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Overview

Mathematical Assistant Environments

The MEGA Project

Mathematical Assistant In-the-small
— research directions since early 90s —

Mathematical Assistant In-the-large
— novel research directions —

L essons Learned

QI\/IEGA
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Mathematical Assistant A nveca

Mathematical Assistant (MA)
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Integrated computer-based support
for most work tasks of a
mathematician

After enthusiasm of the 50s and 60s
deduction systems area fragmented
Into sub elds (similar to Al)

Driving forces in reverting this trend:
MKM: top-down
CALCULEMUS: bottom-up

Source: Autexier, Benzmuiller
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Mathematical Assistant A MeEcAa

Integrated
Mathematical Assistance Environment

Interaction Modelling Presentation Communication Applications

- Mathematics research
Q Q Q - Mathematics education
O O O - Formal Methods, Bio-Informatics

c Q Join of ressources necessary
) %)
= = - System level
Q Q o} Coq, NuPrl, Isabelle/HOL, PVS,
= S Theorema, OMEGA, Clam, ...
o @
- Networks
O Calculemus, MKM, Monet,
MoWGLI, ...
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Abstraction Deduction | Computation

Versus
'‘Pen-and-Paper
Mathematics

UNIVERSITAT
DES
SAARLANDES

Source: Autexier, Benzmiiller September 25th, 2003 — p.3



Mathematical Assistant In-the-small

Research directions Iin the MEGA project
since the early 90s
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Proof Planning @ meca
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MEGA born in early 90s; inspired by [Bundy88]
paradigm shift from classical FOL ATP to proof planning in HOL
MEGA aspects:

declarative, domain speci ¢ control layer

strategy = domain speci ¢ instantiation of a general proof search
algorithm with set of proof methods and control information

multi-strategy proof planning
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Proof Planning D veEcAa
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MEGA aspects (cont'd):
explicit representation of proof plans

under-speci cation of
pre-conditions: potentially
non-sound proof plans

soundness guaranteed via . ..
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Proof Planning
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QMEGA

... proof (plan) expansion over ...
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Proof Planning D veEcAa
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...over different levels of
granularity

expansion = local proof search /
proof construction problem

may employ external reasoners
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Proof Planning MEGA
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. nal veri cation in OMEGASs base
calculus (a higher-order ND variant)

expansion typically fails early!
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Proof Planning MEGA

Main References
[MelisSiekmann-AlJ-99] Knowledge-based proof planning
[Meier-Diss-03] Multi-strategy proof planning

[MeierETAL-JSC-02, CohenEtAI-CADE-03, SiekmannEtAl-35yAutomath-03]
Proof planning with external specialist reasoners

Discussion
problem classes in speci ¢ domains; coordination of systems
Brittleness and logic layer dependency; mixed-iniative PP
New Directions

) Proof planning based on CORE (see 2nd part of talk)

Source: Autexier, Benzmiiller September 25th, 2003 — p.5



Interactive Proof

Pre

modus ponens

A A=>B
B

modus tollens

R1

A%

modus ponens

A A=>B
B

V-Introduction

MEGA

a A=>C S ofin uction)__

o Q] o

+ T Eﬂ

Expansion
Induction modus tollens
’ ‘ A=>B B=>C T2
; A C I
Expansion + Expansion
Expansion
R2

Methods

Tactics

Rules

Differences to LCF: explicit representation (delayed expansion), po-

tentially non-sound tactics and methods, veri cation via expansion

Source: Autexier, Benzmuiller
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Interactive Proof MEGA

Theorem: : 2 is irrational.

Proof: (by contradiction) declarative style of argumentation:
Assume 2 is rational, that is, there from assertions A and B follows C
exist natural numbers m;n with no

common divisor such that & 2 = logic layer (e.g. a la ND- or

m=n. Then n' 2 = m, and thus Sequent-Calculus) treated implicit
2n? = m2. Hence m? is even and, _

since odd numbers square to odds, ) mismatch between procedural style
m is even; say m = 2k. Then 2n? = logic-level reasoning as employed In
(2k)? = 4Kk?, thatis, n? = 2k®. Thus, todays theorem provers and declara-

n? is even too, and so is n. That : : : :
s &Y S0 15 tive assertion level reasoning as typi-
means that both n and m are even,

contradicting the fact that they do not cal for mathematical texts

have a common divisor.
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Interactive Proof MEGA

Declarative approach versus procedural approach

2 n°=m?
> Island
N Ever(m
Network of proof "islands' Island
Ever(m)

Islands structure the proof in natural form
Islands provide no argument for soundness

) Veri cation: expansion of island steps (automated, interactive,
recursive island approach)

Source: Autexier, Benzmiiller September 25th, 2003 — p.6



Proof Data Structure

MEGA PDS

Abstract Proof Plan

Abstraction

uoisuedx3

Higher Order Natural Deduction
Proof Object

Source: Autexier, Benzmuiller

MEGA

Maintenance of proof
developments at

different layers of granularity
which are

connected to each other
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Proof Data Structure MEGA

Main References

[CheikhrouhouSorge-ACIDCA-00] Overview on PDS
[SiekmannEtAl-35yAutomath] Working with PDS
Discussion

Support for proof development at different levels of granularity,
proof expansion and contraction, non-soundness and
veri cation

Missing: support for change of representation language
New Directions

) A PDS for different levels of granularity and representational
abstraction [AutexierBenmillerHutter-SEKI-03]
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Proof Verbalization MEGA

P.REX (successor of PROVERB):

lifting of proofs in the PDS to
assertion level

macro-planning text structure

micro-planning sentence
structure and linguistic
realization

generation of natural language
representation

pre-required: linguistic
knowledge

user-adaptive proof explanation
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Proof Verbalization MEGA

Main References

[Huang-CADE-94] PROVERB, Assertion Level
[Fiedler-lJCAR-01, Fiedler-PhD-01] P.REX, proof explanation
Discussion

Flexible, adaptable, non-template based proof verbalization
Missing: Full natural language DIALOG at assertion level
New Directions

) DIALOG project (see 2nd part of talk and talk on 'Assertion
level proofs with under-speci cation’)
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User Interface

MEGA
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User Interface MEGA

Main References

[SiekmannEtAI-99] LOUI: Lovely OMEGA User Interface

Discussion

Support for different (connected) views on proof developments:
linearized ND style, proof tree (PDS), natural language

What do users really want to see? Which users?

Missing: optimal, integrated support for other mathematical
activities such as publication, authoring, modeling, etc.
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Mathematical Knowledg e

USER
INTERFACE

LWUI

OMEGA CORE SYSTEM

WMEGA

W-Ants

Multi

P.rex

Source: Autexier, Benzmuiller

%PDS

Proof Transformation

TRAMP
SAPPER

Proof-Checker

MEGA
EXTERNAL
REASONERS
FO ATPs
— || SPASS
Waldmeister
HO ATPs
{LEO |
TPS
CASs
MAPLE
GAP
CSa
CoSIE
MGs
| {SATCHMO |
SEM

MATHEMATICAL DATABASE

MBase
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Mathematical Knowledg e MEGA

Main References

[FrankeKohlhase-CADE-00] MBASE mathematical knowledge base
[Kohlhase-AISC-00,Kohlhase-03] OMDoc
Discussion

rst step towards system independence
still dependable on logic context

version control: concurrent, joint development of mathematical
knowledge

system independent representation formats for proof rules,
tactics, methods, and control knowledge
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External Specialist Reasoners MEGA

Usually required in OMEGA:
white box integration of external specialist reasoners

tools for extraction and transformation of results

Abstract Proof Plan

problem problem'

proof (e.g. ND) esult (cryptic) | Reasoner

Higher Order Natural Deduction
Proof Object

Source: Autexier, Benzmiiller September 25th, 2003 — p.11



External Specialist Reasoners MEGA

Main References

[Meier-CADE-00] TRAMP: Integration of FOL ATPs into OMEGA

[Sorge-FROCOS-00] SAPPER: Integration of CAS into OMEGA

[BenzmdillerEtAl-99] Integration of TPS into OMEGA

[MelisEtAI-00] Integration of constraint solving into OMEGA
Discussion

White-box integration achieved for heterogenous specialist
reasoning systems

Not reached yet: e xible coordination of specialist reasoning
systems

September 25th, 2003 — p.11



Modularization

USER
INTERFACE

LWUI

P.rex

Source: Autexier, Benzmuiller

MEGA
OMEGA CORE SYSTEM EXTERNAL
REASONERS
FO ATPs
VWMEGA %JIIEB
— || SPASS
WAnts || Multi Waldmeister| 5 ATPs
{LEO |
‘ - CASs TPS
Proof Transformation
TRAMP MAPLE
%PDS SAPPER GAP
| CoSIE
Proof Checker | [\gi?CHMO |
SEM
MBase

MATHEMATICAL DATABASE
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Modularization

UED | Clam
7_PP Spass
DORIS request ATP
Client [~~~ 7
(Prolog) |~ _f _____ .
service reterence L
Wmega
N ; 7] PP
Jd .
C S
@ &
Q - Broker forward /frequest Broker )< --- = Maple
o _ _ CAS
g 3y
c UBIR USAAR 3| MBase
e
@ KB
=
-> mpaker V. /N3 RDL
Broker Broker < 21 AP
’_,7 <~
UED e UGE
tptp2X | Vampire
Trans ATP
-<— proker to broker communication
<+ - - -> client to broker communication (Mozart, XMLRPC, HTTP)
<<-----d = gserver to broker communication (service offers/requests)

Source: Autexier, Benzmuiller
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Modularization MEGA

Main References

[KohlhaseZimmer-CADE-02] MathWeb Software Bus
[Kohlhase-AISC-00,Kohlhase-03] OMDoc
Discussion

Modular system design supports better maintenance and reuse
of system components

Better join of resources achieved

Missing: Intelligent brokering of systems, coordination of
systems, ..., exploitation of and cooperation with QPQ

Source: Autexier, Benzmiiller September 25th, 2003 — p.12



Agent-based Theorem Proving

MEGA

InterakticV

pro-active support

Kontro

Kontiglle Kommandos

guential

versus passive support

concurrent versus se-
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Agent-based Theorem Proving MEGA

. . Idea
Cooperation via :
. SATCHMO|
central proof object MAPLE decentralised control
\ * TPS
\ Abstract Proofs /
Agents

reactive
4— || LEO proactive
Cooperation § = heterogenous
via blackboard & Z simple & complex
architecture < . .
< cooperative & competetive
Agent distributed via MathWeb
N;LL:;' gl??rdauc(t:,t:;zn /v Higher Order Natur.al Deduction run tlme deflnable
SESnCRIEEE _ resource adapted
ND-1 Environment
ND-2 /! central proof object
ND-3 layered blackboards (local communication)
L ) CRITICS mathematical database

ND Backbone
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MEGA

Agent-based Theorem Proving

Andl

@ PAI Andl 1
PAI Andl 2

Suggestions ForallE
PAI ForallE 1
Interactive PAI =Subst 2 PAI ForallE 3
User PAI ForallE 3
and/or @ PAI Andl 2
=Subst
Selector PAI =Subst 1
PAI =Subst 2
CallOtter T4 Partial Proof

Source: Autexier, Benzmuiller

PAI CallOtter 1
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Agent-based Theorem Proving MEGA

Main References

[BenzmillerSorge-AIMSA-98, BenzmiillerSorge-EPIA-99, Sorge-PhD-01]
OANTS suggestion mechanism

[BenzmillerSorge-CALCULEMUS-00, BenzmillerEtAl-KI-01]
Agent-based reasoning with external specialist reasoners

[BenzmiillerEtAl-MKM-01] Agent-based search in Knowledge bases
[PolletEtAl] OANTS in interactive proof planning
Discussion
Suggestion mechanism useful for interactive theorem proving
Looking aside and concurrent search

Resource-guided agent-based reasoning not fully developed yet
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Novel Research Directions

Mathematical Assistant In-the-Lar ge
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Current & Future Developments

MEGA

Theme: Towards a smoother integration into spectrum of

typical mathematical activities

Mathematical Knowledge Management

Proof development in-the-large
Lifting the level of proof construction
Combination/Integration of proof search paradigms
Integration of structured mathematical knowledge

Towards typical mathematical activities
Writing mathematical publications
Tutoring for mathematics students
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Mathematical Knowledg e Management | wmeca

1. Types of knowledge
Formalized mathematical theories

Tactics
Methods e
Structured Symbol Orderings
Tactics
"""""" Methods

Symbol Orderings

Domain speci ¢ proof knowledge
tactics, proof-planning methods, sym- [ [T eraie
bol orderings, ...

Source: Autexier, Benzmiiller September 25th, 2003 — p.16



Mathematical Knowledg e Management | wmeca

1. Types of knowledge

2. Distributed over different physical loca-

Origin tracking, remote access, ...
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Mathematical Knowledg e Management | wmeca

1. Types of knowledge

2. Distributed over different physical loca-
tions
3. Evolution of mathematical knowledge

Management of change
Benet from experience with MAYA

Versioning

Source: Autexier, Benzmiiller September 25th, 2003 — p.16



In-the-lar ge Proof Development MEGA
1. Lifting the level of proof construction
Support proof development directly on the
CoRE-proof calculus [PhD-Autexier-03]

Supports determination of assertions for subformulas
Supports application of assertion to subformulas
New logic engine for MEGA

September 25th, 2003 — p.17




In-the-lar ge Proof Development MEGA

1. Lifting the level of proof construction

2. Combination/Integration of proof search paradigms
Procedural Tactics, declarative proof-planning, distributed

ANTS
Develop heterogenous paradigm [AutexierBenmuellerHutter-SEKI-03]

All work on the new proof calculus provided by CoORE

Common, paradigm-independent proof object eases
combination
Adaptation of ANTS to new interface [MsC-Thesis-Hubner]

Source: Autexier, Benzmiiller September 25th, 2003 — p.17



In-the-lar ge Proof Development MEGA

1. Lifting the level of proof construction
2. Combination/Integration of proof search paradigms

3. Integration of structured mathematical knowledg e

Search for appropriate assertions in structured
mathematical theories [Vo-Autexier-Benzmiiller-1JCAI-03]

Redesign of MATHWEB-SB [PhD J. Zimmer]
Accommodate existing Multi-Agent-System description
and communication standards
Integrate automated problem solving capabilities

Source: Autexier, Benzmiiller September 25th, 2003 — p.17



Suppor ting Mathematical Publications | wmeca

Writing mathematical papers in publishable format

Relate parts in paper to formally de ned objects in MBASE
(theories, symbols, de nitions , lemmas, proofs)

Initialize paper wrt. background theory in MBASE

Writing de nitions and lemmas gives (automatically) rise to
formal counter-parts in MBASE

Written proofs give rise to formal proof objects in MEGA

Vision: Certi ed mathematical publications
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System Architecture

TeXmacs

1 Intro duction

FreekWiedik proposedihe wel-known theorem about the ratonalt yof° 2 asa casestudy and
usedtis theorem for a comparisonof fteen (interactive) theorem proving systems, which were
asled o presen their soluton (see(?)

This represes an important shif of emphasisin the eld of automated deduction away from
the somehov aricial - problems of the past s represened, for example, in the test set of the
TPTP ibrary [7] back o real mathematical challenges.

The structure of tis report is as follows: We st presen an overview of the  mega system
asfar asit is relevant for the purposeol this report in Section 2 and descrite the certral data
stryeture for proof objects in Section3. Section4 preserts our proof of choicefor the inationalit y
of " 2 problem. The formalization of the problem in  mega is then descrited in Section 5
and the interactive proof s given in Section 6. The subsequen sections addressthe aspects
proof presenation (Section 7) and extemal reasoning systems (Section 8). Finaly, Section 9

riey the featuresof mega in

Section report. Th
that ilustrate various aspects that have beenaddressedh the main part of the report

2 Questionnaire on mega

1. Wher e is the home page of the system?
The homepageof - mega can be accessedit htp:/lwww.agsu ni- sb. del~omeia. There,
the system and its componerts are described in somedetai. Moreover, the currert imple-
mertation about the

2. Are there any books about the system?
‘There is no book available yet, but there are several journal and conferencepubiications.
An overview on recert publications i provided by the - mega systemdescrption at CADE
2002[7) and in [7] aswell ason the home page (see1).

3. What is the logic of the system?

“The inferencemednanism a the lowest level of abstracton s an iteraciive theorem prover
basedon a higher-order natural deduction (ND) variant of a sof-sorted version of Churchs
simply typed ~calculus [7]. Higher levels of absraction are de ned in terms of steps at

lower levels.

mega's main cproof planning [2, 7). con-
ceftedin terms oflow-levelcalculusules but at a higher levelof abstraction that highights
the main ideasand logi

“This viewpoint is realized in the system by proof tactics and abstract proof methods. In
cortrast o, for instance, e LCF philosopty, our aciics and methods are not necessatiy
always correct asthey have heuristic elemens incorporated that accourt fo their strength,
sudh that an informed useof liely to run into Since
an abstract proof plan may be incorrect for a specic case,ts cortectnesshas!o be tested
by rening it into a logical ND proofin - mega's core calculus. The ND proof can then be
veried by mega's proof chedcer

4. What s the implementation  architectur e of the system?
Figure 1 llustrates the basic rchitecture of mega: the previously monolhic system, as
it was descited i (7], has beenspit up and separatedinto sewera independert modles.
‘These modules are connectedvia the mathematical Software bus MathWeb-S8 [7]. Dil-
ferert in dierent the mega kemeland
the proof planner are wiiten in Lisp, the graphical user interface is witen in Oz). An
important bene t s that MathWeb - modules can be distributed over the Internet and are

Provision of
Semantic Background

MEGA

Storing Documents

MBase/
= Maya

e

Source: Autexier, Benzmuiller

Interactive Proof Support

Omega

Abstract Proof Plan

Abstraction
Uolsuedxg

Higher Order Natural Deduction
Proof Object
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Suppor ting Mathematical Publications _

MEGA

Scenario: Students develop proofs in a
and are advised by the system

Linguistic analysis of student utterances
Reconstruction of probable proof

Comparison to tutor proof results in advise for student
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DIALOG-System Architecture MEGA

USER PEDAGOGICAL
MODEL KNOWLEDGE

MATHEMATICAL
KNOWLEDGE

STUDENT

(MBASE)
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DIALOG-System Architecture MEGA

USER PEDAGOGICAL
MODEL KNOWLEDGE

MATHEMATICAL
KNOWLEDGE

(MBASE)

STUDENT

Activemath ) Talk E. Melis

Underspeci cation of Proofs ) Talk A. Fiedler
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Lessons learned. .. MEGA

Modularization was important for MEGA-system and
-research group

work on clear interfaces and interface/communication
languages OmDoc

eases reuse and join of resources MBASE, MATHWEB-SB

Don't ght over proof search paradigms
Concentrate on joining strengths of each to nally build a MA

System-stability would highly bene t from

having long-term employed software engineer (Funding
problem)

applying high-qualitty software development principles

System development and stability depends on teamwork spirit

Source . Autexier, Benzmiiller September 25th, 2003 — p.22
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