezx & fv(Ay.M).
Letp = 1.0 then(Az.(A\y.M)z)N L5, (\y.M)N.

Moreover, Py = c"((Az.(A\y.Ply = c(cy)])x)Q) iﬂn "((A\y.Ply = c(cy)])@) such thatn > 0,

P e V¢(M,2),Q € YN, ), (P, p")|¢ = |(P,2".1.0)| = p (using a lemma stated and proved in
the long version of this article) andt ((\y.P[y := ¢(cy)])Q) € V¢((Ay.M)N,{0}).

Let us now compare our definition pfy-residuals to the one given by Klop [Klo80}-fesiduals).
We believe that we accept more redexes as residuals of a saledes than Curry and Feys [CF58] (as
shown by our examples given earlier on in section 7) and less Klop.

We introduce the two calcult and A7, which are labelled versions of the calciliand A7,
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t e A n= x| gt | tite

v € ABS, = MZ.wT | \yZ.u[T = c(cT)], wherez ¢ fv(w)
w € APP. = wv]cu

u €  Ane n= Z|v|wulcu

wherez, j € V \ {c}. Note thatABS, C APP, C A7, C A.

The labels enable to distinguish two different occurrerafes\.

Since these two calculus are only labelled versiond aind A7, let us assume in this section that
the work done so far is true whehansA, are replaced byx andAr...

Klop [Klo80] defines his\-residuals as follows:

“‘Let R =My — My — ... — M — ... be aBn-reduction,R, a redex inM, and Ry,
a redex inM;. such that the head-of R;, descends from that ag,.
Regardless whethdk,, R, are- or n-redexes Ry is called a\-residual ofRy viaR.”

We define the head-of a gn-redex by:headlam((\,x.t1)t2) = (1,n) andheadlam(\,z.tgz) =
(2,n), if = & fv(ty). If F C RP" we defineheadlamred(t, F) to be{(i,n) | 3p € F. headlam(t|,) =
(i,n)}. We definehlr(¢) to beheadlamred (t, RP™).

The following lemma states the equality between the héaaf a setF of gn-redexes of a term
and the headv's of the Gn-redexes of any term in the application of the functio to ¢t and F:

Lemma7.2. Letc & fv(t) andF C RY7. If u € Ue(t, F) thenhlr(u) = headlamred (¢, F).

The following lemma states that if a term in A7, reduces to a term’ then the set of headl's of
the Bn-redexes of// is included in the set of healls of the 37-redexes ofu;.

Lemma 7.3. If uy € An. andu; g, ' thenhlr(u’) C hlr(uy).

Let us now prove that, following our definition, the set of tees of the gn-residuals of a set of
Bn-redexes in a term is included in the set of heéslef the considered set gin-redexes.

Lete & fv(t), F C Rf” andt &gn ' then by definition 7.2.1, there exists a uniqéé C Rf”,
such that for alk, € We(¢, F) (by lemma 7.1.1cy € An.), there exist € Ue(t, F') andp’ € R
such thatu %5, ' and|(u, p’)|° = p. The setF’ is the set ofn-residuals in’ of the set of redexes

Fin t relative top. By lemma 2.1.3¢ ¢ fv(t'). By definition W¢(¢, F) is not empty. Letu € We(t, F)

then there exist/ € We(¢, ') andp’ € RS" such thatu ign v and|(u, p’)|* = p. By lemma 7.3,
hlr(v’) C hlr(u). So, by lemma 7.2yeadlamred(t’, ') C headlamred(t, F).

However, this is not enough to match Klop’s definition)efesiduals. As a matter of fact, we can
find t and F such that, following Klop’s definitionpy € Rf” and pg is a A-residual of F via p but
po & F'. For example: Let = (\gz.zy)(A\12.92) ggn (Mzyz)y = t'. Let F = {0,2.0}. Then
Ue(t, F) = {((Aoz.c™((2)y)) (" (A12.c™T(y)2))) | n1,n2,n3,n4 > 0}, Letu € Ue(t, F),
thenu = ™ ((\gz.c™2(c3(2)y)) (™ (A\12.¢ T (y)z))) such thatny, ny, n3,ng > 0. We obtainu =
A (Mox.c™2(c(2)y)) (™ (A 2. (y)2))) &ﬂn cutnz(cnst3 (N z.ct(y)z)y) = o' such that
po = 2™.0. ThenF' = {1.0} is the set ofn-residuals int’ of the set of redexe§ in ¢ relative to
p. But0 is aA-residual ofF via 0 and0 ¢ F.
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It turns out that, though ousn-residuals are\-residuals, the opposite does not hold. For example:

t = A2 (Am3.20)% 35 A2z = ' and0 € RI, butu = A\p.(Ang.c2(c(cy))) € We(t,{0,1.0})

andu = A\ Z. (A g.cz(c(cy)))x 1—'95” AnZ.cz(c(ex)) = v and0 ¢ Rg?
7.3. Confluence ofsn-developments, hence ofn-reduction

The next lemma is informative abogdg-developments.

Lemma7.4. 1. LetM € A, wherec & fv(M), andF C Rﬁ} Then:
(M, F) =}y (M',F') <= 3N € U¢(M, F). IN' € W(M', F'). N —% N’

2. LetM € A, such that ¢ fv(M) andF; C F, C Rﬁ}. If (M, F1) —pna (M',F7) then there
existsF} C Rf} such thatF, C F; and(M, F) —gpa (M', Fy).

Lemma 7.5. (confluence of thén—develogments)
Let M € A such thate ¢ fv(M). If M =3, My and M ﬁﬁnd M, then there exisfF; C Rﬁz

Fi C R% andMj3 € A such thatM; ﬂgnd M3z and M, i%ﬁnd Ms.
Notation 7.1. Letc & fv(M). M —y M' <= 3F,F' (M, F) —%, , (M', F").

The next lemma is needed for the main proof of this sectioe: Ghurch-Rosser property of the
untypedA-calculus w.r.t Gn-reduction.

Lemma7.6. 1. Letc & fv(M). VP € U¢(M, ). Ry = @.
2. Lete ¢ fv(M) Utv(N) anda # c. VP € W*(M,2). ¥Q € ¥*(N,2). R}, _ o, = &.
3. Lete & fv(M). If p € Ry, P € U¢(M,{p}) andP —3, Q thenR{) = &,

N

. Lete ¢ fv(M). If M L5, M’ then(M, {p}) —p,a (M, D).
5, —)En:—)f
Finally, here is the main result of this section.

Lemma 7.7. A C CR"",

8. Conclusion

Reducibility is a powerful method and has been applied tegusing a single method, a number of prop-
erties of theh-calculus (Church-Rosser, strong normalisation, etdijs paper studied two reducibility
methods which exploit the passage from typed (in an intdsetype system) to untyped terms. We
showed that the first method given by Ghilezan and LikavecO&lfails in its aim and we have only
been able to provide a partial solution. We adapted the skowthod given by Koletsos and Stavrinos
[KS08] from S to G1-reduction and we generalised it ty-reduction. There are differences in the type
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systems chosen and the methods of reducibility used by gamniland Likavec on one hand and by Ko-
letsos and Stavrinos on the other. Koletsos and StavriresysientD [Kri90], which has elimination
rules for intersection types whereas Ghilezan and Likawesc\m and A\N*? with subtyping. Moreover,
Koletsos and Stavrinos’s method depends on the inclusidypable A-terms in the set oA-terms pos-
sessing the Church-Rosser property, whereas (the worldrtgpf) Ghilezan and Likavec’s method aims
to prove the inclusion of typable terms in an arbitrary stiledéhe untyped\-calculus closed by some
properties. Moreover, Ghilezan and Likavec considerVA&R(P), SAT(P) and CLO(P) predicates
whereas Koletsos and Stavrinos use standard reducibiétyads through saturated sets. Koletsos and
Stavrinos prove the confluence of developments using thituemte of typable\-terms in systen® (the
authors prove that even a simple type system is sufficiertig ddvantage of Koletsos and Stavrinos’s
proof of confluence of developments is that strong normtidisas not needed.
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