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What is pLog?

* Funlog renamed to pLog

* a system for rule-based programming, implemented in

Mathematica.

* rule: labeled specification of a partially defined,

possibly non—-deterministic computation:

| :: patt —rhs

[— -

nane code
patt — specifies the shape of an expression

rhs — expression encoding a computation

Rule-based programming in pLog

Basic Usage

Rules are applied to input expressions

Appl yRul e[expr, | 1;
Appl yRul eLi st [expr, | ];

Example: a non—deteministic rule

select an arbitrary argument {; of an expression of the form f(tl s eees tn) , T constant
select :: f (., X, ..) —>X
f (., X, o) —select X

f (2, 5, a, 10) —select 2

<< RhoLog® RhoLog™ (* | oadi ng the system )

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Decl areRul e[f [ , X_, ___]1w=x, "select"];

E.=f[2, 5 a 10, 2+b];

Appl yRul e[E;, "sel ect"]

- found-

Appl yRul eLi st [E;, "sel ect"]

(2, 5, a, 10, 2+b}

Example: a partial defined rule
select an arbitrary argument {; of an expression of the form f(tl s eees tn) , fa constant

select :: f (.., X, ..) > X

E2=g[a, b, C]:

Appl yRul e[E, "sel ect™]

- not found-

gla, b, c]

Remark

The binary reduction relation —,; associated with a rule [ can be:
* partially defined and

¢ non-deterministic.
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Rule-based programming in pLoOg (ctd.)

Combining rules
Alternatives: —y .1, = —,U... U —,
Composition: —y., := — °© —,
Using reflexive—-transitive closures:

—Repeat([l;,l] = _>71 ° >,

—Untilll,L] ‘= L ° kL
Normal forms: —nrgu = {(E, E)|AE': E—(E"},

—NF[l] (= — ° ~ONFQ[l]
Rewrite rule induced by I:

—rwiy = {(E, E")|3Ap:(Elp —1E) A (E" = E[E']p)}
in pLog, Rw[1] is the [ declared by RWRule[ . 1]

Aliases: — = —y, if lis an alias of I3

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Programming Example 1

Sorting integers by means of sequence variables

(X, mYVy,n 7} —psort {X, N, ¥y, m7Z} if m>n

DeclareRule[{x__, m, vy, n_,z__}/; (m>n)= {X,n, y, mz}, "b-sort"];

L:= {30, 4, 13, 26, 8, 45};

1st Variant

Repeat[b-sort, Identity]

Decl areRul e[x_ = x, "ldentity"];
Appl yRul e[L, Repeat ["b—sort", "ldentity"]]

{4, 8, 13, 26, 30, 45}

2nd Variant

L —nrib-sort] L' iff L'is the sorted version of L; —ngjp-sort] is confluent

Appl yRul e[L, NF["b-sort"]]

(4, 8, 13, 26, 30, 45)

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Programming Example 2

Joinability test in non-commutative group theory

f (f (X! Y), Z) HA": <X1 f (y! Z))l
f (X, e) —n X,
f(x, i (X)) — e.

DeclareRul e[f [f[x_, y_1, z_1=f[x, fly, z]1, "A"1;
Decl areRul e[f [x_, €] =X, "N'];
Decl areRul e[f [x_, i [x_]]1=e€e, "I"1;

Decide whether s =f (f(a,e),i(a)) andt =f(f(e, b),i (b)) are joinable in the group theory.

SetAlias["A" |"N'" |"I", "G'];

RWRul e["G', "G oup", Traversal -»"LeftQut"];
Decl areRul e[eq[x_, x_] = True, "EQ"1;
SetAlias[until ["Eq", "G oup"], "Join"];

s:=f[f[a, e], i[a]];
t :=f[f[e, bl, i[b]l;
P1:=eq[S, t1;

The following call will return Tr ue iff S and t are joinable.

Appl yRul e[P;, "Joi n"]

--found--

True
Why? Because —join = _>*Cyroupo —Eq and

eq(f(f(a e),i(x)),f(f(e y),i(y))) —aouw
eq(f(a i(a)),f(f(e y),i(y))) —aouw
eq(e, f(f(e b),i(b))) —aou
eq(e,f(e, f(b,i(b)))) —aou
eq(e, f(e e)) —aouw

eq(e, e) —gqTrue

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Deductive and Proof Capabilities

Given an expression E and a rule 1

Decide whether the formula Ix : E —; x is valid or
not.

If requested, provide the following:

(1) a witness E' for x, such that E —E’,
(2) thelist{E' | E —; E'},

(3) a proof for the decision.

* 6 inference rules in pLog

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Deductive and Proof Capabilities (1)

Given an expression E and a rule 1

Decide whether the formula Ix : E —; x is valid or
not.

If requested, provide the following:

(1) a witness E' for x, such that E —E’,

ApplyRule[E, ]

gives (DE'st. E— E' if Ax :E— x isvdlid,
(2) E, otherwise.

X AY —cVY AX

ApplyRule[ A A B, NF[ "c"] |;

ApplyRule[E, [, MaxDepth — value]

(2) the list {E' | E —; E'},

(3) a proof for the decision.

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Deductive and Proof Capabilities (2)

Given an expression E and a rule 1

Decide whether the formula Ix : E —; x is valid or
not.

If requested, provide the following:
(1) a witness E' for x, such that E —E’,

(2) the list{E' | E —; E'},

ApplyRuleList[E, []

givesthe(possibly empty) list{E' | E — E'}.

Appl yRul eLi st [eq[f [f [e, y], i [Y]l], x], "Join"]

ApplyRuleList[E, [, MaxSols — nnn, MaxDepth — value]

givesthefirstnnnvaluesof {E'| E — E'}.

Print [Ey];
Print [Appl yRul eLi st [E;, "select"]11;
Appl yRul eLi st [E;, "select”, MaxSol s » 2]

{E'| E— E'} # {}JthenAx:E— x isvald.
* Thesearchisexhaustive

(3) a proof for the decision.

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Deductive and Proof Capabilities (3)

Given an expression E and a rule 1

Decide whether the formula Ix : E —; x is valid or

not.

If requested, provide the following:
(1) a witness E' for x, such that E —E’,
(2) thelist{E' | E —; E'},

(3) a proof for the decision.

ApplyRule[E, 1, TraceStyle — value]

ApplyRuleList[E, [, TraceStyle — value]

value € { "None", " bj ect", " Conpact ", " Ver bose" }
¢ a proof object generated

¢ proof objects are the internal encodings of deduction trees.

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Proofs: Example

A o x,y), z) =1 (x, Ty, z))
N o f(x, e)— X

I o 1 (X)) — e

Eq o = (X, X)— True

G o AN
Goup :: Rw[G]

Join :: Repeat [Goup, Eq]

Ix: =(f (f (a, e), i (a)), f (f (e, b), i (b))) —30in X

P1

eq(f [f [a, e], i[a]], f[f[e, b], i[b]]]

"Verbose" presentation

| Appl yRul e[P1, "Join", TraceStyl e » " Verbose" ]
-success -
See Appendix 1 for the content of the output notebook.

"Compact" presentation

| Appl yRul e[Py, "Join", TraceStyl e » " Conpact" ]
-success -

See Appendix 2 for the content of the output notebook.

Appl yRul e[eq[f [f [a, e], i [al], c], "Join", TraceStyl e » " Conpact" ]

-failure -

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Deduction Tree and Proof Example

fi:(~0,00 >R, f1(X)=x+7
foi(—00,1)> R, fo(X)=x+4
g:(0,0)>R, gX)=x/2

f:R->R, f(X)=fi(X)orf,(x),
h:R - R, h(xX)= g(f (x)).

Problem: Program a rule that behaves like 'h'.

Answer: Rule "fg" declared below.

Decl areRul e[x_Real /; (x<0) »x+7, "f1"];
Decl areRul e[x_Real /; (x<1) =»x+4, "f2"];
Decl areRul e[x_Real /; (x>0) »x/2, "g"1;
SetAlias["f1" |"f2", "f"];
SetAlias["f" o"g", "fg"];

The deduction treefor 4 x: —4.2—g X is:

2.8 —bugr 1.4

el o 2 :2.8 —ege x e e 'z : —0.2 —nge
Fz:—-4.2 —*rgirorgt T Pz:—-4.2 —Fuggugnge T
' 1 —4.2 > (eggmorge)|(ne2romgn) T
32 1 —4.2 —(ngyungan)ongs T
'z : —4.2 Suguguge T
Fr: —4.2 Seggn T

Presentation styles

"Compact"

Appl yRul e[ 4.2, "fg", TraceStyl e » " Conpact" 1;

See appendix 3 for the content of the output notebook.

©1988-2003 Wolfram Research, Inc. All rights reserved.
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"Verbose"

Appl yRul e[ 4.2, "fg", TraceStyl e » " Verbose"];

See appendix 4 for the content of the output notebook.

"Object"

| Appl yRul e[ 4.2, "fg", TraceStyle - "Object"];

$SNODE ({-4.2, {fg, fog, (f1|f2)ecg, flog|f20g}, 1.4},
$SNODE ({-4.2, floqg, 1.4}, $SNODE({-4.2, (f1, 2.8, g), 1.4})))

Conclusions and Future Work

* modelling non—-deterministic and/or partial computations

* pLog as a reasoner programming tool

¢ control mechanisms for pattern matching with sequence variables
(Sequentica)

e http://heaven.ricam.uni-linz.ac.at/people/page /marin/Rhol.og/

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Appendix 1

Find an expression e such that:

eq(f [f[a, e], i[a]], f[f[e, b], i[b]]] — €

Join
Solution(s):
True
Justification:
eq(f [f [a, e], i[a]], f[f[e, b], i[b]]] Jo ?
which is
eq(f [f [a, e], i[a]], ffle, b], i [b]]] ooy ?
because

Join—2", until [Egq, Group] LN Eq | GoupoUntil [Eq, Goup]

Then
eq(f [f[a, e], i[a]], f[f[e, b], i[b]]] & oupsUnti | [Eq. G oup) ?
which is
eqf [f [a, e], i [a]], T[f[e, D], i[b]]] Rwe ( (G| SEL [Group])oUnti | [Eq, Group]) ?
because

GoupouUntil [Eq, Goup] —=" (Rwo (G| SEL[Group])) oUntil [Eq, G oup] —=",

Rwe ((G| SEL[G oup]) oUntil [Eq, G oup])

Then
eq[f [f [a, e], i[a]], f[f[e D], i[b]]] (GISEL[G oup]) ~Unt 11 [0, & oup] ?
which is
eqrf [f [a, e, i[all, T If[e, b], i [b]]] GoUnti | [Eq, Group] |SEL[Group]oUnti | [Eq, Group] ?
because

(G| SEL[Group]) oeUntil [Eq, G oup] LN

GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]

Then
eq[f [f [a, e], i [a]]l, f[f[e, b], i [b]]] ?

SEL [Group]oUntil [Eq, Group]

©1988-2003 Wolfram Research, Inc. All rights reserved.
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We choose a subexpression:

eq[f [f [a, e], i [a]]l, f[f[e, b], i[b]]] SEL (G oup)

eq(f [f [a, e], i[a]], f(f([e, b], i[b]]]

and
eq(f [f [a, e], i[a]]l, f(fle, b], i[b]]] (GISEL[G oup])-Unt i1 [E9. G oup] ?
which is
eq(f [f [a, e], i [a]], T [f[e, b], i(b]]] GeUnti | [Eq, Group] |SEL[Group]eUntil [Eq, Group]
because
(G| SEL[Group]) eUntil [Eq, Goup] LN
GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]
Then

eq(f [f [a, e], i [a]]l, f([fle, b], i[b]]] SEL[Group]-Unti | (59, & oup, ?

We choose a subexpression:

eq[f [f [a, e], i [a]], f[f[e, b], i[b]]] SEL[Goup)

eq(f [f[a e], i[a]], f(fle, b], i[b]]]

and
eq[f [f [a’ e]’ : [a”' f[f [e' b]’ : [b]” (G|SEL[Goup])eUntil [Eq, Goup] ?
which is
eq[f [f [a, el, T [a]], f [f e b]’ ! [b]” GeUntil [Eq, G oup] |SEL[Group]oUntil [Eq, Group]
because
(G| SEL[Group]) oeUntil [Eq, G oup] LN
GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]
Then
eq[f [f [a, e], i[a]], f[f[e, b], i[b]]] m ?
which is
eq(f [f [a, e], i[a]],
f[f [e, b},i[b}]} - - - ?
AoUntil [Eq, Group] |NeUntil [Eq, Group] |l oUntil [Eq, Group]
because
GoUntil [Eq, G oup] LN
(AIN|1)oUntil [Eq, Group] — 2" (A|N|1)oUntil [Eg, Goup] 2
AoUntil [Eq, G oup] | NeUntil [Eq, Group] || ecUntil [Eq, G oup]
Then

?

?

©1988-2003 Wolfram Research, Inc. All rights reserved.
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eq(f [f [a, el, i[a]], f[f[e, b], i[b]]] m ?

We can rewrite:

Then

Then

Then

eq(f [f [a, e], i[a]], T [f[e D], i[b]]] —> eqlf[a ifa]], f(f[e D], i[b]]]

and

eqlf [a, i [a]], f[f e, bl, i (b]]] Grrmgon ?

which is

eq(f [a, i[a]], f[f[e bJ, i[b]]] Eq1G oupUnt i1 (59, G oup] ?

because

Until [Eq, Group] LEq | GoupeUntil [Eq, Goup]

eqlf (a, ifa]], f[fle b], 1 [b]]] Gty ?

which is

eqlf (a ifa]], f[f (e b], i[b]]] Rwe ( (G|SEL [Group])eUntil [Eq, Group]) ?
because

GoupoUntil [Eq, G oup] L (Rwe (G| SEL[Group])) oUntil [Eq, Group] »L

Rwe ( (G| SEL[Group]) oUntil [Eq, G oup])

eqlf fa, i[all, f(f (e bl, i[bll] (GISEL[Group])eoUntil [Eq, Group] ?

which is

eqlf [a, i [a]], f[f[e, b], i [b]]] GeUnti | [Eq, Group] |SEL[G oup]oUntil [Eq, Group] ?
because

(G| SEL[Group]) oUntil [Eq, Group] —='

GoUntil [Eq, Group] | SEL[G oup] eUntil [Eq, G oup]

€q [f [a, ! [all, f[f (e, b]’ i [b]]] SEL [Group]oUntil [Eq, Group] ?

We choose a subexpression:

and

eqlf [a, i[a]l], f[f[e, D], i[b]]] SEL[Group, eq(f[a, if[all, f(f[e b}, i[b]]]

eq[f [a, ! [all, f[f (e b]’ i [b]H (G|SEL [Group])eUntil [Eq, Group] ?

©1988-2003 Wolfram Research, Inc. All rights reserved.
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which is

i i 2
eq(f [a, i [a]], f[f[e, D], i[b]]] GoUnti | [Eq, Group] |SEL[Group]oUntil [Eq, Group]

because

(G| SEL[Group]) oUntil [Eq, Group] —='

GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]

Then
eqlf [a, i[al]], f(f[e DbJ, i[b]]] T ET T ——" ?
which is
eq(f fa, ifall, f[fle b], i[b]]] AoUnti| [Eq, Group] |NeUntil [Eq, Group] |l oUntil [Eq, Group] ?
because
GoUntil [Eq, G oup] e,
(AIN|1)oUntil [Eq, Goup] —' 5 (A|N|1)oUntil [Eq, Goup] —='
AoUntil [Eq, G oup] | NeUntil [Eq, Group] || eUntil [Eq, G oup]
Then

eq(f [a, i[al], f[f[e, b], i[b]]] m ?

We can rewrite:

eq(f [a, i[a]]l, f[f[e b], i[b]]] —> eq[e, f([fle, b], i[b]]]

and

eqle, f(f (e, bl i (b)]] Griggom 2

which is

i ?
eQ[e' f[f e, b]’ ! [b]” Eq |G oupeUntil [Eq, Group] '

because

Until [Eq, Group] LEq | GoupeUntil [Eq, Goup]

Then
eqle, f[f (e, b], i [b]]] GroupeUntil [Eq, Group] ?
which is
eqle, f[f (e, b], i [b]]] Rwe ( (G| SEL [Group])eUntil [Eq, G oup]) ?
because

GoupeoUntil [Eq, G oup] LN (Rwe (G| SEL[Group])) oUntil [Eq, G oup] LN

Rwe ( (G| SEL[Group]) ocUntil [Eq, G oup])

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Then
eqle, f[f e, b], i [b]]] (GISEL[Group])eUntil [Eq, Group] ?
which is
eqle, f[f e, b], i [b]]] GoUnti | [Eq, Group] |SEL [Group]oUntil [Eq, Group] ?
because
(G| SEL[Group]) oUntil [Eq, Group] —='
GoUntil [Eq, Group] | SEL[Group] eUntil [Eq, G oup]
Then
eqle, f [f[e, b]l, i[b]l]] ?

SEL [Group]eUntil [Eq, Group]
We choose a subexpression:

eqle, f[f[e, b], i [b]]1] ————— eq[e, f[f[e, b], i [b]]]

SEL [Group]
and
i 2
eqle, f[f (e, b]’ : [b]]J (G|SEL[Group])eUntil [Eq, Group] ’
which is
; ?
eqle, f[f (e, b]’ : [b]]J GeUntil [Eq, Goup] |SEL[Group]oUntil [Eq, Group] '
because
(G| SEL[Group]) oeUntil [Eq, G oup] LN
GoUntil [Eq, Goup] | SEL[{G oup] eUntil [Eq, G oup]
Then
i 2
eqle, f[f[e, bl, i[b]]] m ?
which is
i 2
eqle, f[ffe, bl i[b]]] AoUnti | [Eq, Group] |NeUntil [Eq, Group] |l oUntil [Eq, Group]
because
. def
GoUntil [Eq, G oup] ———
(A|N|1)oUntil [Eq, Goup] —2" 5 (A|N|1)oUntil [Eq, Group] —'
AoUntil [Eq, G oup] | NeUntil [Eq, Group] || oUntil [Eq, G oup]
Then

eqle, f[f[e, b], i[b]]] ——————> ?

AoUnti | [Eq, Group]
We can rewrite:

eqle, f[f[e, b], i[b]1] — eqle ffle f[b, i[b]]]]

©1988-2003 Wolfram Research, Inc. All rights reserved.
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and

eqle, fle, fib, i[b]]]] Unti 1 [Eq, G oup] ?

which is

eqle, fle, f([b, i[b]]]] Eq1G oupent i1 [Eq, G oup] ?

because

Until [Eq, Group] LEq | GoupeUntil [Eq, Group]

Then
eqle, fle, fib 1 [DI]] Go e oo -
which is
eqle, fle, f[b, i[b]]]] Rwe ( (G| SEL [Group]) oUnti | [Eq, G oup]) ?
because

GoupouUntil [Eq, Goup] —=" 5 (Rwo (G| SEL[Group])) oUntil [Eq, G oup] —="

Rwe ((G| SEL[G oup]) oUntil [Eq, G oup])

Then
eqre, fle, f[b, i[b]]]] (G|SEL [Group])oUntil [Eq, Group] ?
which is
eqre, fle, f[b, i[b]]]] GoUnti | [Eq, Group] |SEL [Group]oUntil [Eq, Group] ?
because

(G| SEL[Group]) oUntil [Eq, Group] —='

GoUntil [Eq, Group] | SEL[G oup] eUntil [Eq, G oup]

Then

eqle, f[e, f[b, i [b]]]] ?

SEL [Group]oUntil [Eq, Group]

We choose a subexpression:

eqle, f e, f[b, i[b]1]1] ——— eqfe, f[e f[b, i[bl]1]]

SEL [Group]
and
eqle, fle, b, i [b]]]] (G|SEL [Group])oUntil [Eq, Group] ?
which is
eqle, fle, b, i [b]]]] GoUnti | [Eq, Group] |SEL [Group]oUntil [Eq, Group] ?
because

©1988-2003 Wolfram Research, Inc. All rights reserved.
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(G| SEL[Group]) oUntil [Eq, Group] —=',

GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]

Then

i ?
eQ[e' f[e‘ f[b' ! [b]]]} SEL [Group]eUntil [Eq, Group] ’

We choose a subexpression:

eqle, f[e, f[b, i[b]]1]1] —— eqfe, f[e, f[b, i[bl]1]]

SEL [G oup]
and
i ?
eqle, f e, f[b' : [b]]” (G|SEL[Goup])eUntil [Eq, Group] )
which is
i ?
eqle, f e, f [b' : [b]]” GeUntil [Eq, Goup] |SEL[Group]oUntil [Eq, Group] '
because
(G| SEL[Group]) eUntil [Eq, G oup] LN
GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]
Then
i ?
eqre, fle, f[b, i[b]]]] T TR— (Eq.Goup]
which is
i ?
eqle, fle, b, i[b]]]] AoUnti | [Eq, Group]|NeUntil [Eq, Group]|loUntil [Eq, Group]
because
. def
GoUntil [Eq, G oup] ———
(AIN|1)oUntil [Eq, Group] —' 5 (A|N|1)oUntil [Eq, Group] —=',
AoUntil [Eq, G oup] | NeUntil [Eq, Group] || oUntil [Eq, G oup]
Then

eqle, f[e, f[b, i[b]]]] ———— 7

I oUntil [Eq, Group]

We can rewrite:

eqle, f e, f[b, i [b]]]] — eqle, f[e, e]]

and

_ 5 ?
eate, f[e’ el Until [Eq, G oup]

which is

eqle, f[e, e ?
ql [ 1] Eq|GroupeUntil [Eq, Group]

because

©1988-2003 Wolfram Research, Inc. All rights reserved.
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Then

Then

Then

Until [Eq, Group] LN Eq | GoupoUntil [Eq, G oup]

eqle, fle, e]] G oupeUnti | [Eq, Group] ?

which is

eqle, f[e, e]] Rwe ( (G|SEL (G oup])Unt i1 [Eq, G oup]) ?
because

GoupeoUntil [Eq, G oup] L (Rwe (G| SEL[Group])) oUntil [Eq, Group] »L

Rwe ( (G| SEL[Group]) oUntil [Eq, G oup])

eqle, f e, e]] (GISEL[Group])eUntil [Eq, Group] ?

which is

eqle, fre, ej] GoUnti | [Eq, Group] |SEL[Group]eUntil [Eq, Group] ?
because

(G| SEL[Group]) oUntil [Eq, Group] —='

GoUntil [Eq, Group] | SEL[G oup] eUntil [Eq, G oup]
eqle, f[e, e]] ?

SEL [Group]oUntil [Eq, Group]

We choose a subexpression:

and

Then

eq[e, f[e, e]] ———— eq[e, f[e, e]]

SEL [Group]
eqle, f[e, e]l] (GISEL [Group))-Until [Eq, Group] ?
which is
eqle, fle, ell o5 (E4, G oup] [ SEL (G oup] Unt 1 (6, Goup]
because

(G| SEL[Group]) eUntil [Eq, G oup] et

GoUntil [Eq, Group] | SEL[{G oup] eUntil [Eq, G oup]

eqle, f[e, e D Y
ql [ 1] GeUntil [Eq, Group]

which is

eqle, f[e, e]] - - . ?
AoUnti | [Eq, Group] |NeUntil [Eq, Group]|loUntil [Eq, Group]
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because

GoUntil [Eq, G oup] B

(AIN|1)oUntil [Eq, Group] —=' 5 (A|N|1)oUntil [Eq, Group] —=
AolUntil [Eq, G oup] | NeUntil [Eq, Group] || oUntil [Eq, G oup]

Then

eqle, f[e, e B Y
ql [ 1] NeUnti |l [Eq, Group]

We can rewrite:

eqle, f[e, e]l] v eqle, €]

and

eqle, ] ———— ?
ql ] Until [Eq, G oup]

which is

eqle, e] - ?
Eq|GroupeUntil [Eq, Group]

because

Until [Eq, Group] LEq | GoupeoUntil [Eq, Goup]

Finally we have

eq[e, e] — True
Eq
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Appendix 2

Find an expression e such that:

eq(f [f[a, e], i[a]], f[f[e, b], i[b]]] — €

Join
Solution(s):

True

Justification:

eq(f [f [a, e], i[a]], f[f[e b], i[b}]] —> eqlfra i[a]], f(frle, bJ, i[b]]]
eq(f [a, i [all, f(f[e b], i[b]]] > eqle f([f[e b], i[b]]]

eqle, f[f[e, b], i[b]]1] — eqfe, f[e, f[b, i[b]]]]

eqre, fre, f[b, 1 [b]1]] > eqrle, e, e]]

eqle, f[e, e]l] v eqle, €]

Finally we have

eq[e, e] — True
Eq

Appendix 3

Find an expression e such that:

-4,2 — e
fg

Solution(s):

1.4

Justification:
Finally we have

-4.2 — 2.8
fi

and

2.8 — 1.4
9
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Appendix 4

Find an expression e such that:

-4.2 — e
fg

Solution(s):

1.4

Justification:

-4.2 — ?
fg

which is

—_— ?
flog|f2eg

because

fg def fog: def (fl\fz)ogrLflog\fZ"g

Then

4.2 — ?
fleg

Finally we have

-4.2 — 2.8
f1

and
2.8 — 1.4
g
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